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Application: Poincaré’s lemma

Theorem
If a differential 1-form

w= Zaj(ul,...,um) du?

Jj=1

defined on a simply connected domain U C R™ is closed, that is, dw = 0
holds, then there exists a C*°-function f on U such that df = w. Such a
function f is unique up to additive constants.
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Application: Conjugation of harmonic functions

Theorem

Let U C C = R? be a simply connected domain and &(u,v) a
C*°-function harmonic on U. Then there exists a C*° harmonic function n
on U such that {(u,v) + in(u,v) is holomorphic on U.
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Exercise 3-1

Problem
Let

u
&1(u,v) == TR &a(u, v) == log Vu? + v?

be functions defined on non-simply connected domain U :=R?\ {(0,0)}.
© Show that both & and & are harmonic on U.

@ \Verify that there exists a conjugate harmonic function 1 of & on U.

© Prove that there exists no conjugate harmonic function ns of &2 on U.
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Exercise 3-2

Problem (Ex. 3-2)

Consider a linear system of partial differential equations for 3 x 3-matrix
valued unknown X on a domain U C R? as

0X 0X
5 =X - =XA,
0 —a —hi 0 -8B —hi
Qi=a 0 K2, A=B 0 -h3 ,
hi B} 0O RS h3 0

where (u,v) are the canonical coordinate system of R?, and «, 3 and b}

(i, = 1,2) are smooth functions defined on U. Write down the
integrability conditions in terms of o, 3 and h;.
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Exercise 3-2

0 —a —hi 0 -8 —hi
Q=|a 0 -n¥|, A=[B 0 -R}|,
hi A3 0 RS h3 0

Q, — Ay — QA + AQ
0 —o+Bu+hlh3—nin2 —(hD), + (hd)y — ah3 — Bh2
= | 0 ~(h%)y + (h3)u + ahd — Bhi

* * 0
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Immersed surfaces

e p: U — R3: a regular surface

e v: U — R3: the unit normal vector field.
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Fundammental forms

ds? :=dp-dp = Edu® + 2F dudv + G dv?,

~ (E F\ (Pl

II := —dv - dp == Ldu® 4+ 2M dudv + N dv?,
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Curvatures

~ 4= Al Al
A::I—lﬂz(l 2), A, A
A2 A2 L2

det IT

det T

K := )\1)\2 =det A=

1 1

: the eigenvalues of A
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