BABFERAFIRTHE
HRRFAFREFHARBF TR E

BHTERAFES VRI UL

HfE: 2010FES8A6H (&) ~9H (A)
=0 WP R EERSESNHR—V

P RARRAAES 7201 /202

MRREEE - I JERES (R TRRARZGH TAHFERD
TR Fk (HRAERZZR ARG IR AITFERD
MY TTT (RAERZARABEBEARSERD
1 B (R EER A T 22 R 5ERD

TARY DxAY (WP REERABHENIZRD

— O35 L —

o AR5 HFRIRE/NH AV
e B &15 : B2 7201/202
x« 8T L)L« w2 g YETNT 30 0T, BTz I3 E X8R L TITVWE .

W3H6H (&)
15:00-15:50

16:10-17:00

W3HA7H (1)
9:30-10:20

10:40-11:30

13:00-13:50

14:15-15:15

14:15-15:15

PERN ECOE CGRAERE) 1
Correspondence theorems for tropical curves
Xia Changyu (Universidade de Brasilia) ...................ooo... 11

Sobolev type inequalities on Riemannian manifolds

TP sl (AT ERSE) 19
LY RZER DA > AR kY Floer A EOY—

B ME— (BIIRSD o 29
Toric degenerations of polygon spaces and bending flows

Bl R (R 37
& D Donaldson AZE&EICDWT

BH T R R) 43
a7 FIERHERZRD CAT(0) ZERINCNS 5 e s

FF S GRAERZE) oo 49
P Banach ZEHND T 7 ¢ VEEFHOEE R DOFIEICDNT

HERR RE— GRRIBE KRS 53
Minkowski 22D [a] E (1A ] ez ki ic DWW T

E B CRBRREE) 59

A5 Mobius O QWAL EICBIN 2 K5



W3H7H (1)
15:45-16:45

15:45-16:45

17:00-18:00

17:00-18:00

W8 A8 H (B
9:00-10:20

10:40-11:30

13:00-14:00

13:00-14:00

14:15-15:15

14:15-15:15

B &%

FREF W0 (REARK) 63
HEOEBBIR L 57527 v OEAHO%EH)

MRES 2R GBI 67
p-7 4 V7 LRARRBIR & IR 75 7 D3]

JILE# CUNRSE) 71
EEET T 7 A VIH D A7 ABAGOBRIMERTEIC DN T

FEF B (BRI o 77
JE AR A N TR D FE PRI DL T

BRI GRIEK) 79
a7 BARRZER ED T A

EREE (PR 85
On a vector partition function with negative weights

R B2 GIEBR) 89
B L RRARIC I B HETTN Calabi-Yau #EDE Y 25 1 Z22f

FH ME HER 93

Torus fibrations and localization of index

INEF B CHEFERIREE) 99
Rk b —V v 7 ZRHARD T v 7 PELEHITDNT

INEF R CIEMBIERE) o 107
Compact toric ZHEfK ED Lagrangian Floer theory DWW T

B 2 JRBRZ/OCAMD oo 119
BRin N O i & BN =TS ¢ Hermite MRRZEM OGS

A I UN = N 2 R 124
BEIEAY B OVZER & FHZEM EOARZ V75 3RS

e 5L CRETERERT) 129
Damek-Ricci 22PN D R @Bk D ERIFRIC OV T

Euh Yunhee (EEBIIFHART) ..o 133
Curvature identities derived from the generalized Gauss-Bonnet for-

mula

FIE .2 IR 135
32737 M Hermite SFRZER D ZDDEE DA

Sorin Sabau (BRUFRZE) ... 140
Generalized Finsler structures on 3-manifolds

AL B GREBRZE) o 145

Handle attaching in wrapped Floer homology and brake orbits in
classical Hamiltonian systems

ZEER KB GRERRE) 150
HHAADEEN T MVEBR E Kummer

— 1] —



W8 A58 H (A
15:45-16:45

15:45-16:45

17:00-18:00

17:00-18:00

W3sH9H (A)
09:30-10:30

09:30-10:30

10:45-11:45

10:45-11:45

13:00-13:50

14:10-15:00

RGBS TR CRER) o
Ao BB — 5 — 2RO IR R R

B 20 QEMBE R o
TRt AR DRI E PRI DV T

R AE—BE CREIRS) o
Kolmogorov #4EME & 20T & 7 — D Mg

BA B GRS
A VAR Y b U ERRZIR OB 4 ot 2 kR A

MUY T (AR
Hilbert ##0C X 5 #AHY Chow RZ2E 7% Kahler-Einstein 2 {ED 7R
0%

R S GREHIRIRY)
HETGFER & LeBrun-Mason S &I DWW T

AL T GRS
FEARIRZ A E OB E 0 ET - /NI ARV TR

WHE B CRUB R
F—H—=a—=)IVT 1 VT OWHFBRE ORI DV T

B KR GREERIE)
Dynamical Morse inequality

e B CRAEKRZD)
Y7 =< ZERIRD AR 9 2LE P

FEH BER RIS
Lie hypersurfaces in the complex hyperbolic space

Wang Qiaoling (Universidade de Brasilia) .........................

Complete submanifolds in manifolds of non-negative or non-positive
curvature

BEH T5 GRARRZE)
U Fift &5 2 FllRIEH RN EDOZ Rk

WP W (AREASE/OCAMD

Second order type-changing equations for a scalar function on a plane
W AR (BAODIKLLTREE) o

1 22RO RIRHRE DRE DR

B GEEAZ/OCAMD oo

U—Bf EOEAZO—L Y YEHREY v F VU FICDNT

AL B CGRILKT)
Joyce GHEMNSAET 5 I 2 4 A X —ZE[H]

ER BT OUNK
TIFRZER] EDNT MV, SRR E T R 25

i -

160

165

170

175

180

185

190

195

200

205

210

211

214

219

225

229

239






CORRESPONDENCE THEOREMS FOR TROPICAL
CURVES

TAKEO NISHINOU

1. INTRODUCTION

1.1. Tropical curves and holomorphic curves. The relation be-
tween tropical curves and holomorphic curves was found by G. Mikhalkin
[3]. A little more precisely, he gave the precise relationship between the
following objects.

e Tropical curves in R2.
e Holomorphic curves in toric surfaces.

The rough idea is that we regard a tropical curve I' as a dual intersection
graph of a singular holomorphic curve C:

e A vertex of I' & An irreducible component of C.

e A bounded edge of I' <& An intersection between irreducible
components.

e An unbounded edge of I' < A marked point of C.

Q‘

FIGURE 1

In fact, Mikhalkin did not deal with these singular curves, but stud-
ied nearly singular curves by an analytic technique of patchworking.
However, using toric degeneration and logarithmic deformation theory,
it is possible to deal directly with these singular curves. These were
introduced to the study of tropical curves in [6], where the correspon-
dence between the following objects was shown:

e Tropical curves of genus zero in R".
e Rational holomorphic curves in toric varieties.

email : nishinou@math.tohoku.ac.jp.



It was necessary to introduce new techniques when the ambient space
had higher dimension, because the technique of patchworking was suited
only to the study of hypersurfaces. Moreover, a merit of this method is
that there is always a precise correspondence between tropical curves
and singular curves, which is not always the case when we consider the
smooth holomorphic curves, as we explain next.

1.2. Superabundant tropical curves. What about higher genus curves
in higher dimensional ambient spaces? As mentioned above, there is
a singular holomorphic curve corresponding to a given tropical curve,
even in this case. The main difference is the existence of the obstruc-

tion to the smoothing of singular curves.

Such obstructions appear

when one considers superabundant tropical curves. By definition, su-
perabundant tropical curves are those which have larger dimensional
deformation than expected.

Dimension of the moduli

Obstruction to smoothing

Non-superabundant

Expected

Not exist

Superabundant

Larger than expected

Possibly exist

Such superabundant tropical curves are the main

(based on [5]). The key points are the following.

object of this talk

(1) One can describe the dual space of obstruction combinatorially.
(2) One can calculate the Kuranishi map.

Using these calculations, one can study various aspects of the tropical
curves and holomorphic curves. The followings are the examples.

e Correspondence theorems for non-superabundant curves are com-
pletely solved (which is the extension of [3, 6]).

In principle, one can determine whether a given (superabun-
dant) tropical curve has a smooth holomorphic counter part or
not.

Genus one case can be completely answered by simple combina-
torial description, including superabundant case. Enumerative
problems can also be solved (in other words, the correspondence
theorem is proved for genus one curves).

One can study holomorphic curves in Calabi-Yau manifolds via
tropical curves (with the help of Gross-Siebert’s toric degener-
ation of those manifolds [1, 2]).

One can also study the case where some components of the sin-
gular curve are contained in toric divisors. In particular, one
can count the number of holomorphic disks (or bordered Rie-
mann surfaces) with Lagrangian torus boundary in non-Fano
toric surfaces (cf. [4, 7]).

One can study bordered Riemann surfaces in toric varieties
whose boundary condition is given by Lagrangian multi-section
of the moment map.



In this abstract, we mainly explain the combinatorial description of the
dual obstruction space, and give several examples. The correspondence
theorem is stated in the simplest situation.

2. FORMAL DEFINITIONS

We recall some definitions about tropical curves. Let I be a weighted,

connected finite graph. Its sets of vertices and edges are denoted f[o],

fm, and wg : R N\ {0} is the weight function. An edge E € I
has adjacent vertices OF = {V},V4}. Let fg C f[ol be the set of one-
valent vertices. We write I' = T\ Fﬂ. Noncompact edges of I' are
called unbounded edges. Let I'Y be the set of unbounded edges. Let
IO T wr be the sets of vertices and edges of I' and the weight func-

tion of I' (induced from wg in an obvious way), respectively. Let N be
a free abelian group of rank n > 2 and Ng = N ®z R.

Definition 1 ([3, Definition 2.2]). A parametrized tropical curve in Ng
is a proper map h : [' — Ng satisfying the following conditions.

(i) For every edge, £ C I the restriction h‘  1s an embedding with
the image h(F) contained in an affine line with rational slope,
or h(FE) is a point.

(ii) For every vertex V € T h(V) € Ng and the following bal-
ancing condition holds. Let Ei,...,E,, € I''l be the edges
adjacent to V and let u; € N be the primitive integral vector
emanating from h(V) in the direction of h(E;). Then

(1) > w(Ej)u; = 0.
j=1
An isomorphism of parametrized tropical curves h : I' — Ni and
B :T" — Ng is a homeomorphism ® : I' — I respecting the weights
such that h = h/ o ®.

Definition 2. A tropical curve is an isomorphism class of parametrized
tropical curves. A tropical curve is trivalent if ' is a trivalent graph.
The genus of a tropical curve is the first Betti number of I'. The set of
flags of T' is

FT ={(V,E)|V € 0F}.

A tropical curve has an expected dimension given by

where e is the number of unbounded edges, ¢ is the genus, n is the
dimension of the ambient space. This is calculated by linear algebra.

Definition 3 ([3, Definition 2.22]). A trivalent tropical curve is called
superabundant if the moduli space is of dimension larger than e + (n —

3)(1 —9).



FIGURE 2. An example of a trivalent plane tropical
curve of genus zero (all the edges have weight one). This
corresponds to a rational plane curve of degree two.

Lemma 4. If a tropical curve satisfies one of the following conditions,
then it is not superabundant.

e The ambient space is R2.

e The genus is zero.

3. SUPERABUNDANT TROPICAL CURVES: EXAMPLES

By Lemma 4, to obtain a superabundant tropical curve, one has to
consider the following situation.

(1) The dimension of the ambient space is at least three.
(2) The genus of the curve is at least one.
In fact, in higher dimensional ambient space, there are plenty of su-

perabundant tropical curves. A simple example in R? is given by the
following figure.

FiGURE 3. The part drawn by bold lines is contained in
a plane

Since n = 3, the expected dimension is the same as the number of the
unbounded edges, which is six. While, the actual freedom to deform
the curve is given as follows.

e Three dimensional freedom to move the vertex a.



e One dimensional freedom to move each of the vertices A, B and
C. So three dimensional freedom in total.
e One dimensional freedom to scale the triangle.

Thus, the total freedom to deform the curve is seven. So this curve is
superabundant.
Next we give an even simpler example.

FIGURE 4. An even simpler example

There are three unbounded edges for each of the following directions
(—=1,0,0), (0,—1,0), (1,1,1), (0,0,—1).

All of these edges are weight one. The three black dots in the figure
means the unbounded edges of direction (0,0, —1). This corresponds to
a genus one space cubic curve, which has twelve dimensional parameters
(this is also calculated by the above formula for the expected dimension:
since n = 3, it is the same as the number of unbounded edges). While,
one can calculate the actual freedom to deform this tropical curve by
the same way shown above, and the result is thirteen. As a result, most
of these tropical curves do not have holomorphic counter parts.

It follows that the necessary (and almost sufficient, except some de-
generate cases) condition for the curve to have a holomorphic counter
part is, it is contained in a tropical hypersurface. This corresponds to
the fact that genus one space cubic curve is contained in a hyperplane.

The last example is a genus two superabundant tropical curve I'.
The curve I' has twelve unbounded edges:

e Three edges of directions (0,0, 1) and (0,0, —1) for each.
e Two edges of directions (1,0,0), (0,1,0), (—1,—1,0) for each.
The bounded edges are:
e Three parallel vertical edges of direction (0,0, 1).
e Three pairs of parallel edges of directions
(1,0,0), (—1,-1,0), (0,1,0),

respectively.



FIGURE 5

e Edges of directions
(-1,-1,1), (-1,—-1,-1), (1,0,1),
(1,0,—1), (0,1,1), (0,1,—1).

As before, the expected dimension is given by the number of unbounded
edges, that is, twelve. While one can see that the number of freedom
to deform this tropical curve is thirteen. However, contrary to the
previous example, all of these thirteen dimensional tropical curve have
holomorphic counter part.

These facts can be seen from the calculation of the Kuranishi map. In
particuler, in the case of cubic curve, the Kuranishi map is nontrivial,
but in the last example, the Kuranishi map is zero.

4. COMBINATORIAL DESCRIPTION OF THE DUAL OBSTRUCTION
SPACE

As the above examples may show, it is not always easy to determine
whether a given tropical curve is superabundant or not, although basi-
cally it is a problem of linear algebra. In [4], an efficient combinatorial
answer to this problem was given, which was deduced via sheaf coho-
mology theory on the corresponding singular holomorphic curve. This
method is also crucial to the calculation of the Kuranishi map.

Although the proof uses algebraic geometry, the answer can be stated
purely in elementary language. Let ' be a trivalent tropical curve.

Definition 5. (i) An edge E € I'!l is said to be a part of a loop of
[ if the graph given by I' \ E° has lower first Betti number than
I'. Here E° is the interior of E (that is, E° = E '\ 0F).
(ii) The loops of T' is the subgraph of I' composed by the union of
parts of a loop of I'.
(iii) A bouquet of T is a connected component of the loops of T'. If the
first Betti number of a bouquet is one, it is called a loop.



Let I' (precisely, the pair (I', h), where h : I' — R") be a tropical
curve. Let {L;} be the set of bouquets. Each L; is a graph with
bivalent and trivalent vertices. Every edge E of L; determines a one
dimensional subspace of Ng. Cutting L; at each trivalent vertex v;, we
obtain a set of piecewise linear segments {l,,}. Let U,, be the linear
subspace of Ny spanned by the direction vectors of the segments of [,
(see the figure below).

e
7
; 1,
\ \

FIGURE 6

Then the criterion of the superabundancy of (T', k) is given by the
following result.

Theorem 6. Let (', h) be a tropical curve. Then it is superabundant
iof and only if the vector space H whose elements are determined by the
following procedure is not zero.

(I) Give the value zero to all the flags (see Definition 2) not con-
tained in L.
(II) Give a value u,, in (Uy)t @ C C (Ne¢)¥ to each of the flags
associated to the edges of l,,.
(III) The data {uy,} give an element of H if and only if the following
conditions are satisfied.
(a) At each vertex v of T,

u1+U2+U3:O

holds as an element of (N¢)¥ & C. Here uy,uq,us are the
data attached to the three flags in I' which have v as the
vertex.

(b) The data {u,,} is compatible on each edge of l,,,, in the sense
that the sum of the values attached to the two flags of an edge
of l,, is zero. O

The following is immediate from this, because when the genus of I'
is one, there is no trivalent vertex in L.

1,

1,



Corollary 7. When T' is a tropical curve of genus one, then H =
Ut ® C, here U is the linear subspace of Ng spanned by the direction
vectors of the segments of the cycle of I. O

This fact makes the study of genus one case easier than the higher
genus cases.

We give an example of the calculation of the space H using the
genus two superabundant curve I' considered in the previous section.
The decomposition of the loop part L of I' is given by the following
figure.

|

r '7 L

FIGURE 7

We write the linear subspaces of Ng = R3 spanned by the edges of
l; by Uy,, U, and Uy,. Then, using standard metric on R® to identify it
with its dual,

(Uh)L =R- (17070)7 (Ul2>L =R- (07 170)7 (Ulzs)L =R- (1’ 170)'

Now it is easy to see that the space H for I' is a one dimensional vector
space. Thus, I' is superabundant.

Remark 8. In fact, the space H is identified to the dual space of some
sheaf cohomology group of a singular curve associated to the tropical
curve, which is the obstruction to the smoothing of the curve.

5. CORRESPONDENCE THEOREM

Theorem 6 is the starting point for the proof of the correspondence
theorems for superabundant curves. The main remaining task is to
define and calculate the Kuranishi map K,. It is a (non-linear) map
from the zeroth cohomology group to the first cohomology group of
certain sheaf:

K,:H®— H'.
Here ¢ is the singular holomorphic curve associated to the given tropi-
cal curve (a little more precisely, ¢ is a stable map from some prestable




curve to a toric variety. See [6] for the construction of ¢ from a trop-
ical curve). As we remarked in Remark 8, the space H is the dual of
the space H', and the pairing between the image of K and elements
of H can be described in geometric terms. The following is almost an
immediate consequence of the definition of /.

Proposition 9. The singular curve ¢ associated to a tropical curve is
smoothable if and only if the map K, vanishes. O

Since K, can be calculated in geometric terms, the locus where K,
vanishes can also be described geometrically. In the simplest case, the
condition for the vanishing of K, is the following.

Definition 10. Let (I', 2) be a genus one tropical curve and assume
that h is an embedding and all the edges have weight one. Let L be the
loop of I". Then (T', h) is said to be well-spaced if the following condition
is satisfied for any affine hyperplane H of Ny containing h(L). Let

I'y=hT)NH
be a subgraph of h(I") cut by H, and let

Pt pl
be the one valent vertices of it. Denote by
Pi 1= 1, .o ,j

the unique path connecting p!* and L. Let ) (P;) be the integral
length of the path P;. Then the set

Lawmy(Pr), - baow(Py)}

of positive integers contains at least two minimum.

For example, in the case of the tropical curve in Figure 3, the space
H is unique (the affine plane containing the loop), and T'y is the part
drawn by bold lines. In the case of Figure 4 too, the subspace H is
unique, and one sees that the vertices p!* are given by A, B and C.

Using this definition, we can state the correspondence theorem for
the simplest case.

Theorem 11. Let (I';h) be a genus one tropical curve and assume
that h is an embedding and all the edges have weight one. Then the
associated singular holomorphic curve ¢ allows a smoothing if and only
if (T, h) is well-spaced. Moreover, locally the moduli space of such a
smoothing is naturally identified with the complexification of the moduli
space of well-spaced tropical curves. Il

Remark 12. (1) This condition was first introduced by Speyer [8]
through the considerations of rigid geometry.
(2) For the proof of full correspondence theorem, it is important to
consider those tropical curves:



o Some of the edges have higher weights.
e The map h is not an immersion.
The well-spacedness condition should be modified accordingly.
(3) Enumerative problems for genus one curves (i.e, computing Gromov-
Witten type invariants) can be solved using this theorem.

Theorem 11 also has geometric consequences to tropical curves. For
example, as we noted in Section 3, the necessary (and almost sufficient)
condition for the tropical curve given in Figure 4 to have a holomor-
phic counter part is that it is contained in some tropical hypersurface.
Then, according to Theorem 11, it follows that (except some degener-
ated cases), a tropical curve given in Figure 4 is contained in a tropical
hypersurface if and only if it satisfies the well-spacedness condition
(this is an easily verified condition, while it is not very easy to directly
judge whether a given tropical curve is contained in some tropical hy-
persurface or not).
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Sobolev Type Inequalities on Complete Riemannian Manifolds

Changyu Xia
Departamento de Matematica
Universidade de Brasilia, Brasilia-DF', Brazil

In this lecture, we will report some results about the structure of complete non-compact Rieman-
nian manifolds which support some Sobolev type inequalities.

Let n(> 2) be an integer. Given ¢ € (1,n], we set ¢* = ng/(n — ¢). Let K(n;q) be the best
constant for the Euclidean Sobolev inequality, that is,

(Jgo [Vult)

1 K(n,q)™' = n -
(1) (n,q) weCEE—0) ([ )/

The exact value of K (n,q) has been obtained by Aubin [1] and Talenti [27] independently.
A Riemannian manifold M™ is said to admit an Euclidean-Sobolev inequality if there exists a
constant Cpy > 0 such that, for every u € C§°(M),

) (/[ |u|q*)1/q* <on ([, |Vu|Q)1/q.

The validity of (2) has intriguing and deep connections with the geometry of the underlying manifold
(cf. [1], [15], [26]). It has been proved by M. Ledoux [17] that for complete manifolds of non-negative
Ricci curvature, the equality Cpy = K(n,q) forces M to be isometric to R™. This important rigidity
theorem has been generalized by Xia [28], by showing that, in case C) is sufficiently close to K (n, g),
then M is diffeomorphic to R™.

With the above results in mind, it is natural to obtain similar results for manifolds admitting some
kind of Sobolev type inequalities. The first step to this problem is to know what kind of interesting
inequalities the Euclidean space support.

Theorem 1 (log-Sobolev inequality, Gross, 1975, , [14]). For any f € C§°(R"), with [, =1,
2
0 Pross? < g (2 [ vs).
R" 2 nwe Jgn

Theorem 2 ( L? log-Sobolev inequality, Del Pino, Dolbeault, 2002, [11]). Assume thatp € (1,n).
Then for any u € WHP(R™) with [,, |ulf =1,

(@) [ ol < Srog () [ 9ur)

where the best constant L(n,p) is achieved by the functions

—n/z/\f% ['(n/2+1) e_%z_ﬂp/(p—l)
I(n(p—1)/p+1)

u(z)=m



Theorem 3 (The Nash inequality).
i) (Nash, 1958). For any f € C§°(R™), with [, f* =1,

o) e () (L)

i1) (Carlen-Loss, 1999, [6]). The best constant H(n) in the above inequality is given by

2((n +2)/2)(n+2)/n
nQ2/ " A (B")

(6) H(n) =
where Q,, and A1 (B™) denote the volume of the unit ball B" in R™ and the first non-zero Neumann
eigenvalue of the Laplacian of B™.

Theorem 4 (The Caffarelli-Kohn-Nirenberg inequalities).
i) (Caffarelli-Kohn-Nirenberg, 1984, [5]). Let n > 3 and let a,b and p be such that

2n
7 0< —2)/2, a<b< l, p=—mF—77—7".
(7) <a<(n-2)/2, a<b<a+l1,p W39k —a)
Then, for any u € C§°(R™),
(®) ] ully < Kaplll]~Vulll2.

i1) (Lieb, 1983, for a =0,0 < b < 1, [22], Chou-Chu, 1993 for a > 0,a <b<a+1, [8]). The best
Kap in (8) is achieved by

u(z) = (A + |z|27)~(=2/C=tr) - )\ 5 g,

Theorem 5 (The Gagliardo-Nirenberg inequality).
i) (Gagliardo, 1958, Nirenberg, 1959). Let n > 2. If p > 1, and p < n/(n —2) for n > 3, then for
any u € C§°(R™) the following inequality holds

(9) lull2p < G(n,p)||Vull3]lull,31,

where 6 =n(p—1)/p(n+2— (n—2)p).
i1) (Del Pino, Dolbeault, 2002, [10]). The best constant G(n,p) in (9) is achieved by the functions

(10) urng(r) = (A + [z —7*) 7/,
with A >0, and T € R™.

