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Corrections

Lecture Note, page 13, line 14 and page 15, line 15: [?] = [Leel3] (see the bibliography
on the LMS).

Lecture Note, page 15, line 2: ¢ = o9

Lecture Note, page 17, footnote 8: differentiablity = differentiability

Lecture Note, page 18, the 3rd line of Exercise 3-1: be a function = functions
Blackboard C and Handout C, page 10: Proof of Theorem 2.5 = Proof of Theorem 3.5
Blackboard C and Handout C, page 10: functaion = function (2 times)

Students’ comments

I think the course is good. No request this time.
Lecturer’s comment I see.
SHb DAL S5 ZTXWE L. Thank you for today.

Lecturer’s comment ¥ 5 W7z LZLT. You're welcome.

Q and A

Q 1:

Q 2:

1-form a % a = =&y du+&,dv B ZET, adclosed & € D5FAR, a A% exact & &€ B
HAGHAMBAE R D, NERZAMNET 2 e HEL F L7z, U DEEKER S closed = exact
PNRETH, ZORERVEFTZDOTL RS, $5DLEHLILBTEEIN? %
7z 3-1 CRICHEIT D exact IR BEDE I DIZENTTVE T, exact IZHRBZ X572 D
FHOEHFZOWTHhDoTWE I EH D ET.

I understood that, by setting the 1l-form a as a = —&, du + &, dv, closedness of «
and exactness of a correspond to harmonicity and existence of the conjugate harmonic
function, respectively. If U is simply connected, then “closed = exact” holds, but is
this assumption necessary and sufficient? Can it be weakened a little? Also, in 3-1,
there is a difference in whether the same region is exact or not. What do we know
about the condition for £ to be exact?

closed 1-form can be exact even if U is not simply connected, as you see in Problem
3-1, (2). The condition for a closed one form to be exact is not simple, e.g., it depends
on the cohomology of the region, and in the case of problem 3-1, it is related to the
residue of the holomorphic function at the isolated singularity.

U LB#® conjugate harmonic function OFFEMEE 1-form w LT df = w &R 3
C>® B f D25 P ITRESINE T, —ATHREROHMD TEZS T, HE
FELIIR S WHEE U _EDBEI%IC conjugate harmonic function 23FFES 2 2 HE T 275
HEHI SN TVE T,

Existence of the conjugate harmonic function of a function on a domain U is reduced to
existence of a smooth function f satisfying df = w. On the other hand, it could be ar-
gued with complex function. Is there any known way to determine whether there exists
a conjugate harmonic function for a function on the domain U that is not necessarily
simply connected?

A: Depending on a topology of the domain (cf. de Rham cohomology). For the case as in

Q 3:

Problem 3-1, it could be related to the residue of holomorphic functions.

Exercise 3-1 T & »% U FIRIGRFIBEIBDEEL T, & A% U RGBS HEE L 2
VDI, & BEIBICH OEREHIBED R AR TE 200812 >TWVWADTL &
37,

In Exercise 3-1, there exists a conjugate harmonic function of £; on U and not for &s.
The key to this phenomena is the possibility of analytic continuation of a holomorphic
function with &; as real part to the origin?
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A: Yes, the analytic continuation around the origin.

Q 4: Thm 3.9 TlZHEIEREE_EOFHFIRIEICIE conjugate RFAFIBEBMOEET 22 Ko TVWET
B, SO Exercise 3-1 @ X 5 72 IEHLEE L FI T conjugate DIFET 2 TR XA D
52DTL &I 2.

Thm 3.9 states that there exists a conjugate harmonic functions on a simply connected
domain, but what are the sufficient conditions for existence of conjugate harmonic
function a non simply connected domain such as in Exercise 3-17

A: No, in general. It is related to both the topology of the domain and the property of
function.

Q 5: Though I understand the proof of Poincaré’s lemma, there is a formulation of sentence
that is strange to me. When in the last paragraph it is written that “Proposition
2.8 yields £ = det& never vanishes”, the important point that we are keeping from
Proposition 2.8 in this case is not that £ = det{ right? Since it is a well-known fact,
the important thing that Proposition 2.8 allows us to exploit even in the case of “1 x 1
matrices” is that £ = (det& =)£(0) exp ftto a(1)dr and thus is always of same sign as
£(0). This sentence makes me wonder if my understanding is correct?

A: Tt is correct.

Q 6: Is there a connection between differential forms and homology? Because the d operator
looks like the boundary operator in homology (d? = 0).

A: Actually, differential forms and d-operator determines the cohomology called de Rham
cohomology. If you are interested, check the word “de Rham’s theorem” in differential
geometry.

Q 7: Ihave some doubts about Theorem (Poincaré’s lemma). What is the meaning of dw = 07
And also, what is the meaning of “unique up to additive constants”. Does this mean
that the form of such function is: f + c(constant) which satisfies df = w?

A: When w = adu + bdv, where a and b are functions in (u,v), dw = (by — au) du A dv, by
definition. Accordingly, dw = 0 means b, — a, = 0. Regarding the phrase “unique up
to additive constants”, your understanding is correct. In other words, “If both f and g
are functions satisfying df = dg = w, there exists a constant ¢ such that g = f 4+ ¢”.



