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o, 00y
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Let €); @—> M,(R) (j =1,...,m) be C*-functions defined on a

V simply connected domain U C R™ satisfying (2). Then for each
Py € U and Xy € M,,(R), there exists the unique n X n-matrix
valued function X : U — M, (R) satisfying (1)
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Let Q;: U — My (R) (j =1,...,m) be C*-maps defined on a
domain U C R™ which satisfy

00 0%
Tt — g = Ul — %Y.

Then for each smooth map
o: D> (t,w) — o(t,w) = (u*(t,w),...,u™(t,w)) €U
defined on a domain D C R?, it holds that

oT oW
= = .7 T =
5w~ oy~ TWAWT =0,

N O 0w N 0. (...
where T =3 00, Q%0 W=3"00, Q55, (@ :=Qj00).



Let X: U — M, (R) be a C*°-map satisfying (*) Then for each
smooth path ~v: I — U defined on an interval I C R,
X := X o~ : I — M,(R) satisfies the ordinary differential equation

dX Y = du?
7O =XO%E) |90 = ; Q0 () =1

on I, where y(t) = (u!(t),...,u™(t)).
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» Take P € U, and a path v: [0,1] — U with v(0) = Py and

7(1) =P.
» Solve the linear ODE as in Lemma 2.3 with initial condition
X (0) = Xp.

» Show the value X (1) does not depend on v < by Lem. 3.4
> Define X(P) := X(1).
» Show X is the desired solution.
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If a differential 1-form

w = Zaj(ul,...,um) du?

defined on a simply connected domain U C R™ is closed, that is,
dw = 0 holds, then there exists a C*°-function f on U such that
df = w. Such a function f is unique up to additive constants.
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Application: Conjugation of harmonic functions

Theorem

Let U C C = R? be a simply connected domain and &(u,v) a
C’OO—functionn U. Then there exists a C'°° harmonic
function n ofi U such that)¢(u,v) + in(u,

AT =S« Zgr=0
=

is holomorphic on U.
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Example

&(u,v) = e“cost
D v) < €"sa

%-&.‘,7 > e“ (00 pelsxl)
U

= €
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Let
U

v G(u,v) = el & (u,v) :=log Vu? + v?

be a function defined on non-simply connected domain
U= R\ {(0, (D}

1. Show that both & and & are harmonic on U.

2. Verify that there exists a conjugate harmonic functaion n; of
& onU.

3. Prove that there exists no conjugate harmonic functaion 1y of
& onU.
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Consider a linear system of partial differential equations for
3 x 3-matrix valued unknown X on a domain U C R? as

0X 0X
5o = X0 - =XA .
0 —a —hi 0 -8 —hi
Q=|a 0 K], A=|8 0 -h3 ,
Rt B2 0 Ry B3 0

where (u,v) are the canonical coordinate system of R?, and a, f3
and b (i,j = 1,2) are smooth functions defined on U. Write
down the integrability conditions in terms of «, 8 and h;
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