Theorem 6 (Another sharp Caffarelli-Kohn-Nirenberg inequality).
i) (Caffarelli-Kohn-Nirenberg, 1984, [5]). Letn > 2, r >p > 1, a,b,p and c = (a —1)/r + (p —
1)b/{pr} be constants satisfying

(11) I/p+a/n, (p=1)/p(r=1) +b/n, 1/r+c/n>0,

Then, for any u € C§°(R™),

(p—1)/p
(12) lz|“ullz < Cl[=[*[Vulll (/ IfflbUI”(T_”/(”_l)>
Rn



it) (Xia, 2007, [30]). The best constant C(n,a,b,p) in (12) is achieved by the functions

u(z) = (A + |x‘17a+b/p)(1fp)/(rfp), A > 0.

Theorem 7 (Affine Sobolev inequality, Lutward-Yang-Zhang, 2002, [23]).

Suppose p is given by % = % — L If f € C§°(R™), then

—-1/n
(13) (annmm;> > o)l

Where the best constant C(n) in the above inequality is attained by the functions

1—n

f@) = (a+ A =)/ 07D) 7

with A € GL(n), a > 0 and zo € R".

Theorem 8 (The Hardy inequality, [24]). Let n > 3 be an integer and let p,q, 5 and vy be constants
satisfying

11
(14) 1<g<mn, ¢g<p< nq,v:—1+n<—>.
n-—gq qa p

There exists a positive constant C' such that

(15) (/ x|7p|u|pdx> "<c (/ |qudx) L Vue CRRY,
Rn n

Let K(n,q,v) be the best constant for this inequality. When vp + q > 0 and g > 1, the following

functions

) (g—n)/(a+vp)

u(z) = (A + ||t/ (a=1) A0,

is a family of minimizers for K(n,q,7).
Theorem 9 (The generalized Hardy inequality, Horiuchi, 1997, [16]). Let n > 2 be an integer and

let p, q, a and v be constants satisfying

1 1
(I6)l<g<p<+4oo, n>2, (1—a+v)g<n, ’yza—l+n<q—p), —g<’y§o¢§0.

There exists a positive constant C' such that

(17) (/ |x'“’|u|pdx> geye (/ |x°‘q|Vu|qda:> " Vue CRRY),
R”L R”L

If we denote by W(n,q,~y) the best constant for this inequality, then W(n,q,~y) is achieved by the
radially symmetric functions

w> —q/(p—q)

u(z) = ()\—1— ||t A > 0.



Interesting results on complete non-compact Riemannian manifolds which support some of the above
Sobolev type inequalities have been proved during the past years. It is known that on a complete
manifold, the Sobolev inequalities

(13) lullon o2y < € [ 19 we (),

the log-Sobolev inequlities

(19) /uQIOgu2§ﬁlog C/ |Vul? |, ue Cg°(M)
M 2 M

and the Nash’s inequalities

o (L)) ()

are all equivalent to a common upper bound on the heat kernel p;(x,y) on M given by

/

( ) < 70 t>0
su x, < R .
z,yepM b Y tn/2

In particular, these inequalities are equivalent, for possibly different C' > 0 (cf. [2, 3, 4,9]).
The Sobolev inequality (18) holds on a complete minimal submanifold in R™ and on a Hadamard
manifold and so the inequalities (19) and (20) also hold on them.

Theorem 10.
i) (Druet-Hebey-Vaugon, 1999, [12]) Let M be an n-dimensional complete manifold with Ricpr > 0
on which the Nash’s inequality

(/M uz)<n+z>/" <C (/M |u|>4/" (/M |Vu|2) , u€ Cgo (M),

are satisfied. Then M is flat.
i1) (Xia, 2007, [30]) The above M is isometric to R™.

Theorem 11. (do Carmo-Xia, 2004, [13]). For n > 3, let a,b be constants satisfying 0 < a <
(n—2)/2, a<b<a+1and setp= #Q”(b_a). Let C be a constant and M be an n-dimensional
complete open Riemannian manifold with Ricy; > 0. Fiz a point xg € M and denote by p the distance
function from xg. Assume that, for any u € C§°(M),

(21) 1o~ ully < Cllp™*Vulll2-
Then for any v € M, we have
(22) B, ()| > (C7 Ko )" DV (), ¥r >0,

where |B,(x)| denotes the volume of the geodesic ball B,(x).
A theorem due to Li-Anderson [21] states that if M™ is complete with Ricp; > 0 and ajpy =:

lim, 00 |€/g12’:))| > 0, then 71 (M) is finite and and the order of 71 (M) is < aiM Moreover, by Cheeger-
Colding’s theorem [7], if apy is close to 1, then M is diffeomorphic to R™. Combining these results

with theorem 11, we get




Corollary 1. Let the conditions be as in Theorem 11.

i) M has finite fundamental group and the order of w1 (M) is bounded above by (K, ,C 1)/ (1+a=b).
it) If in addition that C = K, then M = R"™;

iii) There exists an €(n,a,b) > 0, such that if C < e+ Ko, then M is diffeomorphic to R™.

Theorem 12 (Xia, 2005, [29]). Let Ricpym > 0. Let p > 1, and p < n/(n —2) for n > 3. If for
any u € C§°(M™) the following Gagliardo-Nirenberg inequality holds

(23) llullzp < O Vull5][ull,1,
where 6 =n(p—1)/p(n+2— (n—2)p). Then Ve € M,
—1 (Q_‘_l;B_l)*l
(24) [B(z,7)] 2 (CG(n,p))\»™ @ 77/ Vo(r), Vr>0.
In particular, if C is close to G(n,p), then M is diffeomorphic to R™.

Theorem 13 (Xia, 2007, [30]). Let Ricyyn > 0 and let n > 2, r > p > 1, a,b,p and ¢ =
(a—1)/r+ (p—1)b/{pr} be such that

(25) 1/p+a/n, (p—1)/p(r—1)+b/n, 1/r+¢/n>0,
If, for any u € C§° (M),

(p—1)/p
(26) ||/fu||:sc<n7a,b,p)||p“|w|||p(/ pb|u|P<”>/<p1>) ,
Rn

where C(n,a,b,p) is the best constant for this inequality on R™, then M = R™.

Definition 1. A complete manifold M™ is said to have polynomial volume growth of degree at
most ng > 0, if there exists a positive constant 1 such that

Vol[Br(p)] < nR"™, VR > 1.
Doubling Volume Property. We say that M™ satisfies doubling volume property at x € M if
there exists a constant o > 0 such that
(27) Vol[Bagr(z)] < aVol[Bg(x)], VR > 0.

It is not hard to see that the constant « in the above inequality is no less than 2". Observe that the
doubling volume property implies that

(28) Vol[Br(p)] < aVol[Bi(p)] - R®2“, VR > 1

and so M™ has polynomial volume growth of degree at most log, .
Let M™ be complete with

(29) Ricy (z) = —=(n — 1)G(p(x)),

where G € C([0, +-00)] with [ tG(t)dt = by < 400 and p is the distance function from some point p
of M. Then, M is said to have asymptotically non-negative Ricci curvature and in this case we have
for 0 < ry < 7o,

| Br, ()| =1y (T2 "
(30) B, (o) ()




which implies easily that M™ has doubling volume property at p and [25]
(31) Vol[Br(p)] < e Vu R VR > 0.
Thus M™ has polynomial volume growth of degree at most n.

Theorem 14 (Levi-Xia, 2010, [20]). Let n > 3 be an integer and let p,q,~ be constants satisfying

11
(32) l<g<mn, q<p< nq,71+n(>,
n—gq q D

Let (M™,g) a complete non-compact Riemannian manifold with Ricci curvature satisfying (29) and
suppose that

(33) ([ rriupan) < ([ 1wuran,), vuecson,
M M

for some constant C > K(n,q,v). Then, for any R > 0, we have
(34) Vol[Br(o)] 2 e~V (C7 K (n, 4, 7)) P~ DVi(R),
where Vo(R) denotes the volume of an R-ball in R™.

Theorem 15 (Levi-Xia, 2010, [19]). Given 1 < g <n, 0< 0 <1, s> 1, define the number r by

) Lty

s T s q*

where ¢* = n"—_qq. Let M™ be a complete non-compact Riemannian manifold. Suppose that there exists
a constant A € R such that for all u € C§° (M),

([ i) <a ([ jwaras)” ([ wras)

Theorem 15 (Levi-Xia, 2010, [19]). Given 1 < g < n, 0 < 0 < 1, s > 1, define the number
r by (85). Let M™ be a complete non-compact Riemannian manifold satisfying the doubling volume
property. Suppose that there exists a constant ¢ > 0 such that for all u € C§°(M)

o ([ wirae)’ <[ wapan)’ ([ o) ™

Then, we have

Then A > G(n,p).

(37) Vol[Br(p)] > [e(ai ™))" R", YR > 0.

Theorem 16 (Levi-Xia, 2010, [18]). Let M™ be a complete Riemannian manifold on which some
generalized Hardy inequality is satisfied, that is, Vu € C§° (M),

(39) (f p”p|u|p); <[ paqu)é



for some constant C > 0, where the constants p,q, .,y are given by (16). Then C > W(n,q,~).

Theorem 17 (Levi-Xia, 2010, [18]). Let n > 2 be an integer and let p, q, v, « be constants
satisfying (16) and let M™ be a complete non-compact Riemannian manifold with Ricci curvature
satisfying (29) and suppose that

1

(39) (/ p’”’u|pdvg) ’ <C (/ p“q|Vu|qdvg> , VueC§(M),
M M

for some constant C > 0. Then, for any R > 0, we have

(40) Vol[Br(0)] = e~ =D (C='W (n, q,7))7 7 Vo(R).

Most of the Sobolev type inequalities above have strong restrictions on the geometry of the man-
ifolds. But we still do not have interesting results for manifolds which support the L,(p # 2) log-
Sobolev inequality (4). It is interesting to prove a similar result for this inequality and the affine
Sobolev inequality (13).
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Ly REBDA v AY v b Floer b ERY —
fiEr s (A ERY)

1 FU®IC
SEDHEEIFRD 2ODZ LTSI ETH S,
o {VAY Y} Floer RE R Y —DL v X2 ~DILHE
e Donaldson i & Seiberg-Witten DB (%

A Y ARY v Floer R ER Y —Id, Floer[4] IZk > THEAINIFE
0y —3ADALERTH 5, ARIUEHRE X DS L&z AT L
E. X koA Ry rDEY 2T 4 2% H\>T Donaldson A2 &
EWFIENAAEBDERI NS, 4RXUEMKE X e ny — 3Bkl Y
k-T2t L &, X @ Donaldson AAEDEHEIZE VLT,
Y DA Y AY v b Floer hEQ Y —IZEELFE 2R T, A VATV
k¥ Floer A0y —%FEn Y — 3ERMMUAND 3 RItHRIE~ILEE L 72
WEBZDZDIEARRI L TH D, WL DDDAARDID 2 DTEARIT ISR
INTVuhy, SEIZL v AEMAOIEREZ BEEL T 5,

iz L72nwd ) EDDZ EiE, Donaldson Bl & Seiberg-Witten
WDOBHRIZOWTTH B, B F—=NVDEY 27 A %% FH\>T Seiberg-
Witten A& R & X I3N 2 4 KILEHRAEDALEIER I NS, Witten IC
&> T, Donaldson & & Seiberg-Witten N2 3 d 5 A Z (Witten D
N THIEN D Efli AL RTH S &L FRINTWE, ZOTFRIFLS
DELAITIE LW I EDVRINT W5, —75, Donaldson AZ55 & Seiberg-
Witten AERIZIZ, W O»DREEMLPEMELEH S, INoIZO0TH
[FIRRICSAIIPE DR D 32> T 2 D E ) Iy D F D) Witten O FRDKGE
B D 2o T B D %HEZ T\, SRIOFETIE, Witten DD
FEACDSEAL L Toie e 2 & 2R 2 BRI 2fl 2z 8HE T2, ZOH
HHEL v REE DA v A5V b Floer FERY —%25HT5 2 L TL
Zbh5,

2 Donaldson " & & ZDEE
21 AVAIVKNY

Donaldson A2 & X 4 RICEHEE DA VY AY Vv DEY 27 A 22
ZHWTEREINS, 7. A VAY Y v Eidfirz23iHT 5,



X Z2[E DO 4 RIUEHRIA T, Riemann il g 2385, Pz X L
DSOB)FHRETZ, A VAF Y PV EFPOERHRTRDEIITEDS
NBTEAZH T ODTHS, gp=P XaagZ POFEHFERE T2, (g
13 50(3) D Lie BiTH %,) g 2 M\w>T, Hodge = fEHFHE

x: Q% (gp) — Q% (gp)

D, =155, [HEAMHEIZ 112, ko THfiR
Q% (ap) = QL (gp) & U (gp)

#2135, QO (gp) FEHE 1 ORIHZEMT Qy (gp) FEHME —1 DEHZE
HMTh 5,

P D Al LT, MR Fy € Q% (gp) DWEE 2, EOBRIIEL
CFy=F{+F; t&HFI 5, ABROFEAZWT LSV APV
VEMEN S,

Fi=0.

Gpa PO —=VHET2, 2F), X OEHEBEHREZH -T2 POR
BREEROHLET S, G P OEROZERM Ap 125 Z R LI X > TIEAH
T2, ZOERIZA v AZ v b v ERRORZEMZHD,

Mp = Mp(g) = {A € Ap|F} = 0}/Gp

ZAVAZVEVYDEY 27 A EH LS,

2.2 RZE=

4 RIS R X OAEED, TP 2 74 Bl ETatreuy —HeH
PTHIETERIND, [EM X x Mp O _FISEEE & XN 5T SO(3)
WPPWEERTED, TV 2794 MO arEa Yy —HrO>TDERIZ L >
Rons,

po Hy(X;Z) —  H*(Mp;Q)

= o =i (P)/[X]
LRFERY—HERETSZ X oFoREoo>LEEAlITH 5, <
wo(P),[X] >= 0 mod 2 D & ZiF, XD BMAIIC u([Z]) ZELTE
%, ZO%H. Mp B2 Y O twisted 0 fEHZEDITHIAR Ly — Mp 25E
#HTE,

a1(Ls) = p([X])
&5,
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X ZHUEAE [0 & DO 7 4 RITHSHRIE T, b7 (X) 131 X H REVHE
BTHbETH, bT(X)IILXEA Qx : Hy(X;Z) @ Hy(X;Z) — Z DIE
DEGHEOETH 2, w e H?(X;Zs) ZFEE L, wo(P) =w &7 % SO(3)
FRPEEZS, COLE, (EEAERTD gL/ T) Mp(g) &
BBCRIGDM & D2 kR (F713224E4) K% %, dimMp =2d TH

BET2, COLE, [D)],...,[Sd € Ho(X:Z) 12720 LT,
U ((S1), - [Sa) = / (1) U+ U a((Zd])
Mp(g)

EFT 2, (Mpld—fRICiZa vy (7 FTI>BVD, HBHTETIOR
DERIESETES,) Zduck b, B

Uy QHy(XZ) = @d20H2(X§Z)®d —Q

#1345, Mp(g) \F Riemann il g ITBFET 203, Ux, 3 gtk 6T, X
DWW RMEAZEICR 5, Z4% Donaldson A2 & & R,

oD areEn Y —HrHOLLHOH 2, VWE, we(P) = we(X)
D p(P)=0(X) mod8 TH2BLT 2, o(X)IF X DR ZETH 5,
ZDEE, X ED twisted spin-c Dirac fEHZEZ H\WT, FEERH

A Mp

ZREETE S, upi=wi(A) € HY(Mp;Zo) £ 8K,

VHX) DT XD REWEETHZLET D, ZDEE, Mp IZEEXIT
1Kk %, dimMp = 2d+1CH2 LT 2, [1],...,[Sd € Ho(X;2),
5] [S]=0 mod2% &5, (ZDEF, u(S]) & twisted 8 fEHIED
RO — Chern i E LT, Z L TEHKRTE2,)

V(R (B = [ wUp(ED U U ()

EEET D, UKk oT, BB
VY A(X) — Zy

22, AX)E{[S1]©-©[Sd | [S]-[5] =0 mod 2} THERS
N5 @Hy(X;Z) DERITZEMTH %, U 1& Riemann st g ICHKAE L 72w
X OB FAMHALRICZ 5,

3 Floer/RhEOYV—EERDEDLEAR
3.1 REOY—3KEDTAVAY>KYFloer REOY—

IE L DI X 912, Donaldson AEEZGHET L L ZIA VvV RAY v
k¥ Floer F €0 ¥ =G0 %, Floer hE 1Y —DRERKIC DWW THH
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CHHT 2, Y 2AREDOVAEAERY =38 LT3, P=Y xSO(3)
zY FoHWZ SOB)HRHET %, RY) % P Lo VFHERD 7 — P [FfiE
HRRoEGLET D, ZDOLE, "Floer X

Sy : R(Y) — Zsg

DEZEIND, ZHUI, Y XR LD 2WEHFEOREE L TEEI N
%5, i€ LIl T, CF(Y;Q) %

{lp] € R(Y)|6y([p]) =i mod 8, p lFHBHLER L 7 —PRETE WV, }
TRESNS Q LoR7 P2 E T 5, BEFWEAE
0:CF(Y;Q) — CF;_1(Y;Q)

WRD LI ICEREND, [p] € CF(Y;Q), [0] € CF_1(Y) ZAERIG &
T2, 2DEE, —oo TVHEHE p PR L, +00 To lZPORT 2 Y xR
FDAY RSV DEY 2T AREM M, 2EZ D, BHEESIE Y xR
bt v RS P BRREEIT 2 L. M,, BIEO»AREHEKICK S,
F e, WARETL p, 0 ZIBATEL & My, DRITIF1IC%R 5, My, 1T
i3, CHTBENC L D RDMET 2, 2D & M), = M, /RIZHRES
2% 5 2 EDNEHTE 3,

< 0([p]); [o] >:= #M,,

EBL, L, #IFESIKF 2O TEBEEZRAS 2 L 2E%KT 5,
COFFIERIZE Y, BIBER O COF(Y;Q) — CF_1(Y;Q) "¢ % %,
000 =0%ZAtHT A LN TE, AV AF YV Floer FERY —%
HF,(Y;Q) = H,(CF,(Y;Q),0) IC k> TERT 5.

3.2 ROHELEAI

Donaldson AEEHDEIHETEICHWLN D, ROGLEAXTH
5, RDEIBWRNEEZEZ S, MEDDOWK 4 RILEHKRIE X 2F €0
Pe3KMY ITkoT, 200 TFoNTWEET S, DED,
X=XiUyXp £BoTWn35 LT3, X, XoldavNg F RS tkik T, %
nEny, Y #8RE LT, 272l Y IRY OREZHEIILELDD
ThHsb, ZDEZE, X1, Xy DX Donaldson A& &ED> &, X @ Donaldson
AR U, ZEtHT 52 EITE S, bH(X1) > 0,07 (X2) > 0D & F,
HH%} Donaldson

Uy, @Ho(X1;2) — HF.(Y;Q), Yx, w, : ®H2(X9;Z) — HF,(-Y;Q)
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DWEETES, 2EL, wy=wlx, TH 5, THF X; = X; U(Y x Rx)
DA VA P DEY 274 2B EHCTERI NS, HARZ pairing

<> HF,(Y;Q) ® HF.(-Y;Q) — Q
Z)S\% b\
\IIX,w =< \IIX1,’LU17\IIX2,U12 >
ERBZEDIEATE 5, ZNBEDEDLEANTH S,
Donaldson NERDER U 1SN 25K ) Gb¥ X bR I Tw»

5, Y®RZZITHHERY—=3HKIME TS, Y xR LD Dirac fEHEZ A
WC, Floer R E QY —DLM L(Y) RSN S, X510, MHALH

\IJ“Xll CA(X) — L(Y), \11“X12 A(Xy) — L(-Y)
DERI N
P =< U WY >
&b, TUF, X BPAE YD E Z Fukaya-Furuta-Ohta [6] 12 & - Ciik
I, X 2¥non-spin D & ¥ [9] Tk I L7z,

3.3 REOY—I3FEUND 3 XRITELHEAED Floer REO Y —

AEBRY—3ERMEICH LT, 1 VAT ¥ Floer FERY —HERS
N, AERDORY AbEAXIERI N, Iz rtoy— 3N
DIRTLEMIRY ICHRL 7w e BEZ 2 L&, ROMEIRZ 5,

I 1 Y RIS AP ESRDSIAE T 5,

(a) Y xR EDA YRV b DEY 27 4 ZZRNCFER N DD %
ARETE,
(b) fRIZ(a) BB HHRVELTH, 9od=0DHIZL &\,

B8 2 Hy(X;Z) £ Ho(X1; Z) ® Ho(Xo; Z).

