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Application: Poincaré’s lemma

Theorem
If a differential 1-form

! =
mX

j=1

↵j(u
1
, . . . , u

m) duj

defined on a simply connected domain U ⇢ Rm is closed, that is,
d! = 0 holds, then there exists a C

1-function f on U such that
df = !. Such a function f is unique up to additive constants.
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m-dimensional case

- m = 2

w = a du + bdu

-
&

=d) Af dus
↑

commutativity of partial differentials



Application: Conjugation of harmonic functions

Theorem
Let U ⇢ C = R2 be a simply connected domain and ⇠(u, v) a
C

1-function harmonic on U . Then there exists a C
1 harmonic

function ⌘ on U such that ⇠(u, v) + i ⌘(u, v) is holomorphic on U .
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Let 3 = 3 (4 ,
0) be a harmonic function.

=> 1 is a conjugate harmonicfut
5= Jun +Bor= 0

#(Yu
= - 30

CanchjRiemann
Yu = 3u Y : Harmant

# U+ IV 3 + 27 is holooplic.



· Yu = - 3u Nv=u

# dn = -Evdu + Edu =: w

dw =0 Enn + Err = 0.

If3 is harmic
, 59 where W is

defined ona sixty-connected duncion.

n

C-ally.
/Spell , 5 V : a ubd of p .Eg :

on)sit dry= w



Exercise 3-1

Problem
Let

⇠1(u, v) :=
u

u2 + v2
, ⇠2(u, v) := log

p
u2 + v2

be functions defined on non-simply connected domain
U := R2 \ {(0, 0)}.

1. Show that both ⇠1 and ⇠2 are harmonic on U .
2. Verify that there exists a conjugate harmonic function ⌘1 of ⇠1

on U .
3. Prove that there exists no conjugate harmonic function ⌘2 of

⇠2 on U .
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32 = by t- Ye= arg( + iv) (52= Rely =
Assume such4 = 12 exists.

z=u+i)

dy = gadu + grdu
=-Erdendu= du+

Consider line integral :

-

alwy U = cost
,

visit

ent set) =etdcontradictin
=It

g(ast sit) - y(0 .
0) = (,g(a+ > +(dt = t



Exercise 3-2

Problem (Ex. 3-2)
Consider a linear system of partial differential equations for
3⇥ 3-matrix valued unknown X on a domain U ⇢ R2 as

@X

@u
= X⌦,

@X

@v
= X⇤,

0

@⌦ :=

0

@
0 �↵ �h

1
1

↵ 0 �h
2
1

h
1
1 h

2
1 0

1

A , ⇤ :=

0

@
0 �� �h

1
2

� 0 �h
2
2

h
1
2 h

2
2 0

1

A

1

A ,

where (u, v) are the canonical coordinate system of R2, and ↵, �
and h

i
j (i, j = 1, 2) are smooth functions defined on U . Write

down the integrability conditions in terms of ↵, � and h
i
j .
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Exercise 3-2

⌦ =

0

@
0 �↵ �h
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↵ 0 �h
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1 h
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1 0
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A , ⇤ =

0

@
0 �� �h

1
2

� 0 �h
2
2

h
1
2 h

2
2 0

1

A ,

⌦v � ⇤u � ⌦⇤+ ⇤⌦

=

0

@
0 �↵v + �u + h

1
1h

2
2 � h

1
2h

2
1 �(h11)v + (h12)u � ↵h

2
2 � �h

2
1

⇤ 0 �(h21)v + (h22)u + ↵h
1
2 � �h

1
1

⇤ ⇤ 0

1

A
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show symmetric (i . e
.

&++=0)
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Our goal : The fundamenta Theorem of surfaces.

· 1st a 2nd fundamental forms (/w someditions)
dehmines

he surfacea

goom
(200s (

Reference: Umehara & Yamada

(uY 17]



Immersed surfaces

I p : U ! R3: a regular surface
I ⌫ : U ! R3: the unit normal vector field.
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UCR2 :
a domain

# (not necessarily
-

- I ambiguity simply connected)
-

plu .
v) = (e(u .U), y (u .

u)
,
z (a. vs) ER3

a parametrization
is a regular surface of a surface

pui)/Examentire 1)

are linearly independent for each (n . v)



RR3L

·
lotuora un't normel vectur

v = v(n,
u)



Fundammental forms

ds
2 := dp · dp = E du

2 + 2F du dv +Gdv
2
,

bI :=

✓
E F

F G

◆
=

✓
p
T
u

p
T
v

◆
(pu, pv),

II := �d⌫ · dp == Ldu
2 + 2M dudv +N dv

2
,

bII :=

✓
L M

M N

◆
= �

✓
p
T
u

p
T
v

◆
(⌫u, ⌫v)
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dp = Pudu + podo

lat fundamentalformdidde
- -

-inerProduct
>

&

-Put t-

2-

- dr . ap = - (rudu + Prdr) · (pnd + prdu)
L M

In : Pu de ir du du=
- Un · Pu - Jul

= Ely-r . Prn- ~M . patude-u pr dur
- N

= - r · pon = -U . Pur = N · Pu



Curvatures

A := bI �1 bII =

✓
A

1
1 A

1
2

A
2
1 A

2
2

◆
, �1,�2 : the eigenvalues of A

K := �1�2 = detA =
det bII
det bI

H :=
1

2
(�1 + �2) =

1

2
trA.
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aut = 1Pax* /
*
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9 outer product
Weingarten matrix

↳

Eat

-R
& : Gaussian urvature

- : Mean curvature.


