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Exercise 1-1

Problem (Ex. 1-1)
Let f(x, y) = eax cos y, where a is a constant. Find a function
g(x, y) satisfying

gx = �fy, gy = fx, g(0, 0) = 0.
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By commutativity if suchI exists
the gay = -fyy and gyx = fxx
must coincide. i

. e. condition

for existence of#fyy=O
a

necesit



Exercise 1-1

f(x, y) = eax cos y, gx = �fy, gy = fx, g(0, 0) = 0.
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When a = 1
,

-1

· gx = - fy = -
-

"sinY
gg = fx = e*Y

=>
gla .y) = e"sing g(x . y) = -Esinly



· gx =
- by gg : for

Cauchy - Riemann equation for
x+ ig +- f(x -p - ig(a . y)

#I
II

e"(as y + :siny)
= ex- i Tolomaplic

-1
= e-

Ck+ iy



Exercise 1-2

Problem (Ex. 1-2)
↵: a 1-form on U = R2 \ {(t, 0) ; t 5 0} as

↵ = a(x, y) dx+ b(x, y) dy :=
�y

x2 + y2
dx+

x

x2 + y2
dy.

P = (r cos ✓, r sin ✓) 2 U (r > 1, 0 < ✓ < ⇡),

c1(t) :=
�
x1(t), y1(t)

�
= (cos t, sin t) (0 5 t 5 ✓),

c2(s) :=
�
x2(s), y2(s)

�
= (s cos ✓, s sin ✓) (1 5 s 5 r),

Z

c1[c2
↵ :=

Z ✓

0

✓
a(x1(t), y1(t))

dx1
dt

dt+ b(x1(t), y1(t))
dy1
dt

dt

◆

+

Z r

1

✓
a(x2(s), y2(s))

dx2
ds

ds+ b(x2(s), y2(s))
dy2
ds

ds

◆
= ?
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(x , y)

"f(x , y) t



Exercise 1-2; Differential Forms

I ↵ = a(x, y) dx+ b(x, y) dy: a 1-form
I � = c(x, y) dx ^ dy: a 2-form

df := fx dx+ fy dy f = f(x, y): a function
d↵ := (bx � ay) dx ^ dy ↵ = a dx+ b dy: a 1-form.
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U : a daman of
the x4-plane

↑ medge

o definition

commentativityof partial differentials :

d(df) = (fy-facy) Rudy = 0



Exercise 1-2; Differential Forms

The Exterior Product:

(1-form) ^ (1-form) = (2-form); bilinear, skew-symmetric

The Exterior Derivative:

d(f↵) = df ^ ↵+ f d↵, d(dx) = d(dy) = 0

(f : function,↵: 1-form)
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for 1-forms
2nB = - Bxd
- or dy = -dynd

-a
= o

ofI form dyndly = O

Fe,Painte
d(adx + bdy)
= (a) xdx + addx + db1dy + Eddy
= Cance + ay dy ( xdx + (bxdx + by dendy

- (dandy)
= ac decades -> my denden - bi dei dy+hydyidy-



Exercise 1-2; Poincaré lemma

↵ =
�y

x2 + y2
dx+

x

x2 + y2
dy ) d↵ = 0

Theorem (Poincaré lemma)
I U ⇢ R2: a simply connected domain
I ↵: 1-form on U .
I d↵ = 0

)
I 9f such that df = ↵.
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4X
Issy, -

=>

(x-7) = 20
.
0 ...

-

3rdecture. E? I such that
df = 2

-

(ddf = 0)
- dx = 0

-



Exercise 1-2; Line Integral (1)

U = R2 \ {(t, 0) ; t 5 0}, P = (r cos ✓, r sin ✓)

↵ =
�y

x2 + y2
dx+

x

x2 + y2
dy

c1(t) :=
�
x1(t), y1(t)

�
= (cos t, sin t) (0 5 t 5 ✓),

Z

c1

↵ :=

Z ✓

0

✓
a(x1(t), y1(t))

dx1
dt

dt+ b(x1(t), y1(t))
dy1
dt

dt

◆
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Pro0

I



Exercise 1-2; Line Integral (2)

U = R2 \ {(t, 0) ; t 5 0}, P = (r cos ✓, r sin ✓)

↵ =
�y

x2 + y2
dx+

x

x2 + y2
dy

c2(s) :=
�
x2(s), y2(s)

�
= (s cos ✓, s sin ✓) (1 5 s 5 r),

Z

c2

↵ :=

Z r

1

✓
a(x2(s), y2(s))

dx2
ds

ds+ b(x2(s), y2(s))
dy2
ds

ds

◆
.
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defined i =(.s ((x .4) E0
-

(
= 0

As



Exercise 1-2

P = (x, y) = (r cos ✓, r sin ✓)

Z

c1[c2
↵ = ✓ =

) df = ↵
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· We assumed that r31
,
Ot (0 . [t)

· it works for Ov11 & -TIPEO

(y) = U tanlif-o
O( . 4) = i - Many (ifOLT)

↳ I ---
P(x. n)

tatue[)
notcntin



Simple connectedness of the regim :

U
all loops are deformed

to a point
⑫
=>

u = ((x - 4)/(x .y) = 10 .04
not simply connected.

D



Ordinary Differential Equations

d

dt
x(t) = f

�
t,x(t)

�
, x(t0) = x0 (⇤)

I Existence
I Uniqueness
I Regularity on initial conditions and parameters
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/TE
(normal formof) known function in ta-⑫ intial

* conditi

extra e(t) : unknown function

⑬ 1

parante R-valued

extra param.
sol

,
is smooth in

= D) : (to-E . to +9) -> R satisfying
(x)

Fundamental Theorem of O .

D
. E.



Example

d

dt
x(t) = f(t, x(t)) = �x(t), x(0) = x0.
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e: R-valuedf(t , x) = Xa X : east

T Do intial
condition

anotext
general solution

uniqueness of solution ?

)= No
ithesul.



Example

✓
x(t)
y(t)

◆
=

✓
x0 cos!t+ y0

! sin!t
�x0! sin!t+ y0 cos!t

◆

Advanced Topics in Geometry A1 Problems 1 2025/04/25 13 / 14

- :an at

·(exa =(
=(4) (

is
At 3

=> ( = - wx)



Example

dx

dt
= t(1 + x2), x(0) = 0.
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smaller interval
f(+,x) = A(1+ x4#
X J

↳.taneta -nto tin
= (1 + taiEA2) . A

= (1+Yt

By uniquene ,

this is the only solution

Difference with previous 2- equations :
Linearity.