Y FEnY— 3D & Eld, HHZPFHER 2R, PHHE IS
ETHRNTH S, FEBRY — 3ERMAMAND 3 RKIuLhkik Licid% < owlFy
BRI E T 2 RS D 5, 72, Y IR E 0 Y — 3ERH DY G
F. X D2RInFER Y=, X £ Xy D 2XuhEn Y —ROER
%5, UL, Y23IhERY— 3EAMAND 3RTUHHKREDEEIE, ER
36w, ZHid, X o2XnhEn Yy —#H2RETLHN X Y
WKLo THFIINZRMEEZ 2L TEBR LRV EE2ERT %,
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IO DRMEIX X 2RI PNTH R0, ZNZ NN L FE D
b5, FELICBELTIRD &) BthFrd 5,

e Austin-Braam [2], Donaldson [3] I3, & 2RWD b & T, 7 FAZE
Floer Z#Em Y —" 2E AL, AT 2RULT Uy, O
RO GEOEARZRERLL 72,

e Furuta [7] (L ¥ RZE[EIC7z\v LT, £ Y A ¥~ | ¥ Floer A€1
P—OFERYEFEA L, UKD, LY R o7 U D
RO EHLEARZHRTE 5,

NS OREEIE, AIRPHHESOYFEE T 2R 2 > T 503, RifE2
DI Z ARV TIIHEHTE 2w,

—77, B2 1B L TIE, Fukaya [5] 12 X 2fE523H 5, Fukaya 13
AIRPPHEERE DS L 22 (D F D, BED 1 3/ E %) & v )R
T, "Fukaya-Floer ZEQ Y —" EW-EN A AV A¥ ¥ |~ Floer A€ U
C—D—MILZERL, Ux, DR EDEAXZHERL 7,

COXHICHIEL EE 2 1384 b, AR 2 2R TIEAZ
HORD GOEARIMELIN TR,

4 FFE
4.1 L YXZEOD Floer REOY—EEDEDLEAR

FoRE] EFE2 23 FERCR I 2 L&, LY RZEM Y = Lp, q) DA
VAZ YV Floer hEURY—RERL., FERDED HGHLEAXELEA
T35, RDXIRRMEEZ 5, X ZHEEE non-spin, PH4 Rtk
BThr >1892%, X BLYRAERY = Lp,q) \Ck>T, 22005
WKAREINTwELETE, 2D, X = X1Uy Xo ETBETS, C
2T, 90X, = L(p,q), Xy = —L(p,q) THB LT3, (S° DR DA
DOFEINBAEIN L(p,q) CA-DTVREET2E,) X HDEEF DD\
FEHAE S Y 12X > T, 220080 S, Sy KO EnTnws 335,
Fi=YNY EML T EIRT R, 2L, Y X BBEINCRE b o T2
9%, WY DHFDOL—7TH%,)

Theorem 4.1 ([10]). p BEHFEE L T 5,

1. (Y,y) 27wl T, £ Y RAZ Y bV Floer hER Y — (Y, ) DERE
TE T, HA% pairing

<> LY, y) @ L(=Y,y) — Zs
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753\% z)o

2. [X1] € Ho(X1,Y;7Z), [So] € Ho(Xo, Y Z) 238 2 HiAHIN 72 5 % i
g & E MNALR Y ([31]) € L(Y,7), Uy, ([Z2]) € L(-Y,7)
DEFETE T,

T ([Z]) =< ¥y ([Z1]), U, ([32]) >
s,

ZORDELEARDIGHE LT, RERTIENTES,

Theorem 4.2. X = CP?#CP?, Y = L(7,3) £T%, COLE, X I
X = X1 Uy X DD IR % Fit- s\, 2 ZTC. X1, Xo ¢ Y, -Y T iE A
& L TR OS2 non-spin 4 XRITEHRIAT, b7 =1ThH 5,

Z 1U% Donaldson ¥ & Seiberg-Witten B & OBfRD 6 A 2 & Hll
WRVEVISBITH %, Theorem 4.2 DFEHTIZ, U OIEHHMEDEET
H %, (Subsection 4.3 Z22M,) —/. X = CP?#CP? 1ZIED A A 7 —Iifi
KEFOZ L6, ELBICHERNZEHTILE) €/ FA—LDEY 2T
A BRNIHEATH 5, Lo T, Seiberg-Witten Bl 656 N2 AL &=
FHBHICZS>TLE I, ZOEM%E Seiberg-Witten PEwmCREHT 2% Z &
IR T E R,

4.2 L(Y,v) DR DB

BIEMEY = Lp,q)s Y2 Y ODRPDOL—=TLET 25, pldwEHL
45,
p DFEHD L Z
0y =0 mod 2
THHIEWGD 5, i € ZIZT\WwWLT

C~(Y ) B CFQZ'(Y;ZQ) D CFQZ'_Q(Y; Zg) 120 mod 4
BVZY CR(Y;Z) @ CF oY Z0) ®Zo < [0] > i=0 mod 4

£, 2L, CFy(Y;Zs) 1% Subsection 3.2 E[FfRICERE I NS, £,
013Y LoHWZHHERITH 5, BFHEME 0, : Ci(Y,v) — Cim1(Y,7)
BROMAD K ) b DTH 5,

o, o,
Cin1(Yiy) ——=Ci(Y;y) ——=Ci_1 (Y3 )

Il I I
CFQ@JFQ (Y) —— CF2Z(Y) —— CFQZ',Q(Y)

CFy(Y) — CFyo(Y) — CFy_4(Y)
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FoRRIFEWRE 0 Bb o> T RLESTH Y, FToRRIZ 0 238
bW TH S, IEMICIIRD I ITEREI NS,
[p] € Ci(Y,7), [o] € Ci1(Y, ) ZEHOLE T 5,

(i) [pl, [o] # 18], by ([p]) — by ([o]) =2 mod 8 D& Z
My, %2 —oo THHEE p ITIH L. +oo To lZNKT 2 Y xRk
DAVAI Y P YDEZ 2 TARMET B, FDHA My, 131 K70
DS W REIRETH 5, FIBENCL D My, I RAEHL T
5o M), = My /RIZEREAICHESZ 2 EHBTD 5,

#M/! mod2 ind@Ps=1 mod?2
< 0([p)) [o] >= g . _
0 mod 2 ind¥4 =0 mod 2

ZIT. Al p, o ZRIRICHLD Y xR EO#ERHT, P43 Y xR L
D twisted Dirac fEHHETH 5,

(i) [o], o] # [0, oy ([p]) — Oy ([o]) =4 mod 8 DL Z
CDEE, M), \F2RICDERIFICR D, pHBFEBDLE, yxRD

twisted 0 fEFHZEDFTIR

C /
‘C’YXR — Mpo.

EERTZIENTED, M, 133287 FThRLA, BT LR
LE % T 5, FUINT &R 2 DI

S M,;(, — LyxR
BELIENTE, s7H0) IFBEREAICK S,

#571(0) mod 2 indPy =1 mod 2
Io) =
< %(lpl): o] > { 0 mod 2 ind®Pa=0 mod 2.
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(i) [p] = [6], oy (o)) = —4 mod 8 F7&. [o] = (0], by (o)) = 2
mod 8 D & ¥
IDLE, TV 2942 My, & 0XILER D, < y([p]),[o]) >
(i) EFRRICER I NS,

CDEIITEHKTSELE 0,00, =02RTILENTE 2,

Definition 4.3. I.(Y,v) = H.(C«(Y,7), 0y).

4.3 Theorem 4.2 DEFBADHELRE

X = CP?#CP?, Y = L(7,3) £ <., X » Theorem 4.2 TiliR7- X 9 %
IEX = XUy Xo ZEF L7 EARGET %, 9] DT, &5 [X] € Ho(X;Z)
D3> T

UH([E]) =1 mod 2
ERDIEDRINTVDE, RDI2DEEDH L, (i) £ C Xy, (i)
Yo C Xo, (iil) ZNY # 0.

B AEOEARXDNS

(i) = WR([Z) =< TR([D]), Uy, >, U ([5]) € L(Y)

(1) = VR (Z]) =< VR, UL, (E]) >, VY, € (),

(i) = UR([E]) =< TR, ([Z1]), UE, ([S2]) >, VY, (1)) € Lo(Y27)
E7%, 2T, L(Y) X [7) CTH S N7 Floer 3 €ERY —TH %,

L), L(Y,7) I3Y xR kDA Y 2% v b vy ZHWTERI NS, L(p, q)x
R EDA Y A% v+ vId, Austin [1], Furuta-Hashimoto [8] 12 & > T~

LTV 5, INLDfEREMVS L, [(Y)=0,L(Y)=0,1(Y,y) =0
D535, LicnioT, UR([E]) =0 &4 D, FEVPESND,

W
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Toric degenerations of polygon spaces and
bending flows

B e —
IR B

1 F

(X,w) 2 2N e YTV I T 1w 7 2kkkE LT &, X LOREFRSR L
& N HOBBOM ® = (f1,...,fn) : X — RN T, RO DDA

(i) H\WMC Poisson A[#, DX O {f;, f;} =0,4,j=1,...,N,
(i) df1,...,dfn (33 2PERFEES LTI

EWEETEDDTERNS. f1,..., fn DBOED (A f) BEATENE
Hamiltonian 72 & >7z & &, (1) DFME f; 72HBH f1 O Hamilton ROH—FE
5 (IRER) I2EWVH TEEERLTWS. DX 0N RS —FEODnRERR D 7z
CEA(=NM) HZEVIIRATHD, TOEKTINEZTERAFD TR EMS.
7272 L 2 DFETIE END Hamiltonian TH AN E WS FREIT L.

DURTEZZDIE X WA\ M REETHEM, TDEE ¢ O—KRODT 7
AN— &~ (u) (DHEAEKTT) & Lagrange b—2> X TdH % (Arnold-Liouville D
9. TDX S 7% Lagrange WD EHIRIC KB T 74T L—3 3 VOREIXRMH
EFEP I T — R ETHREL G 5.

BRI X D=V v 7 2REDEET, BAG b — 2 AEH O#Ed) =
Hi4

®: X — RY = (LieTV)*

NEE2N IR THE. COLEDICLE X OF A= d(X) c RN (ZEEE
LR EFHINZMZHARICES. X OREDZ IE A OAG DB ERAVEH
ZRAWTERMICEHRT 2T ENTES. TOT LI M=V v 7 ZRARDLEIC
TR K KEHRINTOERHEBOUEDTH S Ry T LI T4v 7
il CERIF OB A ) TlEEARNZZEERZ ARENC > Th2iEEand % ([1],
(3] Z2&M)).

=1 7 ZREDGEDINCIE T O X S ICEARNZEANH S T LidiF &
A EIAREC E R (BRI ERI 2 BARRIC R 9 % DI RADE G TE
ZWNHETHS). TI T, ZRREZTRABEIROMEE T =1 v 7 ZEkK
WGREEE AT & (ERAEARO =V v 7iR(k) Z2EZX 5.
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EFE 1.1. (X,w) IF5HUH7 Kihler ZHAL L, X FORRAHITR O : X —
RY 3G ZHER A L25 K 5 ICBIBZEIRDEL THELEDET S (DEDIE
MZEREE->TEBL). cokE oD b= v IiBlbEid,

o HIRCM Kéhler ZHADFIHZE f: X — B,
o XOPHNICHE B MR JEZERIDIE ~ : [0,1] — B,
e 7y LL.%UBEL?LE%@% FEHJ:@L%‘?_:'E{% CD :f|7( 0,1]) — R

o X[y 0.1 (DHIEIRBIES) EORT MUY € Ty OBEERY MVOFES F
Feix->Tn5s80

D TROEMN =TT E DD L2V
o Bte0,1]ITHL, & =Dy, & X, = f (1) LOREARNR,
e X, & Kihler ZRfhL LT X LAMITH Y, ZOFR—HDELET &) =

o Xold AMDDBIRES b=V v IEZRRIKT, & & b—F AMEHDHEE EES
5 2%,

o (FAZLHHED LT) ¢ = exp(té) WEER N ROMIGEZIR>TXE T 7
AN— Xy DT 7 A3— Xy, ICBT:

b1 Xo_,

RN

Xy

[10] T3 Gelfand-Cetlin 5 & FHEN 2 HZRIK ORI RIS L TZ
DO r—=V v ZiR{bZRR L, ZNZIERIFMBROKA EFFEISHL TS
C DFBEH T

o RS NOZAEDEY 27142 D bending Hamiltonian & FHIN 2 B
BB h 655582 IR,

o FHEIERR CP' ORI SU(2) ROEY 251 %M HIcEE 3 5e 2 n il
77% (Goldman REM-HT LICT B)

Mh—=Vw 7iB{bZzRDOT L 2BaELcW. &3, TNHDOHEICE Floer B
ADIGHIFEELMERZ b N, Thid5 ?&@%@T%Zy

LIRS NOZMAIY LRIV THAHEL DRSS EEDNZHENS 5> Le 2hE LIELH, IR
DHE DRI R VEDE Y 25 4% Grassmann S, HTEHR -0 SRE (2], 5] 21)
B2 EBRLTOT, BT (7) BEBITH 2.
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2 R ADZEHEDEY 151 ZE/H
2.1 ZAWDEY 1514/ E Grassmann ZHE

n EHDOIEDOEHOM r = (r1,...,rp) ZEEL, |r| =Y, r £ELITLICTS. T
DEZZATLDEY 2T A% P = Pr(R3) &1, RE NOLDEED ry, ... 1y
TH5 n AIFEO Euclid FEEZHBHIC K A FAEHOESDOI L THS. S0HZ
%&

Pr:{w:(wl,...,xn)eﬁSQ(ri) ‘ x1+-~-+xn:0}/5’0(3)

TH5 (w1,...,2, B n HIEDOH). 72720 S%(r;) C R EEMAHD, PB1Er O
BRKITH O, SOB) EHIENAIFRZEZS. r Z—RICLZ & P, IZIELNEX
2(n — 3) TeEkkikL 755,

TSI P BUTFDESICLTY YT LT T 0w 72k (X i< Kihler
ZEIK) &%, R3 & SU(2) O Lie RO su(2)* LRI—HT S &, S%(ry)
&% B REEEHE O, LR—HEINE. CTIKIGERRY YT LI T v I
X (Kostant-Kirillov JE:X) Db % T LICHEET 5.2 £z R AOD SO(3) fEHE
SU(2) D su(2)* NORBEFHERNS/ENS. TDOEE O, x -+ x O, D
SU(2) OxfAEMH X Hamiltonian T, Z OEHEEHIE

w:Op X x O, —su(2)", (x1,...,2p)— 21+ -+ Ty

TEZ56NM%. LENSTP. E O, x---x0,. DO SUQ2)EHIcEE T
T 14w ZEITH %:
P = 1(0)/SU(2).

FUENBZY VT LI T4 IR E Wit ® ThEDT T LICT 5.

Pr & Grassmann ZRADT VT LI T 0w ZiEIE LTEEENS ([6]).
Gr(2,n) Z C* @ 2 Ryt 280759 Grassmann ZHAE T 5 &, Thik
n x 2 {118tk €2 © UQ2) IERICk 22 Y T L7 5 0v ZHiIE LTERLN
%. pie) : C2 — u(2)" = V/~1u(2) & U(2) (FROEBIREG LT3 &,

oo vl
-1 r|/2 0
6”U@)( 0 |r/2>
Zn W
=4 .
Solal? = lwif? =Sl Y@ =0 (1)

ZWilzd. TTT SU(2) DERE C2 \OIEfZEZ % &, ZO@EERE45E

L[]z — Jw|? 220
.2 ¥~ N
Vsu(2) - C »su(2)” = Lsu(2), (z,w) 2 ( 2w |w|2 B |Z|2

2SI ERE Uiz S2(r;) OBIBEERE VS TE K.
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THABNS. (vsy@)": C2 = (su(2))" LV S EEEEZ B L, (1) D&M
DHLET

(VSU(z)(Zl7 w1)7 R VSU(2)(Z7L7 wn))
[ 511(2)* =~ R3 D n ﬁﬂ%%%‘i% (‘—d—?&bg Zz VSU(Q)(Z»L'7/U}Z') =0 75:(%7‘3@—)
U(n) OFFHIOETHA N —5 2% T L LIZE X, Gr(2,n) ~O T {EHIOE
BhEEAR ur - Gr(2,n) —» R" &

z1 w1
= (a2l )

Zn Wy
TH52b6N5CLICEET S &,

P 2 iz} (r)/T
ERBT NS,

2.2 Bending Hamiltonian

HrL j HHOTHRZMESARE U, ZORE 25X 588%Z 1,; . P. >R &
9%. 955

lij(®) = |dij| = @i + Tig1 + - + 2]
T»H%. TN bending Hamiltonian & FE5.

EHE 2.1 (Kapovich-Millson [8]). I;; ® Hamiltonian flow (ZZ M2 AR d;;
K> T—EDHETHOMIT S 0D ST EAZEDSD. EHIC diyj & dyy W
LhoTWRWY (THEbbi<k<j<lk<i<l<jThOELWE ;L
Iy, 1& Poisson A[#iCH 5. LIch->T n AEO=MIENEIZESTEIC (n -3
AROTARNTE B T EITTER) P KRBT RDEE 5.

CO=MAIEHE], & LIZZFOMN T 7% T &L, ZHUTHILT B5e2 i
NHRE OV P, 5 RT3 EEL T LICTRE, 2O 1 BIMEHERTSH D, oF
KK BBE=AFEXTHEZ NS M2 HIkE XS,

WIJ 2.2 (TL =5 @i%/ﬁ\). j’rj‘ﬁ%?%& L/T d12,d13 %%U (Eﬁlﬂ%@%ﬁ@iiﬁ]%ﬁ\
FIOM ST BIAENIC—ENTHB), eI RELT

(I)F = (112,113) : PT — RQ
HEZBHTEICT B (dimg P = 4 720 SFERAED RIGBEBN D).
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P BUDETORCHICE>TEREZM, TTTEr, ..., rs MEFFRCHAZE
Z2%. TOLEP, =3 CPP D47 a—7 v 7T, ol ick3B Al = o'(P,)
ETDORDESICIE%.

T4+ 151

raf”

T4—7‘5‘ R ,
: T3 : lio
[y — 7o rL+ 72

AT 12 CP2 O 5 RITOTa—7 v T Uiz b=V v 7 ZEAOES &2 mik
THY, P, OTO—=7 v LIz ST DEDIT TN E P, D=1 w 7B
EME5EN%.

2.3 F=Uv7iEt

Pr I Gr(2,n) DRI R —F R TICk B2 YT LY T 19 2 HIC & DB
DT, Pr O (2 HALE LTD) b=V » Z73B{kE Gr(2,n) O T A& b—
Uy 7R B/ 5NS. —75 Speyer-Sturmfels [11] I XD, n MO =MAE 7D
HZRET LI Gr(2,n) D= v 7ML EGEZA 5N T EARENTNS.

EI 2.3. KA DEI T ISHL, Gr(2,n) OFERAMEIRTT EHICK SV
TVLIT 4w VERID P LOREVEDTR oF ZAET5ELDMH 5. EHIC
COFEAEAPREIT HESEES Gr(2,n) D=V v 7Bk ETr—=Vw o
ZEkA OB RGIGICEILTE S.
% 2.4. €M 2.3 D Gr(2,n) LOFERAFSHRO b=V v 7Rk o : P, —
R"=3 O b=V v 7L ZFAET 5.

EE 2.5 SAEDEIE UTRARY dis,dis,....din o THEED (DFED
TRTOMNAFRDO EDDTHEN S HT VB ED) B ESTGAE, Gr(2,n) LD
Gelfand-Cetlin RAVERE 2.3 DFERAMETFRTH D (6]), TD b—V v 7Bk
[10] THREN2EDTHS.

3 HRERLOBIMY SU2) ROEY 151 %M

3.1 K8y SUQQ) RDEI2151E S° DEZHF

Pl Pn €CPY & e = (ry,...,1,) € Ry ZFEEL, ¥ = CP' — {p1,...,pn}
EBL. S OB SU(2) Bk lE Y EOYHE SU(2) ##iT, &% p; D

DoOra /) I—n
eV —1ri 0
0 e~ V-Iri
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OHEIE C,, ICABEDZND . M, = M,.(5,5U(2)) Z ¥ LD SU(2)
BEDEY 15478 LB L, — D r I LT T DZEMIE 2(n — 3) Kotd >
VTVLI T4 BERAL RS, SOV Y TLIT 4w R E wiV®) bE
Licd 5.

r=(r1,...,7) DTN ENEE CDEY 2T A ZEMIEHTHIO n AIKLDOE
VoS E RIS C ERRISNTOS (Bl [7] B):

Pr = M,.
C ORI REK T % T £1% Riemann-Hilbert %R fiE< 2 & EFLT & THD,

BARIICEER T 2D L ed, TTTRIUFDEIICLTEZ ST LICT 5.
pi DEDZREIZ)N—T7%Z v &35 &, Y QAR

T(E) =, o =1)

EH5Z256N% T LICHERET 5. Mehta-Seshadri [9] IZXKD M, 1& m1(X) DERBID
[FREADZER & [A—H T E %:

M, = {p € Hom(mi(S), SU(2)) | p(3:) € Cr i = 1,....,n}/SU(2)

~ {1, .90) eHC cgn =1} /5U()

Cr, & SU2) D1 DXL DFEIKTHSDT, M, DLFADEINIRE >
ey G1G2 - Gno1 WERD). r /NS o THBFIR, SUR) ZUAFDX 51V
AT =)V d BT LICKD SUQ2) DEMEOEI 2T 1L su(2) = su(2)* DZ
AEDEY 2574207 1 ZRHIEZRHKT 2T ENTES. t € (0,1] ITHL
tr = (try,...,try) &L,

1
= (M i)

LEDD. Flt=00DEEE My = (P,,wi'®) &5k, Uscpoy Mi 93Py &
M, DR T LI T 14w I 2IRDIRE 5%

3.2 Goldman %

n SO R dz] WU i & pipists- .. p; ZEEIL—T ET % (BARDTTE
LTI vivia1 ... 75). TOI—F o Taha ) I— 2 RAVTEEL £, - M, — R
%

fij(A) == cos™! (;tr (A D~ i Teknm/ E~)>
TEDS.

EIE 3.1 (Goldman [4]). XARE d;; & diy DRDOERNEZ fi; & fiu 1& Poisson
AT H 5. FHC=MIEDEI T IS LT, ZONABCHIGT 5 f; ebTHX
5%

= (fij) : My — R"3

BRI R THS.

-34 -



C TR ORI E%Z Goldman REMERCT LICT 5.

z
i 3.2. t € (0,1] ICHLT fije: My >R %2

1
fij,t = ;fij

TEDD &, UL = (fij4) : My — R & Goldman H& oY : P, — R"3 ZD
ESEEEIRD 1 B E5 2 5.

CNEHR 24 ZHbETXIESNS.

% 3.3. Goldman &R & h—V v Z7B{bEHD.
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K#EEm D DONALDSON AZE(CDWT
KOTA YOSHIOKA

ABSTRACT. We show that the Donaldson-invariant of SU(2)-type coincides with the
Seiberg-Witten invariant, if the base 4 manifold has a complex algebraic structure. This
is a joint work with Lothar Goéttsche and Hiraku Nakajima.

0.1. Donaldson invariants. Let X be a smooth, compact, connected, and oriented 4-
manifold with by = 0 and b, > 3 odd. We set

(K%)= 2x(X) +30(X),  xa(X):=
If X is a complex projective surface, then
(K%) = the self-intersection of the canonical bundle Ky,

xXn(X) =x(Ox).

For y := (2,¢,n) € HY*"(X,Z), let P be the principal U(2)-bundle P with ¢;(P) = ¢,
c2(P) = n and ad(P) the adjoint bundle of P.

(0.1)

Definition 0.2 (Moduli of ASD connections). We take a Riemann metric g on X and set
M,(y) := {V :irreducible anti-self-dual connections on ad(P)}.

For a generic metric g, M,(y) is a manifold of dimension 8n — 2(£?) — 6y, (X). A choice
of an orientation of H', a maximal positive definite subspace of H?(X) with respect to
the intersection pairing, gives an orientation on M,(y).

Let P — X x M,(y) be a universal PU(2)-bundle and let

p: Hy(X) — H' 7 (M(y))
be the py-map defined by
1
n(B3) == _ZPI(P)/ﬁ-
Then the Donaldson invariant of X is a polynomial on Hy(X) @& Hy(X) defined by

(0.3) D“m%ﬂz/’ () u(p),

My(y)

where p € Hy(X) is the point class and a € Hy(X). More generally, we set

D“mmT~mﬁ%=A“)Mmmmﬂ~ﬂmwMMQ

where a; € Hy(X).

1991 Mathematics Subject Classification. 14D20.
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Remark 0.4. D" (a*p!) # 0 only when k + 21 = 4n — (£2) — 3xn(X).

As M,(y) is not compact, the integral must be justified by using the Uhlenbeck com-
pactification M (y) of My(y). If £ # 0 mod 2, then it is given by

M (2,&6,n) = My(2,6,n) UMy(2,6,n — 1) x X UMy(2,6,n—2) x S°XU--- .

Proposition 0.5. Assume that b, > 3. Then D" (a*pl) is independent of the choice of
a general g.

Remark 0.6. The moduli space does not change by a twisting of P by a line bundle, since
the adjoint bundle remains the same. Only the orientation is different. Thus the integral
depends only on & mod 2 € H?*(X,Z/2) up to sign.

We consider the generating function

k.l
D§<€az+px) _ ZDE,n(akpl)Zk';; A4n—(§2)_3Xh(X)'
n,k,l o

Definition 0.7. A 4-manifold X is of KM-simple type if for any £ and «,

0’ 13 4 ¢
—— D% = 4A*Ds.
0x?
For a 4-manifold of KM-simple type, we define
1 1 1 1
3 — DE(p - — En( kY~ 4 En (k)
(0.8) Dé(a) := D*(e*(1 + 229)) = ngk D" (« >k! +3 ngk D" (« p)k!.

Then Kronheimer and Mrowka proved the following structure theorem.
Theorem 0.9 (Kronheimer-Mrowka). Assume that X is of KM-simple type. Then there

are finite number of K; € H*(X,Z) and nonzero rational numbers (3; such that

(a?) (£,6+K;)

Di(a)=e =2 Y (1) = gl
Fach K; is an integral lift of the second Stiefel-Whitney class wa(X).
0.2. Donaldson invariants for complex projective surfaces. From now on,
e X is a complex projective surface and
e ¢ is of type (1,1).
Take an ample line bundle H and consider the moduli space

v 5 E is a H-semistable torsion free sheaf,
u(y) = { tkE =2,¢(FE)=¢,c0(E) =n }/S_eqmv..

