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Exercise 4-2, continued

ds? = du® 4 2 cos 0 du dv + dv?, II = 2sin 0 du dv

~ 1 cosf =~ 0 sinf
I= (0089 1 )’ = (sin@ 0 )
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Q and A

Q: My question is actually about the exercise 4-2. Is it normal
that there is a possibility for det T vanish? Wouldn't that be
contradictory to the definition of p as a parametrization
according to the Cauchy-Schuwarz inequality as exploited in
(4.8).
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Exercise 4-2, continued

ds? = du® 4 2 cos 0 du dv + dv?, II = 2sin 0 du dv
Dy - DPu=Dv Pv =1, pu-pvzcosﬁ

Py = COS 561 + sin 562, Py = COS 561 — sin 562, vV =e3
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Exercise 4-2, continued

6

.0 0 0
= cos —ej + sin —ey =cos—e; —sin—ey, vV =e3
DPu 9 €2 DPv 9 5 €2
£ = (61,62, 63); gu = 597 gy =E&A
[ 0 0 0
90 -3 — 81n0§ (39 Z —sin %
Q= 7“0 0 , coss |, A= 2“0 09 —coss |,
sing —cosg 0 sing  cos 5 0
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The ingetrablility conditions

The Gauss-Weingarten formulas:

OF ]
hjl 32 0

The integrability conditions:

oy 0
W_W — 109 4+ Q20 =0
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The Gauss and Codazzi equations

Theorem (Theorem 5.3)

The integrability condition of G-W formula is equivalent to the following
three equalities:

hitg —horn =) (Fglhlj - F{1h2j>

j
hig2 — haz21 = Z (Fézhlj - F{Qh%)

J

1
Kge = §(h11h22 — higho1) (= K)
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The Gauss and Codazzi equations

Theorem (Theorem 5.3, continued)

Here, g := det(gij) = g11922 — 912921, and
1
de2 = §R12:

1
Rjk = §(glk,2j — 9152k + 9251k — g2k,1j)

s 1T S )
_E 9is(L'ks 15 — k1F2j)
%,S

+2) g — T4,T5).

l,s
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Formulas

-1

Z glai =06 == 9""¢"gapx
a’lB

° (9”) = (9i5)

1
° T} = B} > 0" (g + gig — 9i50) =T
l

gijk = Y (9al% + 9 Tix) ZF =5-9; (g9=det(g;))
l

= Z 9" hyj
]
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Proof of Theorem 5.3

LI I
112 I22 I32 1291’2—92’1—91924-&]291
KI5 I
[ Ty —4
Q; = ngl F?2 _A? (j=1,2)
Wy B 0
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Exercise 5-1

Problem (Ex. 5-1)

Assume L = N = 0, that is, IT = 2M du dv = 2hqo du' du?, Prove that, if
the Gaussian curvature K is negative constant,

E, =G, =0, that is, 9112 = g22.1 = 0.
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Exercise 5-2

Problem (Ex. 5-2)

Assume F =0 and E = G = €27, where o is a function in (u,v). Let
z=wu+1v (i =+/—1) and define a complex-valued function q in z by

L(u,v) — N(u,v)

q(z) == 5 — iM(u,v).
Prove that the Codazzi equations are equivalent to
dq o2 OH
0z 0z’

where H is the mean curvature, and
9 _1/0 .0 9 _1
9z 2\ 0u ov)’ 0z 2
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