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Problem 2-1

Problem (Ex. 2-1)
Find the maximal solution of the initial value problem

dx

dt
= x(1� x), x(0) = a,

where a is a real number.
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The logistic equation

x0 = x(1�x), x(0) = a The Solution: x(t) =
1

1 + 1�a
a e�t
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The logistic curve

x(t) =
1

1 + 1�a
a e�t

(a 2 (0, 1))
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The logistic curve
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Exercise 2-2

Problem (Ex. 2-2)
Let x = x(t) be the maximal solution of an initial value problem of
differential equation

d2x

dt2
= � sinx, x(0) = 0,

dx

dt
(0) = 2.

I Show that dx

dt
= 2 cos x

2
.

I Verify that x is defined on R, and compute limt!±1 x(t).
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The equation of motion of pendulums

d2x

dt2
+ sinx = 0 ) 1

2

✓
dx

dt

◆2

� cosx = const.
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The equation of motion of pendulums: A special solution

1

2

✓
dx

dt

◆2

� cosx = const.

=
1

2

✓
dx

dt
(0)

◆2

� cosx(0) = 1

2
⇥ 22 � 1 = 1

(* x(0) = 0, ẋ(0) = 2.)

)
✓
dx

dt

◆2

= 2(1 + cosx) = 4 cos2 x
2
.

dx

dt
= 2 cos x

2
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The equation of motion of pendulums: A special solution

dx

dt
= 2 cos x

2
) 1 =

1

2
sec x

2

dx

dt

t =

Z t

0
1 dt =

1

2

Z t

0
sec x(t)

2

dx(t)

dt
dt =

1

2

Z x(t)

x(0)
sec x

2
dx

x(t) = 4 tan�1 tanh t

2
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The equation of motion of pendulums: A special solution

x(t) = 4 tan�1 tanh t

2
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Exercise 2-3

Problem (Ex. 2-3)
Find an explicit expression of a space curve �(s) parametrized by
the arc-length s, whose curvature  and torsion ⌧ satisfy

 = ⌧ = 1p
2(1+s2)

.

Strategy: Solve

d

ds
F = F

 
0 � 0
 0 �⌧
0 ⌧ 0

!
, F(0) = id

for F(s) = (e(s),n(s), b(s)).
Then the desired curve is obtained by

�(s) =

Z s

0
e(s) ds
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Frenet-Serret equation

d

ds
F = F

 
0 � 0
 0 �⌧
0 ⌧ 0

!
=

1

1 + s2
F⌦, ⌦ :=

1p
2

 
0 �1 0
1 0 �1
0 1 0

!

Change Variable s = tan t )

d

dt
F = F⌦

With initial condition F(0) = id,

F(t) = exp t⌦ = id+
1X

k=1

tk

k!
⌦k
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Frenet-Serret equation

F(t) = exp t⌦ = id+
1X

k=1

tk

k!
⌦k ⌦ :=

1p
2

 
0 �1 0
1 0 �1
0 1 0

!

Note:

⌦2 =
1

2

0

@
�1 0 1
0 �2 0
1 0 �1

1

A , ⌦3 = �⌦, ⌦4 = �⌦2.

)

exp t⌦ =

0

@
1
2(1 + cos t) ⇤ ⇤

1p
2

sin t ⇤ ⇤
1
2(1� cos t) ⇤ ⇤

1

A =

0

BB@

1p
2

⇣
1 + 1p

1+s2

⌘
⇤ ⇤

1p
2

sp
1+s2

⇤ ⇤
1p
2

⇣
1� 1p

1+s2

⌘
⇤ ⇤

1

CCA
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Frenet-Serret equation

e(s) = �0(s) =

0

BB@

1p
2

⇣
1 + 1p

1+s2

⌘

1p
2

sp
1+s2

1p
2

⇣
1� 1p

1+s2

⌘

1

CCA

�(s) =

0

BB@

1
2

⇣
s+ log(s+

p
1 + s2)

⌘

1p
2

p
1 + s2

1
2

⇣
s� log(s+

p
1 + s2)

⌘

1

CCA
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Frenet-Serret equation: an alternative solution

d

ds
F = F

 
0 � 0
 0 �
0  0

!
*  = ⌧

Set

G := F

0

B@

1p
2

0 � 1p
2

0 1 0
1p
2

0 1p
2

1

CA ,

then
d

ds
G = G⇤, ⇤ :=

1

1 + s2

0

@
0 0 0
0 0 �1
0 1 0

1

A
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