My (y) is a complex projective scheme of dime My (y) > 4n—&2—3x(X). If dime My (y) =
4n — &% — 3xn(X), then we say My (y) is of expected dimension. We take the orientation
on H* given by ¢;(H) and the complex orientation on H%?(X). Let Mg(y)o be the open
subset of slope stable vector bundles. By the Kobayashi-Hitchin correspondence, we can
identify My (y)o with the moduli of ASD connections.

Theorem 0.10 (Donaldson). My (y)o = My(y), where h is the metric associated to H.
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Then the Uhrenbeck compactification MY (y) becomes a projective scheme. We denote
MY (y) by MY(y). If £ £ 0 mod 2 is primitive, then

MY(2,6,n) = Mg(2,€,n)0UMg(2,6,n —1)g x X UMy(2,6,n —2)g x S’X U---

Theorem 0.11 (J. Li, J. Morgan). (1) There is a projective morphism ¢ : My (y) —
MY(y). If € £0 mod 2, then ¢ is

Mu(y) — M (y)

(0.12) E  +— (EYY,Supp(EYV/E)).

(2) If My(y) is of expected dimension, then
(€.6+Kx)
DEn(alyl) = (-0 [ )G
My (y)

where the p-map is defined by using a universal sheaf € instead of P, as pu(f) =
(c2(E) —ar(€)?/4)/5.

(4K x) : . .
Remark 0.13. (—1) 5 comes from the difference of the orientation.

If My(y) is not of expected dimension, then we consider the blow-up 7 : X/ — X
at points pi, ..., py. Let C; := 7 1(p;)(2 P') be the exceptional curves. Then for

dim Mg (y') = 4n — (%) — 3xa(X)
for N > 0, where H' = kn*(H) — ). C;, k > 0. By the blow-up formula

DEn(atyl) ~(-1) D1 (@b [ )
0.4 =" [ (@) ) TIwC)
:(_1)N(_1)(77777+Kxf)/2/

My (y')

p(r () u(p) ] w(C),
we can compute D" by the algebro-geometric method.

0.3. Mochizuki’s definition. Mochizuki defines the invariants by using the obstruction
theory on the moduli spaces of pairs of sheaves and their sections with a suitable stability

condition 9.
Ox(—mH) % E } /
(E, @) : 0-semi-stable S oquiv.

Roughly speaking, the following hold, and we can compute the Donaldson invariants
by analysing the wall-crossing phenomenon.

(1) Assume that § < 0. Then My(y,m,d) = 0.

Myg(y,m,d) = {(E, o)
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(2) Assume that § > 0. If y is primitive, then (E, ¢) is stable iff £ is stable. Thus
¥ Mg (y,m,0) — Mg(y) is a projective bundle for m > 0. Mochizuki’s invariant
is defined by

DE (o) = (—1) <5 / u(a) u(p)er (0(1))"

[MH (y7m76)]vir

where d = dim My (y,m,0) — dim My(y), O(1) is the tautological line bundle of
Y and [My(y, m,0)]yi is the virtual fundamental class of My(y, m,J).

Remark 0.15. Mochizuki proved that Df/’f;c does not depend on the choice of m > 0.

If the moduli space My (y) is of expected dimension, then
(Mg (y,m,d)|vic = [Mu(y,m,d)] (ordinary fundamental class),

and hence
Dif, = D"
for € € HY(X) with £ 20 mod 2.

Proposition 0.16. Assume that D" satisfies the blow-up formula (0.14). Then DS, =
D&,

Remark 0.17. The assumption is proved in the proof of our main result (Theorem 0.21).

Proof. We take a blow-up X’ — X at sufficiently many points py, ..., px of X such that
My (y') is of expected dimension, where H' = kn*(H) — > . C;, k>0 .
(1) Since n 0 mod 2, Myg(y',m,d) — Mpy:(y') is a projective bundle for § > 0.
(2) By the assumption, we have [My/(y',m,d)]vic = [Mpg/(y',m,d)]. Hence we get
D{\?/EZC = D"L”'
(3) Since D" satisfies (0.14), if D" also satisfies (0.14), then DJ:" = D™,
U

0.4. Seiberg-Witten invariants. Let s be a spin® structure and let ¢;(s) = ¢;(S™) €
H?(X) be the first Chern class of its spinor bundle.

Let N(s) be the moduli space of the solutions of monopole equations. This is a compact
manifold (more precisely, after a perturbation) of dimension d(s) := (c1(s)* — (Kx)?)/4.
It has the orientation induced from that of H™ as in the case of Donaldson invariants. Let
Q be the S'-bundle associated with the evaluation homomorphism from the gauge group
at a point in X, and ¢;(Q) be its first Chern class. The Seiberg-Witten invariant of s is
defined as

SW(E) — /J;( )Cl(ﬁ>d(5)/2

This is independent of the choice of g and the perturbation.
We call s (or ¢;(s)) a Seiberg-Witten class if SW(s) # 0. It is known that there are
only finitely many Seiberg-Witten classes.

Definition 0.18. A 4-manifold X is of SW-simple type if SW(s) is zero for all s with
d(s) > 0.
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For ¢ € H*(X;Z) which is a lift of wy(X), we define SW(c) as the sum
= Z SW(s)
c1(s)=c
When X is a complex projective surface, it is known that
e all Seiberg-Witten classes are of type (1,1).

[ J
N(s) = {(L,$)|L : a holomorphic line bundle, ¢ € H°(X, L)}.

e It is an unperturbed moduli space, and does not have the expected dimension d(s)
in general, but can be equipped with an obstruction theory to define the invariants.
e X is of SW-simple type.

0.5. Witten’s conjecture. By a physical argument, Witten clarified the meaning of
Kronheimer-Mrowka’s structure theorem. Since Witten’s argument is not justified in a
mathematical sense, we call it Witten’s conjecture.

Conjecture 0.19 (Witten). If X is of SW-simple type, then it is also of KM-simple type
and [3;, K; are determined by Seiberg-Witten invariants:

@E( )_Q(K %) —xn(X )+2( Xh(X) ZSW (£€+1’1(s)) elei(s),a)

Example 0.20. Let X be a quintic surface in P3. The Donaldson series are
(KX O‘) i ef(KX@‘)

DO(a) =8¢ 7
() = 8¢ —

o (Kx,a) —(Kx,a)
DKX(a):—é%e@e - j;e -

We have y, = 5, (K%) = 5. The Seiberg-Witten classes are +Kx, and
SW(-Kx) =1, SW(Kx)=(—-1)X» = —1.

Hence

Do(a) = (—1)x (0Ox)9(K%)—x(Ox)+ (SW(KX)62(C“ )22+ (K x,00)

+ SW(—KX)eé(OP)ZQ_(KX’Q)Z)

and

_41 -



It is also known that Witten’s conjecture is compatible with the blow-up formula.

Mochizuki developed a general theory of Donaldson type invariants and studied the
wall-crossing behavior under the change of §. In particular, he showed that DMOC is an
integral over the configuration spaces of points (=products of Hilbert schemes of points)
of cohomology classes related to

e the SW-invariants (global contribution) and
e the configuration of points (local contribution).
This is a very complicated expression, but is a very strong result, since the remaining
problem is just a combinatorial one.
We developed a technique to compute this kind of integral. So we get the following.

Theorem 0.21 (Gottsche, Nakajima, Yoshioka). Assume that X has a structure of com-
plex projective surface and £ is of type (1,1).

(1) We set
‘Dlé\/loc Z DMoc (1+ %P))
Then
Digoc (@) = 205 X0 (042 (1 ZSW ) EERED (ar(0.0)

(2) Witten’s conjecture is true, if X has a structure of complex projective surface and
€ is of type (1,1).

(1) implies that the blow-up formula (0.14) holds for Mochizuki’s invariant. Then the
second claim is a consequence of (1) and Proposition 0.16.

DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE, KOBE UNIVERSITY, KOBE, 657, JAPAN
E-mail address: yoshioka@math.kobe-u.ac. jp
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38T MISEHER7ZFFD CAT(0) 2=
(X9 B [EERTHEE

SH SR REREZGZ TTBERANTTERD

1 XC&IC

REDIBEZER Y NOIEFHDOIED JiZH A % 1T, RO 4 DM I35
KW THS :

(1) GABNRE, Y ANTI287 DA NEGHICEEFHZT 5.
(2) GABNIBOVNED Y NOFEMEA G EEMZRD.

RO EOMET (2) RT3 L %, VICHT 2EEAMBE RO L Vb N 5. BT
BOWRICBNT, 525NN EDES BRI ED & 5 IlEf%ET %0
RFNDC LERANATFE TSN, B, mBETIE, JREMERY —< S8
fhZe L U7 CAT(0) 220 & WHE N 2 BRMEZE N A S 2 S5 BV 2 38R 3 C &
TL L OBRA D> TETVNS. AT, Y DS D527 CAT(0)
2 CH B L I, YV ICH UTIEE (1) 27 & 5 BBV S b & —DTF
275518, M (2) BT &5 5B KRICTAET 2 C LR HIST 5.

2 CAT(0)ZZEDAREE I &Z D

LIL)L R ZEIE CAT(0) 22O BN BITH 2 05, eIb~)b +ZEfICRtd
ZHEREEOIEIC DV TR, T DBIASHADNREINTED, TNHZ KD
CAT(0) Z¢INIEIE S % T EMEFEZ A LN TV S, ZDXK S HikHD—D L

T, FB - MR - DBES &, CAT(0) 24D e )LN)L FZERIN S D XL 7%, 0L
F1LINICMEZ IS RICEHRZIBRS K5 GEAREE § TRLUT, ZTOMENZENE
KEL 2550 CAT(0) 22N LT, BILA)L 2RSS 2 % Oh Ok
Mo R T ezAH L (3], [4], [5) .

EFE 1 (HBE-WA [3]) 5¢fm CAT(0) 2=/ Y ISH L,

I Jy o(y)uldy)|?
5(p) = sup inf Y
(1) p @ :supp(p)—H fy lo(w)?1(dy)
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EEDD. 22U, pldHsupp(p) D_ml EZEZOHERESTH S K 5 K
HERARZEE, ¢ 13 I)bN)b N ZERICEZFFD supp(u) LD 1-Lipschitz G4
T |lo(y)|| = dy(y,bar(u)) (Vy € supp(p)) ZHiEd % EDOehzH <. I T,
bar(u) (FHERAE p OFELZRL TN .

LML, H5ICEBMRD—DDEEIL, TOAREBEDOFIE « Ml IR EE R C
ETHD, ZNH TZFNERELEN] WSO EDX S BRIGEZDON L7
MEIRNWC ETHoTe. A T ORHDEEZRA, 9] ICHBNT, §H8 Ed
HZ SNBT=DDRIAN I T 525 2721 .

EHE 2 ([9]) Y Z25¢H CAT(0) 22 &9 %. Gromov-Hausdorff 7L 37 Fix
PREEZE OIR { Xy fo PMFIELT, Y LOEEDR p € Y ICBI 588 TC,Y 7,
{X.}o ICET 5220 EOmiE#D CHRMES U < IFHERMED) ERT Cone(X,,) x
Cone(X,,) X -+ LHEENTHS%%5IT,

I(Y)<1

WAL S 5. KRS, 580 CAT(0) 22 Y O MZEMRIRD L IR {S,Y ey B
Gromov-Hausdorff 7L 807 s TH 575 5I1E, §(Y) <1 Th5.

TCTT, H\EL VS SENHTERD, CAT(0) ZEM Y IZBW T, ZREAICE
JBEEMICHYS T 280 LT (peYichldd) BHETCY Z2EZ BT LN
TX5%. Fiz, HABEMCHYTZEDE LTHRZERS,Y BEHEEIND. C
NS OFEOEMRAERE, 1) EEEBBEN:L.

ARTIE, RDOZDOEMKDH % CAT(0) ZEMD 7 5 AWEH 2 DSM7E e
LTWaZzMiEds:

EE 3 ([10]) Y Z5efiih DRI 5efRi7s CAT(0) 2/ &9 5 & &, YV ICEHHE
BN DA N7 MINERT 5 K5 M ET 57551, 6(Y)<1THS.

EHE 4 ([10]) N ZEOEK LI 5. 580w CAT(0) ZZH Y WIE—D doubling €%
N ZHD (BREMESWV UERRME D) doubling 7S EEZERIDER E FETH S5 5
WX, N DIHHAFT 2E0 < C < 1 DFELT

5(Y) < C.
DD VD,

EH 3 DO, RO K S B—RHNERER LIS L, HEICHENT &
SHBTEERBNBTHS,

T OEMIE, & D AROEECRRSC ENTES (9], [10] B .
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EE 5 (FBE-ABE-MR [5) Y2 6(Y) <1 Th5 XS &5 CAT(0) Z=/ & U,
LEIFERZIEEBOESL TS, CDLE, R (i) 15 (iv) DFM =i
B2 XS HHRT T T DY {G e, KNBET BT TETIVOT VX LRI Y
IR U CEE B Z RS, HOIEFISEN R R TH 5.

(i) G DTEREUE +o0 ICHERT 5,

(ii) EOEEd DEE LT, HEIEDYS T G OFED I BT 5 i 2
YA FTHS.

(iii) T ci,co > OMFEIELT, Bl LICRLTTZ7 G D girth (&/NFA
WOEZX) Wl ZTEST, 757 G OERE el ZHBA RV,

(iv) EDEEL o PMEE L TIEED F'5 T G OB EDES 75 ZNEREO RN

(v) BT c3 >0 & LITTRIEV 1 < BIMEHELT, 8757 G IcHBIAEN
TeEE LRIED path OIS c; - B2 RiiTH 5.

75 THNANEST %5 VR LBEOERICOWVTIE, HMEEBEZITLESDTC
T TRBRZVD, 5] R TILHBBEHEBRE N, [5 2R LEDIEE
RO BV TENENT S C b, O RMHMCERET B &g, THE
- 2FED (B D) HOFED, ERRNICHEEENS] E VST TH A 5 .
ERL 3 LEH S 285 EREEND -

% 6 Y Z5efEh DRI x CAT(0) ZEl & L, HAREPFEELTY ICEAR
WO MCERIEHLTWS &9 5. £z, L EZIFEREEEND
EELTE. COLE, EFHHO )M (iv) DEUZIBRT 2 X5 KERY S
T DI {G her, NBET 275 TETFIVDT V& LB Y ICx U CEESEE %
5, HOIEMENZWNHEETH 5.

3 FTEEOIIFADHEIE

COHITIX, TH 3 DOFFHOMEZ RS,

9, FEEEEICEE NEE DD a 8 FEREHERDH B L XX, T
I r R OBRDIEIRIE, RO TIENRD K 5 HE%T, 22 EE Dz
ETBEDEZ AR SETEEN/ZEZ L TWiaWnEWS T EICHRET S !

i 7 Y DEEAE DD NT N EERNARHER 23R T % & 5 ik
ZEMTH B 5IE, HAIEDFEEr > 01H LT, YV _EOFE r DERRAD I THE
{B(p,7)}pey & Gromov-Hausdorff 7L A2 IN7 N TH 5.
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PREEZER Y EORIER v : [a, 0] — Y DEAX [a,b]) DY NDFEEFRTH B L &,
AR EPES. Y Y CAT(0) ZERITH S & &, Y WHBIMTERTH S & 1E, 1=
DOWHAR v : [a,b] — YV DR FERINHHFRY R — Y ICHHERTE52 & T
H5.

HIHIAFE0 7% CAT(0) M T, ZEMDZ < DR, BN T /51
ZERNC BRI THEIZENS. BIZE, KOO VDT L Z/RTEMNTES !

fEE 8 Y Z5edmh DI T i/ CAT(0) 2%l &9 5. HAHIEFEEr > 0L
T, Y L8 r OERRIRDL T {B(p, r) }pey B Gromov-Hausdorff 7L 2/7%
7 N TH5%5E, HINZEMEEORTH{S,Y }ey & Gromov-Hausdorff 713
VIR FTHB.

EHL3E, MHET CAE S NUEH 2 E/5N5.

AR 9 EH 3OREICHBWNT, WM RIEEIN TN L 2ERELTEL. &
AT, A RZZDMTELR ([6]) & CAT(0) 22 DOKEE Z R D#EDH Ty, Ty, Ty, . .. T,
lim; o 6(T;) = 17525 L DZMI L, FNER S DEN 11C7E5 K S KA OIFEZ
FIHTHEA LTz, TTT, T C T, 2ROl ZTOE T 5 E L DERET B &
TBHLE, TIT,,... ZFNTNOFEAZLETCHA—HT 2 L T—HTEL DY
THRONZZE[MT 2 X5 &, HHATEHTEEWD, §(T) =1ZHEd %53
INT Wik CAT(0) ZEMIH RN 5.

4 #B#FR & doubling &

FREEZEM Y A doubling &2l E 95 & 1d, EBEN DMEELT, YV EDOT
NTOEAERD E A N OV DR TES TN TEE T 2V, Xk,
CDEITNDT %Y D doubling EFHEWVS.

&L, Mt 2T %% 51E, @4 13EMH 3 LR ERMRGET
AT %5 2 N TE S, TR M2 IE R 3 ICHTETOMIRE 8 ICH YT 5 T &
2R Tzdic, TTTIE, BREEZERY OEMIE (ultralimit) &V 5 BERZFIH T
%. FREEZERISOBMEROERIC OV TIE, [7]° 9] ZBBEI Nz, GEAO#HE &
%% DX, THIED doubling B N IZBH L T doubling &1 7 i 7= 9 AL EZE [ D3|
ORI, 6 CEFNTBE LT doubling (b2 S 5] EWVIROFHTHS?

T 10 w ZHEE T LOUIV T T )V Z—=29 5. {(Xi,d;) }ier ZIEZERM D5
95 H5LE, B (X, d) DE—DER N % doubling T4 E LT doubling5&F 7z
e d 2D THIUL, w-MlR w-1im;(X;,d;) & N % doubling €& LT doubling
S zimEd 5.

28525, TORFEZFHMKRICL > TRBAGE DR EEDNSD, ZAUCDVTERLTYL
2 R Z A T B R0, B E D (9] TlE, TOREBICOWVCHHIGERIIZ 5 A TH 5.
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CAT(0) 25 Y D p ICBI 28 TC,Y ICOWTAR TR IEMRERE L 5 X
TVEWY, BEENEZSWEET S E, p2EREITIHMIROET D EE2 X 5E
FOMSGR, pZITE LT, Wiz Y OO r— V2L EAKRELL
TV DR &5 2 2 ERDLTHH 2 (TNDDOEFRIEFEME TIEIRWD,
BHEOERIC K B HHICIE, MEOERICK 2 EONEFEEMHDIAENG) . %4
FOERDMEFICHEEAT ST LT, ME 10 DRXNENIND

% 11 Y % CAT(0) ZEM & T 5. Y B doubling B N & LT doubling 51571l
LTW5ET 5L, Y OEEOEHNTC,Y &H UESBICEE LT doubling 517
i I

CAT(0) 25 Y DL TOHZEM TC,Y ME U doubling U L T doubling &
e d s & Eid, YV WEMR 2 DREDRMEZHiTzd T L 2Rd T LIidiEL <
BNDT, AN, R11EEH2MBEEN5S.
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HZF M BanachZRIND 7 7 « VERIERAD
BEERDEFEEICDONT

FHH 57 (Mamoru Tanaka)*  BHILA (Tohoku University)

2

AR (FH) Z2HD & &, JER0T Hilbert ZERIANDIERED 7 7 «
VEHEEERDEE S 2O L TH B, AREREEDNE (FH) 2O L3,
Kazhdan OME (T) (EFE12) 2RO L LEETH S T ENHILN T
5. TNHOMHE, 2 ORETHIERNGLEENTNS.

BT T, 2N 5 DOMEED Banach ZEEIC—RIEE N, HEENTWVW5. =&
Z13E, Kazhdan O'M'H (T') % Banach 24 B ICHik L7z EEZME (Ts) LW
W (EE 1SR, BIEXOT LP 220 LP(1 < p < oo) IKXF U T, ARRAERBEDE
H (Trr) Z2F D EIFHWICAETH % T EA/RENTWS ([BEGM)).

—77, GRRAERBENEE (Fp) ZHiD &1, Banach ZE[ B NDLED T 7 «
VHEEERANEERERDOCT & TH 5. ARERBEDMEE (FL) 2RO &13,
FRTDp e [1,2] TRMETH S ([CDH], 727 Lp =1 D& ZIFNHE (Fp.) DE
BOVDUEIRZ). LU, HE (Fre)(=ME (FH)) Z8D0, T KE%p > 2
IS0 U TR (Fre) 2R OWEREREDOFEDN DN TS, ZDTdH, —
AR (Tp) &ME (Fp) 3B EZMHETHS.

ARG T, B 2 ™52 Banach ZEM & U, THHE (Tp), HHE (Fp) ICBEE
% 3 % &M AR EED 12 3 T b DSR2 5% . Z LT, TORER
2 P ZE (1 < p < oo) I L, ARESHELDOT TS5 T VDAY ML
EINSDEMFEDBFRESZS.

1 3¥FHM3E Banach ZEEINDOEFERIER

I ZHRERREE L, K Z2ZDOAREROTREGETS. TRl v € K&
5y ' e KTH5EMWETS. B% Banach 2l L, 7 : IT'x B — B 7%
I OB NOWIEEEEHET 5. EH © DEENT bV 57 % BT 22 0
Z# B b#EXZ B = B/BTN 93, COLE hSBERIKHRIEEEIER
7T x B — B hiFEIN5.

& 1. ARAERET DIHE (Tp) ZRD &, IEER C WMAEL T, EEDRR
EEREEH: T x B— BICHL, fEEDV € B' D max, ek ||7'(7,v) — /| >
C|v| Zii7zd T & THB. KR, B HHEEFRRIT Hilbert 25D & ¥, Kazhdan
OMWE (T) ZFFo LS.

*sabm10@math.tohoku.ac.jp
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PUR, B Z232™ Banach 25/, DX O(LEORZ S HNAANT b u,v € B
W ||lu+v|| < 2 &7z 9 Banach 28 & 9%, HIZIE, LP 25 (1 < p < 00) I
W™ Banach 25 TH 5.

Bifc: T — BN n-aY A7)V TH5 &, LED v,y € TIKHLT
c(1172) = (71, ¢(2)) + () BRD VDT ETHS. £z, T D BNOFESN
Ha:TxB— BW7 742 ThH221E, T OB \DHLMMEEENHp LbHD
p-ATA TN clcX D EEDve BEyeTIEHLTa(y,v) = ply,v)+c(v)
EHFBIELTHS. TDpZaDREERD, c 23V A 7)ViEkn EEE. $/E
W T DT T 4 VERIFHAN SR 58EE%R A(r) LR FRC, 7 € A(r) T
H%.

aZTDBN\DT7 T4 VERIEHEL, 1<r<ooc k3% XTI KMlLveB
I LT

1/r
_ [a(y,v) —of" _
Fa,r(v) T (;{ |K| ) Fa,oo(“) T I’?Eaj? ||O‘(77 U) - UH

LEETD. COLZT N aDEENTHBI L L, F,,(v) =0XFAMTHS.
F7z,

L ~F,
|V_F,,|(v) :=max {lim sup (V) — Fio () | 0}

u—v,u€EB “U - UH

LEHET B, B |V_F., | (&, F, BMREHBHEAOERD /UL & 85
&%,

FE 1. 720 O BNOEFERMFHNEL, 1 <r<oo&9%. BWEHFEMFEH
T ZIEEAREEAR Y VROV EGET S, T 0O & ZLLR KA.

(1) IEEBCMFEL, EED v € B max ek ||7(v,v) — v|| > C|jv|| 2
129,

(i) EEEC HEEL, TED v e B\{0} B |V_F,,|(v) > C" &1 .
ER 1O (1) &, THE (Ts) ORIEEFEENEH o I 552D DTH 5.

EE 2 ([Tan)). 72T D BANOHIPHERIFEHE L, 1 <r <oco &9 %. #EE
BAEH m (ZIFEBAEER Y MVERTR0WEIRET 5. O & ZLUNE[EE.

() 1T o € A(r) RS2,

(ii) IEEC' PWFEL, FED a € A(m) I LT, F, (v) > 0 THBEE
DoveBMW|VE,,|(v)>C Zilzd.

INHSOEMZERRAEREED Lo r 22 e, 20 FOIERIERBICHEHT %
E,EHID (), B2 () ET LS TS5 7 " DANRYT RV E DBHED
RHZ2TL%.
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2 TFEOD/rZEENDEH

AiOEI & [ARRIC, T ZHRERREE U, K ZZDARESOEGE TS, &
BiZ,1<p<oobkl,ve KELHE € KTH5EMET 5. Lebesgue
ZEf (D) &l&, ZERID{f : T — R|Zyerlf(7)’p < oo} THYH, JIVLD
ey = (5 er Lf(1)[7) 2 © Banach 2255

T _LOFRBUERIEN 572 52572 F(T) LRI, BT O F(T) LOKEIER]
ZH M2, fe FD) Ly, eTITHUT A fO) = f(y) LEEKT S.
CDOXRB A\ D 7(T)(C F(L)) NOHIfR%Z Ar, &9 K A, &, JFEHIZE
[EER 7 R IVEFTZZOT O () NOFIEFEIEH L Az 5.

BAE f € F(O)ISHLT, df(y) := Ar()f — f LEET B. BIEf € F(I)
7Y p-Dirichlet GFRTH B L&, §XTD vy € K Tdf(y) € P(T) B L
DL THB. ITXTD p-Dirichlet FIRBEIE D 5% % 2=/ 7%Z D,(T) £ XY .

ZEfH] 7(T) \& D,(T) OMIEE D 2EMTH %, 22/ D, (D) i, ||fllp,m) =
(5 173 By /1) P T LTSS T LAVTE B

B f € D(D) Dp-F TS5 7V A f %,

Apflx) =Y ldf (7)(SC)ITK|(df (1) (=)

yeEK

CHEFETDH. HL, p<20E X, df()(z) =05 |df (V) ()P 2=0L9 5.
TED f € DD)ICRUT, df i& M\ -3V A Z)IVTHB. Wi, Puls [Pul06]
ICXBHERDD, EED o € A(Ar ) I UT, 203V A 7)VEGH df, &5
% fo € Dy(D) D, EBRIZBRNT—RITHHET 2T LD D. FHC fi,, =0
LTED. INHOFREELFEND, F, ,(f) > 026z 3EED f € #(1) I
XU,

28,(f = fullencry
1 = ull

WO DT W5, B, ¢ & p DEBAREL DED ¢=p/(p—-1) TH
%. EHELIC, COMRZHNS &, RORWVENINS.

% 1. DUTNIXIENE.

(i) IEEC WMFEL, EED f € #(T) M max,ex || Ar,, (V) f — flleery >
C||f||gp(r) 7%(%7’:6‘

(i) IEEE O DPMFEL, ATED f e (D) DAy flleary = CNl F 115 () T
9. HL, ¢ldp DHRIERTHS.

V- Fopl(f) =

TTT,geli(l) & fet(D)ITHL, (g,h) =3 crg(1)f(7) £TB. TD
¥ IEEBCIMAHEL, (LED f € (D) I3 (A f, [) = ClfIlf ) %S 75
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5, R1D (1) BEOILD. —7,
£ lp,) = Forr, ),p(f) 2 max AL (V) f = fllenry/ K|

TH5. £oT, TDHRD (i), (ii) DOT NN D LD SR, IEEE C” B

THEL, RO f € (D) M| Apflleairy > C|| f 11y 2T FHT p = 20D &

T, INSEVTNE Ay DART MU IO LFMETE5 2R L TWVS.
—J5, B 21T LT, IO D.

% 2 ([Tan]). LA NIX[FMA.
(1) fEED a € A(\r,,) DEERZFEFD.

(i) TR C AHFHEL, (EHO [ € DT [ Al ey = 15l
729, HU, ¢ I p DHRIEETH 5.

FRCp =208 &, TORD (i) 1&, Dy(T) ODAFEICEET % Ay DAY )L
DM OFIIZLL TV,

SE

[BFGM] Bader, U., Furman, A., Gelander, T., Monod, N.: Property (T') and
rigidity for actions on Banach spaces. Acta Math. 198, 57-105 (2007)

[CDH] I. Chatterji, C. Drutu, and F. Haglund, Kazhdan and Haagerup prop-
erties from the median viewpoint, to apper in Adv. of Math..

[Pul06] M.J. Puls, The first LP-cohomology of some finitely generated groups
and p-harmonic functions, J. Funct. Anal. 237 (2006), no. 2, 391-401.

[Tan| M. Tanaka, Ezistence of a fized point of an isometric action on a global
Busemann nonpositive curvature space, preprint.

[Yu05] G. Yu, Hyperbolic groups admit proper affine isometric actions on (P~
spaces, Geom. Funct. Anal. 15 (2005), 1144-1151.

-52-



Minkowski ZE[E] D [A] X AF VT AR BEZ2 FR R 12DV T

AR (r& R 2E K

1 #BXM|

ARG, Fraccisco J. Lépez [N (777 4 K5) & OILFEBISE [4] (2H-5<.

L3 % (+,+,—) B 3 kot Minkowski 2] & 3% . L3 W2 <, Fdhin
THERIZHA TS S OZBRHEE &V ). B 72K iTFmIc R 55 2 & 23
LTS ([1]) 23, HLFEOFREREEZTFARLZO ETHD THEMEEEZED D Z & T, 58
i 72 BN B B AR LRI IS BRI MEE 2 R/ 2 & 3o TE TS ([2, 3, 9)).

MR X, 3 KkoT Euclid 22 R3 N/ hi &SRO ERHARE 0. T720b b,
M % Riemann ifi, g % M EOFIREE, ¢ 2 M LOIERAI 1 BT, (|9~ + [g])?] 0]
DM EOEFEEREZED, 220 [g 1TEEMTTX1LIZR bRV D E 35 oL X,

X:Re/<;<;—g>,;(;+g>,1>¢:M—>L3 (1)

TR S A b O HiEIZ 72 D ([5]).

ZO XD 7 dhim 2B KE & FES ([9]). (9, ¢0) & X @ Weierstrass data, g 2 X @ Gauss
G b\ 9. X2k D M ~OFEFHRT ds? = (Jg] ! — |g])* |9]2/4 THEABRS. it
T, X ORESESIT {pe M; |g(p)| =1} L7 5. R3 oy & L3 OMKHE & 135
AT OME % % < F5o08, KIKMIZITER 2 728 WA 5. Bl 213 [6] Ti, M/
HE T 2 VX722 O R K A B OB MR S LTV 5.

EFE 1 ([9)). X : M — L3 2MiKiH, ds? % X 12825 M ~OFEiHRET 5. M Eo=
VXY NpBRE SO (0,2) T VIV T BMFE L T ds? + T A M O5Efi 72 Riemann
RIS & &, X SRR & PSS,

X 1 M — L3 572K, (g, ¢) 2% D Weierstrass data 45, 20l &xHpar
237 b Riemann i M & HRBEO SR pr, ... ,pp € M DFELT, MIEM — {p1,...,pn}
EBOERANZ 725 ([9]). p1y- - spn 1E X O Y RIZKHET D (/37 N 7oK I AFTE
L72WY)., EDIT, g & o 1T MICHEHAICHEESND.

AFEB O B AL AT AR R MK EDBLETH H.

EE 2. M ZHEHIARRERMIEHE 5. X' M — L3 NREM T FAIEE42 48K
ThoHElE, Riemann i M & —HEEr - M — M W FELT, X =X on: M — L3
DRREICRDZETHD. SHICXNEMOEX, X IITRETHDL L.

85 57 MRS R YT A 2010 4E 8 A 6 H-9 H, fF K22
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X' M — L3 ZME AR RE, 7 M — M' % M O _ElEE TS,
(9,0) ZMEAHTFAHERMBKE X = X' o @ Weierstrass data & 3%. [: M — M %
T BT AKIERT v 3B L T8, M OFmRplZxt LT X ol(p) = X(p) D3V 3L
2. T

gol = D I*(Z):(;S. (2)

QI =

MDD Z L EAETH 5.

2 Gauss B2

EE 3. X' M — L %M &SI RAREZRMRE, 7 M — M % M O _HEkE s
T 5. g A& AT AHERBRE X = X' o @ Gauss 544 L 3%, CU{oo} EDZEH
A:CU{oo} — CU{oo} % A(z) = 1/ TiED 3. £72, py : CU {00} — (CU{oo})/(A)
FHRBPE LT D, ZOLE,

M ——  CuU{c}
FJ, A lpo
M' —— (CU {co})/(A)

WAL 72 BB ES g = M — (CU {o0})/(A) B—EIZHETDH. Z0gxa X' O
Gauss 54 & 5.

B & AT ARAREZR MR X 2 M — L3 R5efi7e HIE, g 13 M o= I
JEESND. S5I2gDEHBEITg: M - CU{cc} DEBRELELL 25,

3 EHE
[ % fH R ATRE 7R S2 i M T 0 Gauss BARIZE LT, IROKE R A 17

FHE 4 ([4]). X' M — L3 Zf & R aTRE e ek, g« M — (CU {oo0})/(A)
X' O Gauss BB ETH. ZDEX, g OEHBEIT 4L EOREICD.

EE 5. R o & A A A RE A e it i O AL, g OFBREE M O a8k
b Euler 8 & DEAFNRFLL LD ZENMBNTND ([7]).

ERZ R T ToOIZ, IRD 2 DDOFEEEL AN D.

EE 6 ([7]). My, My ZBERO a2 87 N 2RTEREIRE L, p: My — My %50l
WL T 5. x(Mo) 23w 87e B, x(My) = degp (mod 2) 23V 3.

BE 7 ([8]). M =% b Riemann i, [ : M — M % [EERDORWERXA &
T5. 2oL Ex, M EOFBEMEM A Chol = —1/h 2H71-F bOEHET 5.
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TEOFHOERE. 7: M — M % M O _E#HE I : M — M % 7 23 5 K IEA
T XA g T AHTATREZRMR K X = X o D Gauss B8 95, M DaL 3y
Mt M TRY. FETIZEY hol = —1/h ZH7=3 M EOFHERIEEE b 3FEET
5. EDEI7hE1oED, M5 Mobius £ L(z) = (2 +a)/(az — 1) L DFH
RAEBZZDHZEIZED, hid g DFEMTEHEBLMD bW EETES. 2Z2TM k
OAHEABIM G % G(p) = g(p)h(p) (p € M) TEDD &,

Gol=(gh)ol=(gol)(hol)=(1/g)(~1/h)=-1/G
ThHHMNE, BEGITLD
x(M')=degh (mod?2), x(M)=degG (mod 2)
AV 3. deg G = deg(gh) = degh + deg g THH M5
degh =degh+degg (mod 2).

£ o Tdegg=degg lTMBEIT7eD. EHICdegg =2 DBPIBFIELRNWZ L HRT I &
NTED. ]

4 {5l
G DEARFEN 4 T, M’ 5 Mobius OHr £ 7213 Klein OFE0 6 1 A RW b DD & X
o IR O & 3B EAT o T2
il 8 (M&bius D). M =C — {0}, I(2) = —1/z T 5.
(i) Weierstrass data (g, ¢) %
z—1 ,22 -1
241’

TEDD E (1) 1X M _E well-defined TH Y, (g,0) 1X (2) #H7-7. L>Trx:CU
{oo} = RP? = (CU{co})/(I) # BRI L LT X : M' =RP?2 - {7(0)} — L3
X=X on TEDDE, X'+ M — L3130 & 1R el fE72 52K 2 & o 5
(K 1 DESMR).

g=72"

(ii) Weierstrass data (g, ¢) &

(rz—1)(sz —1)(tz — 1)
(z+7)(z+3)(z+1)

g==z

Y

6= Z,(Tz —1)(z+71)(sz — 21(2—}— S)(tz —1)(z +f)dz

TEDD. 1272l r>0,steC—{0}ITEHT

12 + 8% + 12 + drs + 4st + 4tr = 0
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D
(P =D {(Is? = 1)(t* = 1) = st =5t} = {(s* = D+ 1) + (t]* = (s +5)}

EAHTETHEOETSH. ZoLE (1) 1E M Ewell-defined TH Y, (g,9) 1% (2) & &
723 Ko T (1) LRERRIC X 2ED D & ZAUM & AHT AR ATRE 7R Sefif i K i & &
D5 (K1 OHESHR).

1: Mobius OHROMAKRH. 22 # 8 ® (1). £: #l 8D (ii) (r = 1, s = >7/3,

t = 6_27Ti/3).

EHE 9 ([4]). degg = 4 T Méobius OHRI DMK L Z AL S OBINZIR .
5l 10 (Klein ®FE {182 }). re R—{0} &L LT,

M = {(z,w) € (Cu{oo})*; w’ zzr;;:}

ERL. M TR 1 o287 b Riemann HTHSH. M = M — {(0,0), (c0,00)} &7
5. 1:M—M%I(z,w) =(—1/z,-1/w) TED 5.

z+1 22 -1

g:wm, ¢ =1

dz

22

LB e, (9.0) 1 (2) AL, 512 (1) 28 M L well-defined 1272 % £ 9 72 r 23 2
OFIET D, koTr: M — RPP#RP? = M/(I) ZEARRKNELLTX - M =
(RP2#RP?) — {7(0,0)} = L3% X = X'onr TEDHDL &, X' M' — L3 1 Zm & iR
REZRSEMMER 2 T 5 (K 2 B R).

FHE 11 ([4]). degg =4 T1HOO= Fa -0 Klein OFMOMKHE X, 2D 2 DI
RZ.

SE Xk

[1] E. Calabi, Ezamples of the Bernstein problem for some nonlinear equations, Proc. Symp.
Pure Math. 15 (1970), 223-230.
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2: 120> K& b Klein OEERIOMKN. /£ r~ 0.17137. £ r ~ 0.691724.

[2] 1. Fernéndez, F. J. Lépez, Periodic maximal surfaces in the Lorentz-Minkowski space L3,
Math. Z. 256 (2007), 573-601.

[3] I. Ferndndez, F. J. Lépez and R. Souam, The space of complete embedded mazximal surfaces
with isolated singularities in the 3-dimensional Lorentz-Minkowski space, Math. Ann. 332
(2005), 605-643.

[4] S. Fujimori and F. J. Lépez, Nonorientable mazimal surfaces in the Lorentz-Minkowski
3-space, to appear in Tohoku Math. J. arXiv:0905.2113.

[5] O. Kobayashi, Maximal surfaces in the 3-dimensional Minkowski space L*, Tokyo J. Math.
6 (1983), 297-309.

[6] Y. W. Kim and S.-D. Yang, A family of mazimal surfaces in Lorentz-Minkowski three-space,
Proc. Amer. Math. Soc. 134 (2006), 3379-3390.

[7] W. H. Meeks 111, The classification of complete minimal surfaces in R® with total curvature
greater than —8m, Duke Math. J. 48 (1981), 523-535.

[8] M. Ross, Complete nonorientable minimal surfaces in R3, Comment. Math. Helv. 67
(1992), 64-76.

[9] M. Umehara and K. Yamada, Mazimal surfaces with singularities in Minkowski space,
Hokkaido Math. J. 35 (2006), 13-40.

T 811-4192 i) WL 744 i AR [ SCHHT 1-1, RRIBE K5 BOR 730 A EE R

E-mail address: fujimori@fukuoka-edu.ac.jp
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A E#7E Mobius OFOEIMTEiRIELICREN S HRER
)| Bk (KB KA ARt D1)

AT, 3 0T Buclid 250 R3 I3 % ATJEH7R Mobius O OWHL /T HANDIEE FICH
N3, AT ALNOFFEEOMEED T 5 OFHHIC DOV THE T 5.

X9, HiBZEET 3. C°-F5i% v = v(s) : R — R3 I&, v/(s) := dy(s)/ds B R LA
Tk E, ERBRIEE VS . ERIHHR (s) &, s e RIZBWT y(s+1) = v(s) Ziililzd & &,
FRBHWTHZ 0. TOXI 7% v ZEIEL, £ =£(s) : R — R3\ {0} & v IZihH C°°-
NTPMVET, % s € RICBWT 7/(s) & XU AEDETS. £(s) 1, s € R IHBVT
E(s+1)=—E&(s) (s eR) Zililzd £ &, -FAPHNTHS L WVS. LUK, TOXS57% § ZHEET
5. to/hEl e>0Z2EB L, CF-FHi%

(1) F(s,u) =~(s) 4+ u&(s) (s €R, |u|l <e)

3 R3S ANDRDAREEZSD. TOF DT 7%, v 2R, ¢ Z#EAMRET % Mobius D
wEWVS., LU FATHHE (DX D Gauss HIERENHIC 0) THB%E5E, F BRAIBNTHS LS.
(1) TEZESNIZ FIT LT, OF-5i4%

F(s,u) :==7(s) + u&(s) (s,u € R)

% F OFENREIIEE VS, K1 D Mobius OFOMHINsEmbE, K2 DX 5I1ck%.

1 F(s,u) D 2 F(s,u) ORISR

UZzR OEBEL, f:U—R%ZC®EHBETE. mipeUh f ORERTHS L,
p BT f O Jacobi AL 5 L XIS, 3 DD C-HiR

2u3 3ut + u?v u
fo(u,v) == [ =3u® |, fs(u,v) := | —4u® — 2uv | | fer(u,v) == | v*
v v uw®

i, IARTFERICBOTRERZED (X3, 4,5). f OREMp MARTBTHZLE, p DED
DORERAEHL, f(p) DEDDD R? OFEFEMICE ST, f B fo L—HTBLEEIIVS. [H
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RIS, TOXIRPEFEMT [ fo L—HTHLEEMDELEVY, for E—HITBHLEHRT
KRXRMEF LS. AJREICHN 2 —RVRRIFRIE, HATY, #ORE, HATRLEIETD 3
DTH5. TOPTIRERNCHNZ KR, W AT THS (cf. [6, Proposition 2.16]).

M3 HATY X4 Ok M5 7R THERIET

A7 Mobius DilE, EEICFELTWS. EE, Chicone & Kalton [1] &, Yz v
5 A BN ERZRZEMBAIRRICH U, ShzEpkthi & 972 & 5 7 n]JgRY7% Mobius DMEEY %
&Rl £, Rogen [8] &, RO M) ORJEMZL Mobius OHDRK TE 2 &
ZUiz. 72720, Mobius OFF ORI L E, EHIFRO Y FE—HE R0y THETN
280THS. —/, 5ElihDHHE R3O ICEDIAFTNzdhifmiE, HmcR2 2 EMHSEN TN S.
COHERN D, AlEMZ Mobius O OWRLI et Licid, SIRRANENS. 22T, AR
TUUHNORER G EORETINZ DD, Z DD FRRICDOWTHN, KD K S iz 7.

8. TR Mobius OWOWRENZHHL LIciE, 512 TSN ORER SN L & & 1 DTF(E
T3,
EBIT, HATLGOHHADS & 5 & 1HTH ZHIHMHET 5 (K 6).

B 6 MRLTERE fic i A TS OREE R 1 D720 & D]
PHlIHAR 2 3 & Al Y72 Mobius Offld THHRDESEO T Otz D& TENS) L

IT, HETHS. HIARE, K1 OEMIFISHMIRE 5> THBDED, KO EEARZE
FRHIRRIS N UCREICNY I TY)D, FHICERT 5 &, TROENE A>T,
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EAI AR 72 3 & ] JE Y72 Mobius O DHIIE, Wunderlich [9] DWID THEEK U7z, &, BEF
EHEIR [5]) 1, EROMAHRICH LTI DX S 7% Mobius OFWFET BT &R LIz, Lichio

c,

FHHIHAR 2 3 SR] E7R Mobius DR E BEICEELTWA T e 5. ZT T, TOMk

H7efilt LI BN S 71 A T TRORHL OO T 5 OFHE 217V, RO K S IS z2s7e.

EE. PR &SRR E Mobius QW OMERsEb Bicid, 7 AT AL ORI 3 D

Y HET 5.
X512, HRADULSOEFRENSE & 5 & 3 DOMMMAET 3 (% 1, 2). AL EMoOEIC
&, LEIC 4] 1B B H AT UOREEE V.

EEOIFADBIE. XD &K 5 BTNATEHZRINT 5.

(1)

F(s,u) = v(s) + u&(s) Znl 7% Mobius Of & U, ZOEpHER v FHHIFRTH % &9
%. e(s) & vy DHAHENT MLET . y(s) DHIZEBIEL k(s) D 0 TERWVEIZEBNT, (s)
DFEFMINT BV n(s), TEERNT FIL b(s), TRBBIEL 7(s) PMFET S, ERUTM £(s) &
TEECEHL] NOSENEANT ML %S K5 IRl THL, 2L, BEVrEIZE
FRHIRRDFEN T MVICEZZ S B FHDO T L 20D . 95L&, £(s) &, e(s), n(s), b(s) D—R
fa e LT

Se) b(s)  (s(s) £0)

EERES. INZEREENST: Darboux N7 MIUVIFE WS (cf. [B]). 7L, EREENT
Darboux N7 M)UE, HIHEBEBOFRNTEERI NGV, £, HEBEBOFRZEZ %
&, NT MVORENHICEZBG5E0H 5 LICHEEY XK.

o(s) :=7(s)/k(s) DT &% v DMK (conical curvature) &5 . FIHERHIER E =R
BOELTRERZSNTD. LML,

6:=e-§
CEFETBHE, THUER ETC®HKTHs. 72720 -] (Fv F)id R OEENETH .
ULh e, MR OFSLNTIE, FEOEVWERNT o &—H LTV, TOEKT 6 &
SR OILR L 755> T 5.
F(s,u) ORFEFERR,
REC) "
sy 00 #0
THABND. LIeh->T, (1 AH0 ) FRakd S(F) OMFERT OMEIE, AR
5IE, 6/(s) OFLOMEICF L. Fiz, 4] OHWRATUOHEEEH NS E, S(F) O%H
faRor FiciE, Aa e 1 DARATUTHROVKRANMEIET 2. DRI, F DA ATIATHK
WREESOEENE, 6/(s) DFROMBUCHFEL VD, FlIEKEFL.
e=-e(s): R — S* ZERmfR e Hxd & &, MSEEER o(s) (&, ERE#ifR e(s) ORI
iR —HT 2T ENMBNTNS (cf. [2]). k(s) DT TR e(s) IXFFRM LD,

S(F) := {(s,u) ER?ju=—
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o(s) DR 6(s) MR LT C® EDT, e(s) DHHINEIRME v DFRZZTHT R LT
HOMICERETZS.

(5) 6(s) DFEFMN L DUMNEVEREL, FEZEL. T TERHAAZBHICT 27201, k(s)
DERFARELTS. 5, (s) D -AABNTH-TcLd 2L, 6(s) & I-AEANTS 5.
XoT, o(s) EFPAXME [0,1] £T (Pe) BB TH B L LTXW. 95L&, [0,]] ETER
AR e(s) OMHATHTRHOILRED KL, &S IOMRMHORE L FO AN Z
D, D0, FHMEHERMOLRIE, o & ORIMEHERM OYLR & & Ha@ il 2R - 7%
W (I ZRROBHO AN FHEEICDOWTIE, [3] £/ [7] ZRX). KR, EKmiiR e(s)
MWHCT, FEMECS. KoT, 6(s) DFERF2DUELEEBZD, 2 DOHAE 6(s) DA
DS, [FARROEGRIC K > TFENELCS. LIED->T, 6(s) DFERIE 3 DULTHS.
(3) &b, EHIARENT.

BE Xk

[1] C. Chicone and N. J. Kalton, Flat embeddings of the Mébius strip in R3, Commun. Appl.
Nonlinear Anal. 9 (2002), 31-50.

[2] E. Heil, A four-vertex theorem for space curves, Math. Pannon. 10 (1999), 123-132.

[3] A. Kneser, Bermerkungen tber die Anzahl der Extreme der Krimmung auf geschlossenen
Kurven und diber verwandte Fragen in einer nichteuklindischen Geometrie, Festschrift
zum 70, Geburtstag von H. Weber 1912, 170-180.

[4] M. Kokubu, W. Rossman, K. Saji, M. Umehara and K. Yamada, Singularities of flat
fronts in hyperbolic 3-space, Pacific J. Math. 221 (2005), 303-351.

[5] Y. Kurono and M. Umehara, Flat Mébius strips of given isotopy type in R® whose cen-
terlines are geodesics or lines of curvature, Geom. Dedicata 134 (2008), 109-130.

[6] S. Murata and M. Umehara, Flat surfaces with singularities in Euclidean 3-space, J. Diff.
Geom. 82 (2009), 279-316.

[7] U. Pinkall, On the four-vertex theorem, Aequationes Math. 34 (1987), 221-230.

[8] P. Rogen, Embedding and knotting of flat compact surfaces in 3-space, Comment. Math.
Helv. 76 (2001), 589-606.

(9] W. Wunderlich, Uber ein abwickelbares Mobiusband, Monatsh. Math. 66 (1962), 276-289.
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1 &

AFHEETIIHEOEHHG (1%18) & B Riemann Z248:1A_E D Laplacian DFEAED
ZE L DRRIC OV TR S NTIAERZHET T 5. AGHEEHO NAIZHEAREK CGRIEKR)
& OFEFIRFZE [6] I KD <.

2 HIEOERIRR L Laplacian DE 1 EH{E

BA Riemann 24K M IS U pupy 2 p (M) = 1 EIEFUE U7z M _EOARREHIE &
T5. I r, s ICH LT

an(r; k) == sup{ua (M \ O.(A)) | AC M & M D Borel 288 T, up(A) > k}

EBL. TTTO(A)IFADHriifsTH%. B Riemann ZHAEDH] { M, }o0 | I
X9 2 RIEDERIRRIIRNO X S IHHANICERENS.

EFE 2.1 (Lévy IR). S {M,}>2, W Lévy e TH 5 LI, EFED r,x > 01X LT
lim,, oo g, (r;6) = 0D IIDEZRICES. TDOTLWEk=1/2DEEDHIH
NI TR TH 5 EDHEEERETONS, BB, {M, )22, WLévy [ THB &
& lim, o apg, (r;1/2) = 0 DMERED r > 0ICDWTKD LD L X FETH 5.

Lévy DAL U Tl& Euclid 25 R™ O n ZycHAAEKIIOS] S™(P. Lévy) FHk
HHE5NTWS. Lévy DD % MO FERIOTAAARICE T 2SI DV T 5] & [7]
72, PEDOEFHZUC OV T [11] ZBREI Nz,

P Riemann Z k(A M @ Laplacian OEAEZ HE L ZIAD TLL D XK 5 1N
%: 0= MN(M) <\ (M) < X(M) <---. Laplacian D 1 [EAME N\ (M) & HIEE
& DBIRIC DV T DRAIDOFRIERDEHTH 5.

E 2.2 (Gromov-V. Milman, [7]). M Z[f Riemann 28kt 9%, TDE& X
an(r;1/2) < exp(—+v/A1(M)/3)
IMEED r > 01X LTHD LD,

% 2.3 ([7). {M,.};>, 2P Riemann ZAEDIN 9%, TDEE N (M,) Hin — oo
D& SHPRKRICFERT 2755618 {M, )2, 3 Lévy [ECTH 5.
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EH 22 DARERIIRDOTEMIC L > TEWARERTH B &AM S, B Riemann
ZRHA M T LT

Dgyp(M) :=sup{D > 0 | ap(r;1/2) < exp(—Dr) for ¥r > 0}
<.

EHE 2.4 (E. Milman, [9]). M ZJE& Ricci H1*#7% & DB Riemann 28k L9 5. C
DEZ (MR EZF SR universal ZRERBC > 0 DIFAEL T Dryp(M) <

C\/ A (M) DD LD,
i < E. Milman & ROEHZ/R LTz,

EE 2.5 (E. Milman, [9, 10]). M ZIFH Ricci %% & D Riemann ZHkiA L
. TOEE (MRRITRMICEF SR universal Z2EE C, ko > 0 DMFIEL T
an(r;1/2) < ko 5, M(M) > C/r2 &75%.

EM22BEbLEDZERODREES.

% 2.6. {M,}>2, % Ricci HIFRDIEADEA Riemann ZHADIE T 5. DL ER
D 2&MEFRE E 7 5.

(1) {M}2, & Lévy [RTH%.
(2) M (M,) i n — oo D& ZMFRRICFERT S

E.Milman (& 0 2 DOEM%Z Riemann (] & B 2HHIEER O (JEEL Ricci
H#R D R TD isoperimetric profile D) ZHWT/R LUz, EHE 2.2 1 graph D
BTHLMHBENHENTHED, EH 2.4, 2.5 O (K5 XE Ricci HBEDEED FTOD)
graph IROEFITHTS N TWVIRW.

3 FER

4 lE M, OREOEHES L Laplaican D k [EHE N\, (M,,) DZEHE) & DBERIC
DWTHIZE L 7z

EHE 3.1. k ZHEE U, JFA Ricci 2 FF D Riemann ZHADFI| {M,,}5° , D
EEDN—HRICERE T 5. & U kEEME N\ (M,) D n — oo D& TITTFRAKICFHER
T 555, 5 {M, )}, X Lévy [ETH 5.

LD E. Milman OFER (EHL2.5) L HbE 5 e R%Z21H5.

% 3.2. JEE Ricci 132+ DPf Riemann Z8kIK { M, 150, DEFEN—FRICER & T
%. TOEZERD 3IDDEM (1), (2), (3) IEHWICFEE RS,

(1) {M,}22, & Lévy fik.
(2) BTD k> 1ITR LT M\(M,) D n— 0o D & FITHFRICHET 3.
(3) % k> 1A LT M(M,) D n — oo D& TR KICHET 5.
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FEM 3.1 DEZEDIEICDNTHEEZNE S MIC DWW TIIEKE R TIE XS b DR
W (BIRDOmE 4.1 Z2E Nz, 728 3.1 1 Ricei thER D FRZ (TR DIFEL
KIRZATEHILT BH, ZDHEIE KIS URERD FRZRET S FELL I
(6] ZR). EEE3.1 D M, DXTTH—FRIC EN ST Z 5N TV 55E1ES. Y. Cheng
DEHGE L Rt K B EROFHM [1 ] »s M, DERENDN — oo DEEQICINHKT S
TENOND, TDELEIF{M,}2, FHEMIC Lévy [kThH 2. EH 3.1 TRIEICA
%Dl M, DRTTH n — oo D & FITIBRICHERT 255 TH 5. HlZ 1L Euclid 22
D n KCHMERE OFIE TR 3.2 DM (1), (2), (3) & TZiIzd. &8 3.1 DIFA
TN EEEREZZ R ORI D Gromov AVEFE U T FEEEIC B 2 RIS DWW THINS ([8]).
AR R D5 DY Z OFFEECBI U T & 2 MIEEEEEZEMIC IR d % & &, 7
OREHEEZERIIERTH VS . ZOHMHCEL T 1 A 55 ZERMICIRT %
Tl lévylECTHAHT LIFAEE RS,

TEHL 3.1 OFEAD 72 DICEAIERD 2 DOEHEFIIAT % .

I 5.0, [ Rieann ZHROS (M, o, DN HEARETS. & LBAE
BT U T Ne(M,) DY — oo D & ZNTHBRRICHE T 575513, {M, )2, DI
/\W?'J‘ff LCZ DM k LU R 5 75 % MR 72 S g 5.

FEPE 3.3 1 Gromov DA [8] DiE MBI iFE 2 5 A % . GFHICIE Chung-Grigor’yan-
Yau[2, 3] DfERZ W%, MEROEEICEZEO—HREFRMEZAEICHWS . Ei
0)%#75‘&”3161%@ 3.3 1 —fIIT AL LR W,

R 3.4. {X,}>2, ZHEIT Brunn-Minkowski &/ BM(0, 0o) 2172 9 E D —
BICE SRR R ZERIOF &9 5. & L X, H compact 7RI FREEZERT X I
9575 5 IXMRZEH X (33 TH % .

R TD Brunn-Minkowki D& BM(0, 0o) IC DWW T DIEMEIRERIZ T T TR b
72V, Euclid ZE[ THIS 1TV 7z Brunn-Minkowski D RN ERO T AZRR & B
TWIRFUTREY. JEE Rice #h#7% & D521 Riemannian 2841 BM(0, o) %
Wi7cd TEMNMBNTVS ([12] ). > TEM 3.1 13T 3.3, 3.4 58NN 5.
EREDO—HA TP MBRD compact TEOIGEDNHLELT D %70 E 5 M DV TISTIRF
HTIEELS DMLY, BM(0,00) 27z 9 I REEZE M I3 EZEM TH %, AL,
EED 2 KEOBEEZ TN S O iz SEfB IO R T O FMRE—HT 5. JIE2
MIEHSMICHERETH 5 C LICHERT 5. (JE)Gromov-Hausdorff VRO FTD
MR ZE IS — ISR ZEf Td 5 Z EMHIS N TV S (Ricei O MEPERDSEMFSE
WS ISR D V2D). BM(0, 00) DK 9 758 2D Ricci HiFED FRZRE L
RO EERE 3.4 3L L7, BTS2 DA I MIRAVENS TR K 5 2 Hil AL
TE%. X, M Ricci HERO—kR MRZHD7¢0 Riemann ZEAD Y TRITH—H
K EDNBHEZE5NTVWAEER, X, WD S RIErREEZEMN X I8P T 5T & Ll
{5} Gromov-Hausdorff I I B LTHYF'@'@L%) CERAMEERB T ENHENTNS
(4]), > T DHARBMIRIZIMEZLR & /A2 0N S, FH34 CTRHEELS
DI X, ORTTMERKICHNT 255 TH 5.

4 Laplacian DEEEDBDEARICEAT 2ER

COETITER 3.1 ODFEDISH & LT Laplacian OEAEDE D universal 724
FRTOWTiEERT 5. £32D (2) & (3) DFEMATEICEHH T % L ROMEMNE S
ns.
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iRl 4.1. TH 31 DERONER L THOIT 561X, LLFOENNLT 5. M ZIE
A Ricci i3 7% & D Riemann Z8A L 3%, 2D & THR E DM X S universal
IR IEER Cp (R M HEITIFK S 720 WFEEL T,

Me(M) < Cphi (M),
HRE S CIREM 3.1 DRFHZIE S T LI K D RO ZIES T & UHES TWRL.

EH 4.2. M % Ricci IR IEA DM Riemann ZRAL 5. 2D L& M DERFRD
PMAKAET % universal ZHEE C > 0 (R M HENTIZK S HW0) DMAEL T,

Ao(M) < Ch(M){log(L + Ay (M)}
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p-7 4 V7 LHIEIRBEE &R TS 7 D]

AR 2
(BIRKABRAREAITER, KRB LR AT

2010 E8 HT7H

FREEZER (X, dx) 205 (Y, dy) NDEAR ¢ I k-quasi monomorphism T 5 &1k, X

DZMEERTCEET B (1) IRTDz, y € XITHUT dy(o(z),0(y)) <
k(dx(z,y) + 1) WEKODIID; 2) FEDy € YIEH LT ¢ Y(B(y, 1)) & x HLLTD
X IZBI 321 OEMRTEDNS. (CTTBY, )R YICBI2H0y FE1D
FEEEERE 975, ) (1] Z2). REGEHRGRE TS 7 THER&Z D] 5efiHsts Ik
287 B =R UERRICEBWT, BEEREAS (quast isometry) DANZEIMEE A2
HICDWTE L OMEBRDNH 5. HIZIE, AEEORKE, A& (capacity), p-I¥IME
(p-parabolicity) 72 EICDWTHIZEENTWS ([5], [6], [3], 4] ). £z, pT 1V
7 VIR p-iFBE DO 2R E FERAZLTH 5 ([2) ZIR). quasi monomorphism &
BEREDHKE quasi monomorphism TH D, DT « IMFE L THFEAL L MET
HB. TOWFETI, p-7 V7 LHAIRR p-iifIBIEOES & quasi monomorphism
ICOWTHRIERSNIHERZHNT 5. 58, AEHONAR, MERERK (SIRK)
& DHFEIZHC D <.

DUR 7GR, ds 2t imd 5. AEZml T, /27 G=(V.E) LidGRKX
BefrOuEn B B 75 7895, 22T, VIZEADES, FIUOEATHS.
FLUOEE R 1952 LICE->T, VI 7ICEARGHENEED, BT ZT%
PREEZERIE Z A D, BB plE1<p<4o00&T 5. V EOBE FITHLT

Z |f(y) z)[P < 400

{z,y}€FE

il g e E fldp-T VI LRIERBEETH S LS. p-T « U 7 LRIHBRBEE D
k% LWP(GQ) &5 %. LY(G) &/ IVIs Dy(H)VP + | f (o) ICBEIT %3F w =T H
%. TTT, oc VIBEENTHS. BHWAERL V EOBEMEERDOMaAE L7 (G) &5
. IRTDge LyP(G)Iex LT

S5 hly) — h(@)P2(h(y) — b)) (g(y) — g(x)) = 0

zeV yeVy
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PO VD& 5 B € L(G) % p-T 1 U &7 LRI p-afIBik 2 VL, 204
e HIW(G) ¥ 5. TTT, Vo ldz LRHET B IR AOES L3 5.
ROFEHE N B DHROETH 3.

EE 1. V797 G5BT T7T Gy \D k—quasi monomorphism ¢ : G1 — Gy DMFIET
5751, EED f e L' (Gy)ICH LT, fope L'YP(Gy) £75D, Dy(fog) < CD,(f)
WD LD, 72120 Cldp, K, supyey #(Vi)e (i = 1, 2) DRITHKAF U TIRE % [IERL
TH%. THITge Ly"(Gy) IR LT, gog e LyP(Gy) B D LD,

T, HY(G) = L'(G)/LYP(G) L EHT S, COrE, HLW(G) D&
LTendC e (A Ty s, HLW(G) & H (G) IKIE RS ORHENH 5.
DEWH(G)IEDWT DODIEEREATS. 1€ LIG)ThdLE557 G
i p R (p-parabolic) TH 2 LWV, CHUFdmH 7(G) =0, Thbb LW»(G) =
LiP(G) EAMETH S FELLIZ[10]BHH). 1 <p<q< 400 TH5 L E p-iiiz o
BRI TH B T L XD ind(G) = inf {p ; p- B V(< +o0) EEHLT, ¥T7GD
BRI L VS . CTHIREEAZTH S (9 2R). HlZL, dXota—2o )y R2E
M R (BHZVIRZTNEIEERST Z)ICH LU Tind(RY) =d TH 3 ([9), [7]BH), &
bldp < dtﬁ%@i‘dimﬁl’p(Rd) =1, p> dtﬁ%bfdimﬁl’p(Rd) =0TH%. £5—D
DIFREL LT, p(G) == inf {p ;dim H "(G) > 1}(< +o0) LEET 3 (8] B). chi
RMERAZETHSD. n JoTWHIZER HY(—1) (D2 WVWIE TN EREREZR T Z7 GM(-1))
DA, p(HY(-1) =n—1THY, p < n—1IHLTdimH "(H"(-1)) = 1,
p>n—10BEE dmH P(H(—1)) = +oo TH 5.

Bl 1. (HOBERE A, <dy < - - <dioy <d "l B. % 2% & Z% 72—DDJTE
FCTEBYI7%G LT3, COLEMd(G) =d T, p<d %E5EdmH " (G) =
L di<p<dnZb@dmHTG) =1—i (i =12,...,01-1), d < phbid
dmH P(G)=0TH5.

Bl2.d<n—-1,9%. A[EERMED Z? L G(-1) ZZNETNUTBNTTES
Y5 7% GETSH. ind(G) =4+00T, p<d, p>n—10D&EdimH *(G) = +oo,
d<p<n—10LEdmH ?(G)=1TH5.

B 3. z' & G (—1) DEFET T T GIZDOWT, ind(G) = +o0 T, ITXRTDpIcDONT
dimﬁl’p(G) =1TH%.

EH 1 KO ROFENTNS.

B 2. 757 GBI TT Gy \D quasi monomorphism MMFEES 575513, ind(G,) <
1nd(G2)

COEMED dXot2—27 V) v RZE[ R \D quasi monomorphism #2757 G
OBYIAHERE ind(G) < d TH D, FHCHRTH S W5,
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n XA ERZER H™(—1) \O quasi monomorphism AMFET %7 T 7 GITHEmZY
T5.

EE 3. GHD H"(—1) \D quasi monomorphism BMFIEL, n—1 < ind(G) &9 5.
COLE, n—1<p<indG) Zi=THEp ML TdimH *(G) = +oo.

T CHhnmEkm R — H"(—1) 1%, quasi monomorphism TH 5 Z &ICHET 5.
Fiz, Z7°L GM(-1) DEMI T T, HBWVIE R x H' (1) hba—21 v RZERS
B WX RHEZERITE D quasi monomorphism (FFELEWT &ICx5.

BAZIC EOER & Bonk-Schramm OMEDIAFEHLN 5 DIifs 2\ 5.

R4 GHOSTOAETOEMRTDT 4227 VAT S 7 \D quasi monomorphism A
FETAE95. TDOLE, ind(G) = +o0 A5 p. MFEL T, EED p, < plIXf
LT dimﬁl’p(G) =+00 TH%.
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EEHFT 7 7 A VD T A EARDOFRIMERTEIC DWW T

JUNRZEREEGREE A0 )1 E #  (Kawakami Yu)

B E

In this talk, we give the best possible upper bound for the number of exceptional values
of the Lagrangian Gauss map of weakly complete improper affine fronts in the affine three-
space. Moreover, as an application of the result, we provide a new proof of the classification
of affine complete improper affine spheres. This is joint work with Daisuke Nakajo (Kyushu

university).

1 F

T I 7 A VEAECBNT, 7T 7 A VKON EZ#NS T LIFEERMIHRED 1 DTH
5. R, FEEET 7 7 A VERE EMEND 7T AL, WARMOMDRRA T —< EMEUTDE
MHO, ZOHEMNSIEFICHEAWVARIAREN TS, Martinez [Ma] &, JEEAGT 7 7 A > EK
[ & 2 RITHEHRZER] C? A\ special Lagrangian (38iAH & DO SZFFAL, ThEHNT,
DEEGEY 7 74 V] EFEHIND, HAMORFRAZEF Uiy 5 A zE&K LTz, DY
FAFEWEBINZ SFEL, TD 7T ACHBT 25 KBNEENARE NS, £ T, HAEHX
[KNNZHRWT, JEEET T 7 A kb, HplsfERar « (HEDEREBE [UY] DX > TERE N
Fag5efitt) EPRXNS 5tz #2729 & ¥ D Lagrangian Gauss GARDME A, FHICERYMERD
Pl Z N, ZOREBO FRZH5Z2 52N TER. X, TOTeZIGHT ST LT, Jorgen
[Jo], Calabi [Ca] IC k> TRENTz, 77 7 A Vel IEEET 7 7 A VRO —EM 2~ 3 #ER
IZDWTC, Gauss BARDED A DS S DL > FIVISREHZ 522 2 N TET. &5
IZ, CDfamld 3 Ko ZE RO IIC BT 5 2 e TE, A FHmo & D
*E&‘@ﬁfﬂ ([Sa], [VV]) DREEE 5-A 2T EMNTE. T TEET, 95 IEEE T 7 7 A
WD T T ATELNTIAERICONT, BEARHZRZZTHNT 5.

2 g
KETE, 3HTT T 7 A V7R R WOIEEL T 7 7 A VIREOER L ZONEEENT 5.

7T 7 A VBAED T LIS DWNTIE, 3K [LSZ], [NS] ZB L Tz,
*kawakami@math.kyushu-u.ac.jp, T 819-0395 #&RTiPaX TR 744
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EEET 7 7 A VPN, Martinez [Ma] IC &%, FEFEAT 7 7 A VBRI & C? \D special La-
grangian X ®HIAH EDHIEN S, ROXHITEHEINS.

T 2.1. BHENEHY: ¥ — R3 = Cx RHWIEEET 7 74 VIEE (improper affine front) T

H5 LI,
¢ - (l’,—/<ﬂ,dl’>> (21)
& &£H % special Lagrangian [3®IAHR L, =z +/—1n: & — CZIMFET B L &2,

T DBAENEIKC R3NDOWH (Frar b)) &75% 2 &id [Na|, [UY[ISRLTHS. EEET 77
A VERIE T DY T ADRR 2 & T2 WIS T 5. o OIERITRWVII, ds? .= (dr, dx)
DIBET 2 L L TWD. TDds? 7% o OFHFEARFERE VS, ds? DB L LRV E T, C?
MED Ly I X BHEGHE dr? = (dx, dx) + (dn,dn) & DT T 74 Vite g .= —(dz,dn) &3t
BRI TH S ([Ma]). T T, dr? &> TEHEZALNZHEMEIC KD S ICEEMEZ AN, X7
Riemann [fj & H#7%9. C? D special Lagrangian (FDARDHE X O, [FH] (regular) #EEiIR
a: X — C?, a:=(FG)MWFEL, DX, JEEET 771 HEHZHKT % 2, nlEENTN

r=G+F, n=F-G (2.2)

L. Fio, HERG, QIIHLUT, ZOREE (G, &) = R(GG) £T% &, FHEARLA
ds?, PREEIE A2, 777 A ViR g 3FNFN

ds* = |dF +dG|* = |dF > + |dG|* + dGdF + dFdG
dr? = 2(|dF|?* +|dG|*) (2.3)
g = [dG|* —|dF|?

£7%%. TOLE, special Lagrangian l[d&iAH L, D Gauss BAZDOIFHALE & LTHNS
oA HRIBEEL

_ar

- dG

% 1) @ Lagrangian Gauss B (Lagrangian Gauss map) &\ 9. TOEBROMERMHE DT Z
ADKBMEE & DBIRZFHNS Z EMESRIOTEETH 5. R, FEEET 7 71 P (2.2)

ZHNVTHRT 2T EMNTES. LEOTLZTLHBHLERDKIITED.

vV

ER 2.2 (Ma]). v = (2,¢): L >R =CxRZIFFHT T 7 A VHHiL TS, DX, IE
H] (regular) AR o = (F,G): ¥ — C2 BFEEL,

¢::G;+F¢CW%;”WZ+R<GF—:/PUG>> (2.4)

7%, WIT, Riemann [fi ¥ & FHRERMIL o = (F,G) M52 5NE ¥, [FdG HIEM
ZRIETNUE, (24) THEABNE DY L TERINZIFEET T 7 A VEH L %%, DL
X, Y OFFRSIZ [dF| = |dG|, DED |v| =1 &RZ/THBELTVS.
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FEEET 7 7 A IRHOKRIBIEE 2T S 728, T Tl dr? D50 Riemann FHE & 755 &
ErEZBH. TOEMZ885EE (weakly complete) Tt [UY] &5, ZHUTEH OEK T OWMH
OFHMEDES (KUY, Mal, [SUY]) XOFHNEDTH AN, HiEHEZ & > TEMEIFMRE
N3 LW FEADH S, 2 XKilliimsm CHNZFMBWIE, 9695¢imxIFEG7 7 7 1 ik of &
BAH. FE T=Ctl, (F,G)=(cz,2) (cld|c] #1 L5 2EH) B &, (2.4) THKT S
CTEMNTES. KT, D Lagrangian Gauss GBRISTERGHR ER%. EHIC, TOPNIKRMAZ
il T, EERICEIEEGA T 7 7 A VEKID 7 5 A8 d %.

3 EHER

HRIE555EmEIEEE T 7 7 A VMmO Lagrangian Gauss SARDED RIS DWW TN, IR
RDEERZIGH T LN TE. £, Wl (T2 F) DKWL dr? 1IZBIF % Gauss-Bonnet
BoEMz W5 & T, Lagrangian Gauss G ER GO EOIEEGT 7 7 A VI H DK
I 2185 N TER.

faed 3.1 ([KN]). Lagrangian Gauss GARDVEB GG L 75 5 9595¢li 75 IEE G T 7 7 A > imid ke
BT H 5.

I, 995em7aIEEAE T 7 7 A MO Lagrangian Gauss BARDOBOHES OO, DX D
FRAMEZUCDOWT, BEAHZRIC K > THE SNz R? OO Gauss BARORIMEE DR
([Ful], [Fu2) Z2Z D7 7 ADIRMICEDENEH LT Z LT, RED RZ2H5ZX 5 LM TEE.

FE 3.2 ([KN)). ¢: ¥ — R Z95eliAIEEET 77 A Vime L, v: ¥ — CU{co} ZFD
Lagrangian Gauss 5449 %. & L v WEBREHTHRINUE, v OBRIMERIEE L3 Th 5.

C@gﬂgﬁﬂniﬂ%ﬁf%% %B%\é, 2 O@Etﬁ%)f—i ai, az € C LC;({[LT, Y 7z C\{al,ag} & L,
Lagrangian Gauss 54% v & [IER] 1 XX dG %

(v,dG) = <z, nj(jz—a])>

£9%. TDEZE, Weierstrass data (F,G) & X [T well-defined TIE7RZWDT, ¥ DO HE
M ETEFRTS. COXSIIH/ENTIFEGT 7 7 A VIImE5eHTH O, D v OFRIMEZ
ai, as, 0o D3 W TH5.

CORRDOISHE LT, 7774 V5eliEIREET 7 7 A VIR O—EME O R Lo K
AtR7Z 52 % 2 EINTES.

% 3.3 ([Jo], [Cal, [KN]). 77 71 »5elif 7 IEEE T 7 7 1 »ERE S FE G T H 5.
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SERR. JEMEE T 7 7 A VEREIERERAE R RV XD, v ORRIMEESE {|v] = 1} 25T,
XoT, BEELIE, dF £ dGEANEZ ST LT, v <1, DED |dF| < [dG| DK D 3ZD.
—H, 7774 Vit g =|dG]? — |dF|? & dr? i< DWW T

g = |dG|* = |dF)? < 2(|dF|* + |dG|?) = dr?

MW DILDDT, g M5efi, DX VEEOFEBER TREIMMRAL G2 L&, dr? bt 5.
BACHEitE 2 Al T &Ik D, EH 3205 vITEREB/RERD, il 3.1 Hh 5 Z IR
M cdH 5. 0
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JEV AR A )N T O FE RIS DWW T

FEH R
EERY UEHE AR

f: M — R" Zifilfi M 05 DEAGT n /7S AN NE DIAFH
I B, fIIFEE Yy DIy M M, D BEYSEHE R —F AAND
RUNIDIAR f: M, — R /A 252 % JEEA0 k0 N (5 s
IO LICBG L, BARBIGE EEBICBRLTWS DT, BEELS
KB TALF R ENDISHE HREIN TV BN RTH 5.

FIREEERIC K D M, IZId Riemann HOMIEN A S. HEHIEZ AN
TeRU NI DIARZ D T & 72 HIE v NI DIAF E WS . v NHENE LA OERHR
NRICHSNZED, EHI OMEST THEAB5NS -

Theorem 1 (Weierstrass DZH{/NT).
f:M, — R"/A 22237 M OLEM/NIDAAR LT B &,
TRENIIGEL T, fIERDKIICEREINS

P
fp)=R [ (wi,w2,...,wn)’ mod A,

Po

C Z_’C‘\, Po Ci M7 o)if—\:’;, T Ciﬁﬁlﬁ?‘?ﬁ”%%ﬁ%b, w1, W, ..., Wy CEU;{
TO=DD5MZ2IHT & 57 M, LOIEAIHITHS !

(1) {wi,wa,...,wy} EHEFERZLTZH0,
(2) Y wi=0,
=1
(3) {%/(wl,wQ, o)t |y € Hy(M,, Z)} BADE G T ET5%.
Y
—75, IEOfEEZEE D787 k Riemann [fild Jacobi ZHA L b

BEF P —T AITIEHNCHESDIAE NS, FRHS, [EOMEZE DI 8T b
Riemann Mil3EZE b —F ANMUNIHDIAE NS .
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Theorem 2 (Abel-Jacobi DIOHIAHTER).

M, ZEOM v Z2E£ D387 F Riemann & U, {wi, wa, -+, wy}
7z M, EOERIH 2ROZEMOREE 5. 5, AZLLFORMIT &
ERCR

A:{/(wl,wz,---,wy)T | v € Hi(M,, Z)},
y

X 5IT, M, D jacobi ZHHA% Jac(M,)(= C'/A) TET. cOr¥E, I
D X IERIBESDIARICTZ S -

Jj My, — Jac(M,)
P
p»—>/ (wl, wo, =+, wV)T.
Po

Theorem 2 ND j & Abel-Jacobi B & o, LITOEEEZED :

Theorem 3 (Abel-Jacobi BA4D & :).

f: M, — R"/A722>737 b Riemann [/ 5 DTN DHIAR &
5. WYEVITREIT f(po) =0 & LTHL. TDEE, Jac(M,) 1D
R'"/AND () MWRIBBBHR AT f=hoj 2Rl KIEEDMFET
5.

Jac(M,)
/ . R
M, - - R"/A

Torelli DEHR® Schottoky X EICH 5N 5 K ST, Abel-Jacobi 5
BUIARBUhRGERIC B W TEERRE 2729 &5, Theorem 3 Z /N
g B &, Mvhihmoursud 3B GRS LI MR 2 ine & UTchk4 7k
HERDY > 795 LA, ARG TR C S U7 AR 2k N fam o
BHTOWMFBERZHE/T L7z,

BE R

[E] N. Ejiri, A generating function of a complex Lagrangian cone in

H"™, preprint.

[ES] N. Ejiri and T. Shoda, in preparation.
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2N T FRFRZER] FED T A

PN
RALRZAR LG AT TR A I

i

1977 41 Delsarte-Goethals-Seidel BERIE TV« DEFKE G2 TH S, R EToa—F (GEEEES)
RFPAL UNCDNTEL DM ENTE R, I— RETFTHYAS VIS HROBEELHENSTHD, H
BB LENOEBLTEX L., ABHETRE, £ICOKRALOa—REFY L VOMGHEHRNTS. T
TWEIO—RETHALVOMERRLENS, TO_DORERIIINZERICHZ T ER2ENTS. TLTRX
BRI EOIRVUCTZZE B 2T 8T FFRZER EOTHA N DN THRARTNL.

1 s-PEBEESR

Sd_l = {(331,%‘2, P ,J,‘d) S Rd | 33% + l‘% + - +J?3 = 1} ¥ Rd W@ dlﬁiﬁz@ﬁﬁﬂﬁﬁk@‘% Es Rd i
EEEMR RS () A TVWB ET 3. R EOZHRRKDIEZ Y P V2% PRY) = Rlzy, 20, .. ., 24]
£9%. JEABEIITH LTI ROFRZHRZIADIED T b IVZERZ

Hom; (R?) = {f € P(RY) ’ flay, o, ... xq) = Z Ay T ...xgd}

At Ag=l
A1>0,...,A¢>0

(ar,. g ER) EERT. TTITAMMMEME A = (G5)2 +-- + (35)2 TR LT Af = 0 Ziife LA %M
MZHKX LY, | ROFIGAMZER2AOIESD XY FVZERZ Harm; (RY) = {f € Homy(RY) | Af =0} &
9%, 7R LOBBOEREE S ICHIBRT 5 54% p TXKT T £icd . Homy(R?) & Harmy(R?) D p
I & B2 ZNEN Homy(S971) & Harmy (S1) TEY. TDEE dimg Harmy(S91) = (Y1) — (4H57)
THBHTEMNMENTS. S Lo 2 FEATRBIBEERM L2 (S97Y) = {f | [gaor |f(2)Pdp(z) < oo} &M
(f,9) = g7 [sas f(2)g(x)dp(z) iCHLT

L*(S*") = @) Harm, (5" 1)
1>0
LEMGRENS. X 51 Homg(S9 1) + - - - + Homy (S71) = @;_, Harm; (S9=1) HKDITD. P (ST 1) =
@Lo Harm;(S971) &9 5%.
X C S BETHRVARERLTS. TOLE X ICHLT AX) = {(z,y)|z,y € X, v #y} £T 5.
|A(X)| =s THBEIHARES X %2 s-IBRES LV S.

Bl 1.1. (1) S? EOIE 20 WifkD 12 S5 &2 HAER (ZIERELIZE D)X, ONBEOESIE A(X,) =
{-1, ﬁ:%} TH3DT, X, I 3-HEHEATHS.
(2) ST ED Eg T OS5 OHEED V2 Ok 5 55EE (ZERELEZE D)X, ODNEOHESE
A(Xz) = {-1,£3,0} THZDT, X 3 4-HHHEATHS. Tz DEAE 240 5ih 5455,

* 5T A YRV D L (2010 4E 8 H 6 H~9 H, MR FAE TR
T E-mail : sa9d05@math.tohoku.ac.jp
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WD B 7%z s il & U THEE L THBRESDMOEBZER L TWITIE, s-HEES &0 MEZ DO
B < 1% T LI TR, FEBEERET T YA I Fisher B FRE WS EDOMHSNTHTWVS. T
O _ERUERAZ HREM O L IERICER RGNS 5. AEHZEHFEL < 1& RN-IKN, DGSTT] & E%5
L TWEEERW.

EIE 1.2 (Fisher BOFH). X & §9-1 Lok s-HififEA L35, oLk

X < <d+s—1) N <d+s—2>
s s—1
AEDID., B X DN (€ X 551 —z€ X) THNE EOERIXODEWER

|X|<2<d+s—2>
s—1

PAET B

2 HmTYAY
BRI 791 > OBEZIE 1977 4EIC Delsarte-Goethals-Seidel [DGS77] Ic k> TEHA TNz,

& 2.1 BRETY 1Y), X C ST 2ETHROVARESGEL, t ZEORKETS. COLE X WRE T
4 > (spherical t-design) TH 2 LIITED f € P(ST ) IcH LT, F

e [ r©de= 3 1)
|41 Jgan X

feX
MDD E ZITWNS.

SWRZ S e, ARIRES X C 99 DBk ¢ THA R B DM t RULFOEREO LUK L TERET T
FOMED e X FTOED VPN —HT2ZLETH 5.

Bl 2.2. (1) S% LOIE 20 HfAD 12 fAh 552 [HEES (ZIERIELEZED) X5 TP 1 TH 5.
(2) ST EOD Eg 7O AN S OWEEN V2 OBk B 58S (ZEKELIZED) X T TV AV THS.
F/TDHEAF 240 iS55,

BRI 7 A I3 ECEEEAMZTH O, HAEMRONIEN 52T ThBNITZEONSEENS &R E
NTWS. T TRERE 7Y A 13RI (cubature formula) ORFRRZMA L & LTHIBNTWS. A
TIETOT LIZDWTIEFEL L I3z, LUTRICERIT YA Y HEHEN TV AHIZ—D2%IFTHL.

Bl 2.3 (K5F). 5, BLAMEATOSHERE 52 L RS, f: 52 — R ZHIBR LD R TOXURZ R 9 B
£9%. T THEROTIKIRZ EMISRDTEVE &, ARE 5ITHIER B S & &A1 Bl 2R TR 2 8l
LRI NEESEN. —J) fVER t RETDZIHATRE S LAET 2 LBz ¢ 7941 > OIEE 2+
D& ARSI UL, DR OBOBRIFT THIBRO A2 R TE 5.

BRI TV A NI O E® CHRI 2R &GS 2L D TH BN D, HAFEEDOMEEN RV EELTExR
Wk IcEbNng. EEERETY A ICiE Fisher O TR EWVI L DOHPHSN TN TV, O RARITTHMZ

*LRBARG TS L TOMOP L GIRES ETOMDFEHDEDNB RE N FNE X eI ELUTHbNZ T ENEN. &
TCNEDB-ENELBVEEZRS I X, ARERREZEESTH /2D, o b —RMICKRRICERZDILEDNEA LN
TVWAESTH5S. LA UHAEMRDIED b RNERMFOM: (77, HAZL) BEDADHITNE VS FEZTHREN TS,
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HAZEH OIOT L IERICHBERAGRNH 5. GEHZ ZDHEEL <& PRN-IRN, DGSTT] 2 L Z2BEIC LT\ i/
T,
EI 2.4 (Fisher O FR). X % S9! Lot 7H A2 &T5. DL
X3 (HUTD + (T B L E
= 2(‘”&:3;3*1) t WAD L =
MR OO, HICHESHRILTWS L E, X 2B (tight) BRI ¢ 791 > &0 5.
TTTH+THA VDO FRIE s-HHHEAO EREFELL TR LS ICEbNS. THUIMBRO—B T3
TOHERINLHS.
EE 2.5. X & S L0 s HHHEAD D -7 AT B TOEF
(1) t <2s HEKDIID. HICt =25 DEE, FZORIRD X 3BV 25-THA V5%,

(2) X BN THB 9%, TOLEEE<2s—1 MDD, HICt=2s—1D&E, TLZDRIRD
X B (25 — 1)-THA V55,

Bl 2.6. BHEHI SN TWBENFY A 2 Of)

d=2(Vt >2)--- regular (¢t + 1)-gon

t=1(Vd>2)--- an antipodal set (2 points in S41)

t=2(Vd>2)--- theregular simplex (d + 1 points in S¢71)

t=3(Vd>2)--- the regular closs polytope (2d points in S9~1)

t=4. embeded of the schlifli graph in RS (27 points in S°), embeded of the McLaughlin graph in R??

(275 points in S21)

t =5 .- theicosahedron (12 points in S?), an equiangular line set in R” (56 points in S%), an equiangular
line set in R?? (552 points in 52?)

t=7--- the minimal vectors of the Eg lattice (240 points in S7), 4600 points in S22

t=11--- the minimal vectors of the Leech lattice (196560 points in S23)

f126 XD d=20D G EAKZITHLTEROt THA UDHEHTLNDND. d>3TiEt=1,2,3D
BEEERS EBOWTY A U OfiE 8 A2 TH 2. FiF RICBF BT YA U OFILINCIE “RE” 17(E LR
W EDLLNDOEHD 5B 5.

EHE 2.7 (cf [BD79, BDS0]). d >3 &3 5.

(1) t=2e,e>3&T%. TOLE, B 5971 FICEW ¢ TH A VIIFAE LR, BHICRDT DK D 1D,
(1) e=1(t=2)D&x S FDOBENt 7Y 1 2E d KT regular simplex IZFR 5.
(2) e=2(t=4) DL & 541 LICBOt TYA UDFEIET 5551 d = (A% — 4 TH 5.
(3) SLICBNT, Bt = (2e + 1) THA UDWFEET H4551E, e <3 F/lde=5D0TNNHHD T
D, HIZRDT EMKD LD,
(1) e=1(t=3) D& & S¥1 LOEt T A i d KL regular closs polytope ICBRS.
(2) e=2(t=5)DLE S LICERWt THA UIMEET 5% 51E d = 2 DIF 20 FRDTEHNES (12
M) £l d = (WH)? -3 TH 5.
(3) e=3(t=T7)DEXE SI1 RNt THAUIMAET 2551 d = 3(ARE)? -5 TH 5.
(4) e=5 (t=11) DEERNTH A Vid S? LD Leech #&T DD 5 DHEHED 2 DKM 5455
BB (196560 fifl) 12 5.
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EP 27 DFEMIIHBHEDD, t=4,5,7T DHERELENTY A VONEPERITHKD > TOWARWL., EHo
BB OIFE « IHFEER T T % T L IZHEERARMRETH .

3 aVINY bRHBZEEEDTH A

R LoD -7 A BRI L ORIz OB B 7T A (¢ RELTOFAMBEXZERM) L TikE28DT
Hote. TNz—MHOIAT T FAFRZER FICERT BHEEICE, Rz Lo L2 2 BHIR B R
L, ZOHOMRINET T AL TERTZ2DO0IVE-DNS. T IM 1037 FuFRZERICB L
Tl Bannai-Hoggar [BH85] IC K> THIREENT E /2. TDT V7 1 OA 87 MRz 2 s B ZEHh
D L2-BBE 2 BRI R BIMR T 5 & T h b OBEIRBIEIE A AGAIEIEF 25D 0T, EREO %G & 1ZIEFkk
ICHEEHE SR TV A UAERENKRS. HICROTY A VO R OEA TN S.

F2Ihm (m>2) O FAFRZEMICEE U Tl Bk EDOSG LRI Fisher MOANELZ2R X5 &
9% LBNERBLER 5 X EDRNEWITEV. O TR TIEHEE Grassmann 28z Hlic e D, ZTOFLMZ
HTwn<.

Gm.n ZHEFEBUA C LD n Kot T MVEROHD m Kot ZEMEN R 585895, TD Gy &
#3 Grassmann ZEH &V S . G, IKWEZZZVYEE U(n) DEARIIFHLTOWT, a € G, DEERBDTRZ
Um) xU(n—m) EFRMTHS. LIeD>T Gy, BHFEZERELTU(R)/(U(m) xU(n—m)) £XRT LD
k5. a,b € G, XL T principal angles &9 m HOFREDH y(a,b) = (y1,y2, - - -, Ym) DRDKS
ICLTIRE S (cosf; = max{(a1,b1)|a1 € a,b; € b}, cosfy = max{(as,ba)|az € aN{ai)®, by € bN(b1)*},
cos 03 = max{ (a3, b3) |az € aN{ay,az)t, bz € 6N (b1,ba)L} DXHICUT cosh, FTRD y; = cos?6; £F
2. Gmn X Gmpn D UM)-MFAICKZHESRELIZE E a1,by & ag, by DE CHUEICH 5 7D DREA 7751
lF TN 5D principal angles y(ay,b1) & y(ag, by) B—HIT B & TH5.

m B Y, ..., Y, O SERENZERE C[Y,...,Y,,]% THEDT. TD&EC[Yy,...,Y,]%
& Grmn X G LD U(n)-AEGBECEDRS LIAMTH S,

JEEEREE DM 1 = (1, po,...) Tpr > po > -+ Ziifi7cd & D% partition &5 . partition p XL
Tlen(p) = H{i|p # 0}, |pul =25 £F . TTTU(n) OBEIERBLE partition TIRA FIF 5N
TWT, FRC L2(Gn) DRENERB ) R % D, Hu(Gmn) £RT T LITT B & partition p (& len(y) < m T
H2LORMEB. TOLE LG, n) KRN (f,9) = [;  fla)g(a)da MEXENTNS. SEHIES
H, (Grn) I LT Grn X Gy LOBIEL Z,(+, -) T principal ahgles WK UHMMKS S, HIiC

(Z,(a,-), f) = f(a) for all a € Gron, [ € Hu(Gmn)

BT EONFICEE S, COLE Z,(a0,) € Hy(Gmn) TBHBY, Z, % Hy(Grp) ORERBELE NS

Ht(gm,n) == @ H,u(gm,n)

p : partition
len(p)<m
[l <t

L5,
T 3.1. X £ G OETHEVHRES LTS,

(1) FeC[Yy,...,Y,|% %2 F(1,1,...,1) 0 THZEDETS. TOLE X OPORIS 2 55 a,b 1k
LT F(y(a,b)) =0 5D 7DEE X & F-O—FTHB LV,

/ £(a) dp(a) = ﬁ S fa)

m,n acX
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DIROVDEZIC X ZtTHAUTHZ LWV,

TDXINCLT Gy LICA—RETHA U EEZZTENHNKRS. TO L EEKEDOHE &R FOEH
THNB XS5 7%a— R e TY A 2D Fisher MOAREXNGEHEN TN 5.

EI 3.2 (cf. [Roy09]). F € C[Yq,..., Y, ]9 Z F(1,1,...,1) £0 " Ddeg F =5 ThHcEDLT5. X%

gm,n D F-a— ]‘(1_).@‘% L

MDD,
EIE 3.3 (cf. [Roy09]). X Z Gy D 2e-THA 2 ETBHE

|X| > dime He(Gmn)
N AIRVASN

KD E LRRRICEM 3.3 DARERDHES 22T KO BT VA V2B TH A ens. TORNTYA
VAL THRONTMRZUL T THAS.

FE34. XZGpp LOF-O—F D7 AT 5. 1272l degF =5 LT 5.

(1) TOLEL<2s MDD, Bt =25 DEE, FZORIRD X 138V 25-TH A V755,
(2) TOE 25-THA VBT 2 F & F =3, : partition Zy £75%.

len(p)<m
|ul<s

LREDFERIIERE DN T A > 2 BT BN T ELMEROFLUTH 5. FFLIFEI EBOTHYA
YEWVS KNS B LT DAREEDONBEDMEDN LORENSIRES. LU G, ODHAFEKHIOYG LiE >
T ZDREFRMN B 721F Tl principal angles DIENRE X NEW. 5% T OREZ R L TRWTY A U 25Ese
T % EAEBEREICIRS.

BE XK

[SRN-SRN) SRNSE—, SR, TERE EORBIHAER IR , a7V U H— « 727 57— 735 (1999).
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no. 1, 13-30.

[BH85] Bannai, E., and Hoggar, S. G., On tight t-designs in compact symmetric spaces of rank one, Proc.
Japan Acad. Ser. A Math. Sci., 61 (1985), no. 3, 78-82.

[BI84] Bannai, E., and Ito, T., Algebraic combinatorics. I, The Benjamin/Cummings Publishing Co.
Inc. (1984).

[Big93] Biggs, N., Algebraic graph theory, Cambridge University Press (1993).

[BCN89] Brouwer, A. E., Cohen, A. M., and Neumaier, A., Distance-reqular graphs, Springer-Verlag
(1989).

[DGST7] Delsarte, P., Goethals, J. M., and Seidel, J. J., Spherical codes and designs, Geometriae Dedicata,
6 (1977), no. 2, 363-388.

[Roy09] Roy, A., Bounds for codes and designs in complex subspaces, J Algebr. Comb., 31 (2009), no. 1,
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On a vector partition function with
negative weights

=mE & (RRKE - BTFE)

1 F

T—I—iE LTRLNSZERO I NI T AL LT, EEEZHA (multiplicity
variety) °ZHE Y 1 b ZHIK (multiple weight variety) & PRI 25 22 AV
BNTWVW5, 97bb, GZa2/)\7 k- U—ft Oy,...,0, & G ORI
BELTBHEE,

(01X'--X0n)//G, (le---xOn)//H, (lexOn)//T

DIETHEABNBZEMIcETHD, TT T, H I G OEHEBAEE. T & G Ok
F—F A THbB, TNEDZEHD ]\J‘J‘\D D 8]« RIS I R I BRR
FRC, V=< a0y ROEHICEID 2 FHEEC O R0 O — XX 2 RIICE
Z5B &, LIRS K57, BAD Y =1 72 E D vector partition fuction %
DM ZEEN N 5 E £ % volume function DOEZRICAIRTEDM NS ([3], [4] B,

—7J7. vector partition function *® volume fuction Hi&IZ, Z /51D 5 D#H)
FRICH D ERA BN LZENTE D, TORERIEEV, (2L, #RlcBn
T, VA bZBERBHE R0, ZNENTXTIEDSSE @3}7’3‘?&39&’(
W5,) R TNSIEMANOR T RO K T RO IR DR L7355
BoTWa, TUT, ERDHBRNHEAMTHBICEDIDND 5T Efﬂiﬁ’ﬂttﬁ%bi
LWL EW SRz RiD,

S RIDFEEROD Q*ﬂﬁéi FREDZE-D kAR T I — 0\ DISH 2 R BHIC iE
DD, YA FHEDEEEFH T vector patrition fuction, volume function 0)
RN ZGS C ECLE}?B%) Z DX, Gel'fand-Kapranov-Zelevinsky (GKZ) #x%
TBAEGRDICH [5] *°. Brion-Vergne DN [1] VBRI E]Z KT,

2 Vector partition function &{tHE9 % volume
function

ai,...,ay € R ZEET 5, 72720, TNHEHAFZEMIIEBTEDERET
Do Q = Zi\il ZOQ’, Q+ = Zz 1 Z>00€1 nabg‘o

vE QLU ay,...,ay D Zso R ZKAEE L LT v 2RI HEOHZ
Pw) £9%, 9745bH

P) :=t{(z1,...,2xn) € (Zso)" | 1100 + -+ + 2NN = V}
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EEDDB, BB P Qp — Zy % vector partition function (\\7 ;LB BEE X
7237 RV EIBEE) & K5, P ORBIFIZRTHEA 5N %,

1
Pve = ———
Z ) Hf\;(l — e%)

v

=(14+e e 4. )i (T4e™ f eV 4.0,

72720, ve Qy I UBRAENE e ZE X, B2 eve® = et TED S,
¥ k€Zso &L, Pk-v) Dk — oo ICBIFBMHINAEEENICEH LT,

V(o) = k OHESIER P(k - v) DI RO

EESD, asymptotic vector partition function & %\ & volume function & FE5N,
EEEZFNIL, K

{(z1,-. . zn) € Rx0)Y |m1o0 + -+ + 2yay = v}

D GRBEXLEFMEEINZMEICEET 2) Kific—Hd %, &B. Pl) iZTD
AR DIS T R OBUMIR 5720,

T, FHRICBWTHEIF aq,...,ay DHFIICFEILEDONH>TE LV, FT T
DUREZEZ T, WFCDDNS ay,...,an DENTFN my, ..., my ldD 5 EE
T55, mlcbZzvrA e XS, TDEE,

P(v) = mq 8D a; 725D Loy FE 1 KEEEE LT o ZRTHEOK  (11)

THH, HBEK

Y P(o)e’ = S 1_ i (1.2)

Thbd, V(v) DEEL LEAKETH %,
5T, my,...,my DFICOLLTDOEDONHAHEEE, KX (1.2) IEKEZ D
D, (/. (L) EEMARHERS,) UFTE, COHEEZTHTEZ %,

fIRE 2.1. e LAt my,...,my ODFICEDLEDNH S L ZTELTZDHT, P(v)
BEU V(o) ZRHET 5 PR paRERb £, Blc, V() IcHd 3 (1

W BRI R K &Ko
e Gel'fand-Kapranov-Zelevinsky (GKZ) #&rBIEGR > DMMOTFE: (Jeffrey-

Kirwan OREZ® Brion-Vergne Oz E) ZHWT, TOREICT
Tu—FH X,

3 GKZ E@mhon770—F
DIFTIE. ay,...,oq 1T REDEIETH O, o € Zsoay + -+ + Zsooy (i =1+
1,...,N) ERET S, I x (N-1) 115 R %
(s, an) = (ag,...,q)R
TERT B, EBIT, i=1,...,l1cfL. RDOEBi{7Z R £I5, TDLZE,
jiog + 4 jyay =v <= ji = —R;"(Jiy1,-- . 0n) 0 (i=1,...,1)
Thb,

- 86 -



EE 3.1. py,...,p % generic RIEREEE L, mi+--+my—1 >0 EIRET
%)o my,...,my b‘@—’\‘ff@&ﬂé\ ;j_\’h\{’ﬁoﬁjo
V(piag + -+ + piay)
_ / (p1— R "(tgr, - tw)™ ™ (o= Rt - t))™ )
D (my —1)! (m; — 1)!
(™11 ()
(ml+1 — 1)' (mN — 1)'
272U, D 3%
L1 >0, ..t >0, Rty tw) <pis oo, RN, - tn) <

BRIET (hyn,. .. tn) € RN B BEZMEHEIKL T 2, £2. m <0 D
L

dtjyq -+ -dty

tmfl
(m—1)!

EED DB,

CDOENE. GKZ #RMBIED Euler BEDZRORHRTGG & HixE %,
L7ehi-> T,
% 3.2. FRtOEHORED T, Volume function with weights OfEILX, GKZ
RIMBAORREE LTERENS,

BB, —RDOGE. DB my,...,m OHRIIFIEOE DB SEHICE.
Fo KA UMD IIDETFHRLTWS, EHIC, GKZ R BELGRZ H

WTC (BBWVIRFREEET) LElOM )2 BAMNICEIRT %2 2 eV TE % LR
LTW3, §56 T, A, MOGEDHIZEZ 5,

=6 =Tt =0 ICBELDTIVR D m BHERIE

4 RloO77O-—F

Hiffi & EHID 7 T a—FD—>& LT, Brion-Vergne D [1] HdH %, ZHIL,
Jeffrey-Kirwan OREUNTX [2] % vector partition function *° volume function

ST BHHRANRE L TERMELELIZEDTH S, volume function 1k LTI,
V(plal + e +pl04l) = Pi,---,D1 &Eb\bj—ioj/ga)(_& Yy YN @ﬁiiﬁ

EWVWSEHERICE S, G pr,...,p DZHXTH O, FETIE 41, yn ITEK
5730 JHIT Ay, BIOLEOHZINTT 50, TDLEIKIZ, ADT A b
HELELZOTIELY, BRETIE. TORINE GKZ BERTBI%GR & O BiE
& (DR EBFEHIUD) ATHEH, IFFICHKENETH 5,

5 fl: A BlDLE
R2 @3'90)/\‘7 }‘}1/041, Qig, i3 = (] + Qig @‘714 ]‘%%ﬂ%ﬁh mi,mo, M3 (E

T B0 v=piog +pras € Qp ITDWVT, pp >pe >0 EAREL. volume function
V(piog + pacy) OETEBIZ 2FEHE5Z %, £9 . EE 3.1 ZHVS & X%2155,
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EE 5.1.
V(prog + peas)

_ /172 (pl _ t)ml_l (p2 _ t)mz—l tm;g—l
0

(mi—1!  (ma—1)! (mg—1)!

mi—1

_ (m2 +1— ]')' mi—1—i, mo+ma+i—1
_Z(m2—1!m1—i—l)!i!(m2+m3+i—1)!(pl P2) P2

my, my,m3 OHICEDEDNDH AHGFICE, ZIHA L U TORMNEIRITIE
LU,

§1 Tih X7z multiplicity variety @ kR —\DJHH LCOb‘TCi\ 3] 2%
Mo b, RiC, Brion-Vergne DN OMELE U TRZ1S

IH:EE 5.2. M:m1+m2+m3 Ki’o<o

V(pion + paar2)
1 1 o™=t 0™t (pryy + paya) 2
(M —2)! {(ml — Dl(mg — Doy~ oy ((—y3 + +yz)m3>
1 gm—t gl (((pl — p2)i1 +pzy3)M_2> }
(ma = Dl(ms — Dy oyg™ ™\ (—y2 —y1 +ys)™

?;Ij:«s\ J:ﬁci ml,mg,lmg @EPLLjEJ—_E@%)O)b\a%OTZE)J—_E L/l/\o fCﬁ’.’.‘L m<0®dD
1 om-
XX Doy =0 LEDDB,
7, {ay,...,auy BB BN —FREZICEH, FNENEBEDLNEDTEE
T 5, EHIT, Ay, By IR 5T, — DG E RO LNAMFET % & T4E
INB, TNSOMEENK DI RNUE, multiplicity variety = weight variety
DR RAY—A\DILCHNEFICESNS LI NS,

_|_
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LRI %
WY Calabi-Yau #iG D€ Y o 7 1 Z2[H]

R Bz CRURR AT T2

1 &

ZREA M _EICBOWTERTM OFSH F C TM D 5EER I EEOR:, M D%
MBS ZRADMFE L. TOWDERARZEEL SV, ZORMEEERE 7
THo Tz, BRI & XS U TR SR ORBMEEDE TH 5.
Ko T, BEWHIRTRES & 137 DD ZERM] (ZREAZE CHEDSIZA—HT 2 &
5 [AfERBIR TE > 7o g Zeft]) FOMEE & & 2 2FMNHKkS, LhL, —fRic
DEZEMNIRKEEMEEMTH D, NIZA RNV T TRVWGEEH S, HERiIIR(A
REIE D IERE 75 E 2RI ZRRAD R A AR O REWTIN 72 ST T DR O BRI K D EET
X%, LML, TTTRTIVYICKBFENF 23T %, DX 0., 5e2fEn A
BB/ F C TM IS U, By &G & 3 Q = TM/F (0 BIEB N
HH) NDRX— w7 (BEIIR>T—E) BUWT, 20 M ZR>E0L
UTHEZ %0 Bl ZITRAMTAYIERIRSE & 13 Q OEERGE J € T(End(Q)) TX—
Vvt D (CHRENTZTF AT UNT ATV IVHHATWVWEED) Ik b5
AbNB, BICTOJ EMNLT KD, K Q D symplectic fig w € T(A2Q¥)
TAR—=2 IO TEAIC R % & ORI — 5 —WiEZ 8 %, TTTOD
AR Td-FAME) TH S,

T, BRI E RIS 2 R OB ERSE OB « ARVY—IC X 5L EEE
JEREE DZ T EE N [6]) 2382 < OMSEN G ENTE R (1] [4] [3]le —/7. %M
SR MR T A LI EE 2 % L\ S BIEOZS L 2 BRI 7 5 ks
EeN—w IR e UTIRA, B2 E 2 5 Hh ks, 2L T,
W L DD ORI 2 TS D BT 2R D JERE F P — b S iz B—Y— D%
EMEHEDRES [T, AREHTIEIRWIA ZE - YOREICHESZ ST, Z0%
TozeftlZe & % [EEEE CEl > 72250 (B 2T A 25/ DOREEIC DWW T OWIZHRER
2RI T %,

2 1EKTEY Calabi-Yau iéia

ZHAIR M 7% (2n+0) Kot FEEME F ZED BT MVIRF CTM 2527
(&9 %, BERBZRIK (M, F) O p TADTERX ¢ € AP

i(V)w=0, Lw=0, "vel(F)

2l S, ¢ lEN—T I TH B EN D, FIDDFRMEMNE ¢ & APQ* DYJWTIC
0. 2DOHOFRMBEICHR> T ETHSHEZEKRT %,
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HERGZ AR (M, F) LORE 2 XM TR w € A2 DV £ 0 ZWTc T BHR—
IR TH B & ZICHERREY symplectic B&E & V9, £z, #HE n B
Qe A" @CHOUURETZIHR=2y 7 Q Th D & EICHERE SL, (C) 18
BETHAHEWVS .

Q®C=KerQ/F & KerQ/F
TTTKerQ={veTM®C |i,Q=0}. TD&E, KW SL,(C)HE QN5
Q DEZNEE Jg € T(End(Q)) WERTE, QZ (n,0) X—=y v IERET 3 X
5 ISR IE RIS 2 2 5 .

EFE 1 (M, F) ORI SL, (C) #id Q & A symplectic #& w I L, £
DOl (Q, w) HIERTEY Calabi-Yau & TH 5 & iF. AN ITHRICE 5,

QNw=0,
QAQ=cw" #0,
w(+, Jao) is positive definite on @
TT T =4(-1)"5 ()
DI, w(-, Jo) 1& Q DEIEZED. HICNT VIR @2Q* DX— 775Y]
Kreixsd, TOXSEHGEZEMN)—IVEBEL VS,

3 IEE

(M, F) LRI Calabi-Yau His RADZEM % My (M, F) & U, Diff(M, F)
NG 2 ROM AR L 9%, CORE, Diff(M, F) 3B O5 1 Z R L
XKD Moy (M, F)INFHT %, €Y 2T A% Moy (M, F) 72

Moy (M, F) = Moy (M, F) /Diffo(M, F)

ELUTEHT %, TTTDiffo(M,F) & Diff (M, F) DHALTOEAEK T & T %,
EEEEZEZTVEE, DED, ATE - YURBEDRE, TOEY 2T 1%
B NT X RV TICRZFEHNEN TS 5. MliINH - Y IEDEEAIC
FEEREICRD X S &R,

EE 2 FHtamt BETH S LIE, BEDMUNEDIZRIAL LD XS5 —<
RIEMAES 2EEMEDHRETH S,

L DHZ T2 DRI THOMIETH D, FEFO/TANCIIMOMESE
ZTCWIED S Tzo BIA SR Y —< >RSI RERTHY 75 /7 [0 D B OFf = AR 2
Feb5Z %, LU, ZHERRORD 2% X 2551 BT M OREESRZ
fEET 2 ENH B, T O taut EFETH B &5 KM LEERT1AD “RU AR
LERDFEZRAEL T< N B,

ZTL T, IDAKHHOTEHTH %,
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FE 1 (7. MZa2)N7 2k L, FZ tautHEE L%, TORF, £V
T A ZER Moy (M, F) FEENEZRE GFRRCNT A RILT) 12755,

AERHOBINE X9, FEERDRG D SO DNE S M2 DIFMIKIN A Z € - v UM
WOESBNBEILDAY T Ly 7 AH (B FHRICES LW HOBIES,
RICINT A RIVTETHAM, THEROEBDS DG TH %,

thE 1 [7]. MW —~ RGOz M me (M, F) i< Diff™ (M, F) R4 7%
U —<x VEtmMIFEET %,

COFHEN B M, (M, F) LICHBEDRET E, B2 E -V oG Ry
)= UM ZHET S D, TORBEDNERM A I E VY IRIEDEY 2T
A ZEM Moy (M, F) ORFBEZHET 5, CHUCKD Moy (M, F) AR CRF
NI A RIVTZER]) THEENTN 5, O

MREAICDODVWTORMRE LOMEICENT I EHRAFIEEMEICET28DTH
B, GFEZTOZIRTUS BERIENIS) FRIZNRTH O, COMGEE. K
M LR Z DD HICHF SRV HFI T EIIEKT S (TE3), LhL, &
FATOZIRSBERAEFRITH O, SN TRV, 7272, Ay F-E D Rk
HGERETLEFCWCEWVSIHERINVAF ICEDEZSNTWVWEHEZITT
SMRLUTHEZV,

X, e (M, F) EOFHRIIABEMCIE M OS2 VTR E N5, taut
RO CHALIZED . SO/, ZLTME, (M, F) EOFHEDRERLIC taut

met

Wil d 5,
4 {5

BTN A S € - YOG Z R OEEMIEOM & LT

o (R)V) ERRZHAIKRDRIREEE

HWD B, TNEDFNCTDNTIIMMIANAZE « YORGEDEY 2T 1 ZEH DR
TLLEIE T S HMNURD . AGEHETIE C OREHIZEHIHL DD, £V 2T 25/
DATCR T DRIFEITEIC DOV THEFMICFEL TOLDED TH S, Kl 5 KT X
IVER RZRRRDEEICITEY 2 T A ZEROITTIE ZRIAD Ny FHIC L D 5%
SNZHEDTN %o

SZ Xk
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TORUS FIBRATIONS AND LOCALIZATION OF INDEX

FHHME (HIRREIBEREA VAT 4 T2 — 1)

ABSTRACT. Dirac BIEHZOEEDIEGHHICET 2 HEHEK CRERY), BHXK (FEERY) & odtH
WFFE [4] 12T, BEHHEKASEE 55 [flEs v R LA TillfiR T 7 [3]. SRO#ETIX, ZDHOHERE [5]
ZOWTHHT 2, FRAREUTOED TH 5,
(1) Witten 2% [12] THWOFHFROEBEIDO 7 1 74 7120 %, BALRRA Lo Dirac BIEHFEICK L THEE
ZEAMOT B RMAE L2 5,
(2) ZoEHE LT, miEE%Z b2 4 XIuHATF—Y v 7 Lagrange 7 7 4 2SX—HIZA LT, spin® Dirac
TEHZE DR, JEREI D BS 7 74 N—DEICH L W I E2RT,

1. 3C®IT
N ZED#E, S = {(20,21,22) €C? | ||2]|> = N} £ T 5. S% Lokl S ERBEHE

2
1
5 VvV = E dz: — z.d=) | — §°
(SN X C, =d 5 (ZZdZZ sz21)> SN

=0
£z ko ST EA
(1.1) 9(z0, 21, 22, ) = (920,921,972, 9" w) g € S, (20, 21,22, w) € S} x C
#HZ D, (L1) 3RV 2080 H % SLEHTH D, 2 ORGZEH 3, /ST IERFHEAER CP?, (SpxC)/St
2 CP? EO@FEED N EF >y L (BF, e LTHRYT) EHRICH-HINS, 512, VIFL
DR THIE DY —20v/—1N %D Fubini-Study JER & %2 L9 b D2 FELET 3,
w: CP? — R? % @B BE&

N|z1|* Nlzo|?
N’([ZO 21t 22]) = < HZ||2 ) ||Z||2

ET %, 2ok E, Danilov IZX o TRBASN TV B,

I 1.1 (Danilov [2]). L DIEHIYIWIOERIDORICIX, 1 DRICE N DEIE ROk —%3 5, ¢
bbb,

(1.2) dim H°(CP?*,01) = #u(CP?*) N Z2.

EHFE, %k = (k‘l,kg) € /.L((CPQ) NnZz? = {(k‘l,kg) € 7? | 0 < ki,ko, k1 + ko < N} LT, Yl

Sk € F(L) %
se([z0: 21 22]) =20 : 21 : ZQ,ZéV_kl_kQZflzgz}

é‘_%&) 5¢ sy Sk D HO((CPQ; OL) @%E%%Z 5.

22T (1.2) ORUIRERD A kTR Y — H(CP?01) (0 <) DA TS 2 EH5, LIRS Dolbeault
URIES

V2(0®L-9"®L): T(A"*T*CP? @c L) — I'(A\"*T*CP? ®c L)

DIRBICFEL ., —T5, ke n(CPP)NZ> THB I & & (LV)|,—1 ) ISIEA B RIRI AT YW D3TA4E 5
LZEDAETHZ I ED TS, ZDEI %7 74 /5—% Bohr-Sommerfeld 7 71 /IN\—LIES. 2D
e, WM 1.113, Dolbeault fEFHZEDIEED 1 ® Bohr-Sommerfeld 7 7 A 7S —~DJaj i b # & #¢
ZAHIENTED,

D &I BERBDOEIHLBIR L, Lagrange 7 7 4 N—HOE & (1], BHEELHRAE D Gelfand-Cetlin
F DY [8] % Riemann [H LD SU(2) RO EY 274 ED Goldman 12 X 2 582 A7 R DA (9],
SHITIE (7,10, 11] B ETHRD O I EDBFHNT VS,

BTN 85505138, Dolbeault fEFHZE (8513 spin® Dirac fEFZE) D%, Bohr-Sommerfeld 7 7
A N—DEBI ZNZF N, spin® BTL, FERMGZ &AM RE L WIS E ) o' TES
BNV FEBEORITICHIGT 2, 246 5l ) O FALIYEAMN T H 2 2 FFEARRN 2 DRI L RTET
bHHD, RKIERTH 5,

takahiko@math.meiji.ac.jp.

Partly supported by Grant-in-Aid for Young Scientists (B) 22740046, and Fujyukai Foundation.
Danilov 13, —DOIFFEEHHI b — 1) v 7 SRREIC OV T I OEHPHD LD L ZRL T2,
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NS —HORFMUERD A A = X L Z2FEHT 27290, GHEE EHEMER CEREH) BHXEK (4
BHBHERE) EHIZ, Witten 23 [12] TH 7AEZROEENCIED B D R LO B & JLRIE 217,
[4] T acyclic polarization DBZZE AL, T FIT acyclic polarization % £ D2 k% D Dirac
ERFRIC LTz et L, 2oL ez, 2ol LT, gz b
i Lagrange 7 7 A4 /N—HIZXT LT, spin® Dirac {EHZE DD R BS 7 7 A N— DS L R 7 7
AN=DLDHFETEREDL LR LT, KT, (R 7 7 A4 N—%Ff7-7\») Lagrange 7 7 4 /N—HIZD
VTl spin® Dirac TEHIZR DIRBDIIER S BS 7 7 A N— D% & —E¥ % T £ %% Andersen [1] I & > TR
éhfw%ﬁ,c®£fi&&@%%m%@®ﬁktf%ﬁ%ha

L2 L, Lagrange 7 7 A /\—ﬁﬁ>ﬁ§s7 7 A N—Z RO, (4] TR S RO R LE BT Id R
7 7 AN—R2ERONEEAOHERIT T LI L pFLEZ L6 A5 ENTETY, MFTIANL[2,8,9 &ED
fERzZHETE 2w, 22T, [5 TlE acyclic polarization %= —#%{t L 7z acyclic compatible system D%

expected result localization obtained in [4]
Ficure 1. Miffxn 3Bk L [4] T o Bt (CP? D54)

BEBAL, 4 OFEREKR L7, ZORE, FR7 7 A NN—0EHFICE T 2R LofEEL M L3¢5
ZEWTE, DR Lagrange 7 7 4 2N—HIZDOWTIZ, spin® Dirac fEFIZ DD, FERr =il
FHDBS 7 7 A N—DREICEHEL W EVRE R, £, ZOHRBICOVTOBAXDLE SN,

I 512, [6] TE[4, 5] TRONIHERDFZM, K% D Guillemin-Sternberg 12 & % &L FH~D
JEHIZOW TR L PETH 5.

C DFHEHTIE, [5] DRERITOWTHIAT %,

2. TR
2.1. BPFRIEE. 13U ®IT, acyclic compatible system D&% E AT %, acyclic compatible system 1213,
A—E 75—V G EDEMNS 57, ZITIR, LG Aa2HN5, 20k, TEHZHBEX?,
EE 2.1. M 2%k L$%. M LD compatible fibration & 13X %77 =% {n,: Vo, — U, | a € A}
DL,

(2) Uy BEBEET ma: Vo — Ua 13 (R/Z)r2 27 74 N—EF 27 74 N—H, BB ko 13 o ZEITH
o Tk,

(3) 7. (ma(Va NVp)) = 7751 (ms(Va NV3)) = Va NV,

(4) VonNVa£0DEE, FRz eV, NV ITHLT,

o (Ta()) 2 wgl(m(w», mo ! (ma(@)) € w5 (mp (@)
DEL LR D, I HICHFEDHEIE, 77 AN 105 m13(Va NV3) — Ta(Va N Vp)
T oo =magomg ERDDDDVHIET 5, f‘ﬁ%@f&% b [k,
DUR TR D7 ®, compatible fibration % {m,} EEXT I LT 5,
EE 2.2. {7,} & M LD compatible fibration & § 5. {m,} T LT, M DA C 2% admissible T
HdEIX, FacAlTHLT
7 (ma(CNV,))=C NV,
N BVASR- S AN N
DEIZ, (M,g) % Riemann K, {n,} % M L® compatible fibration & 9 %. % U, IZ1% Riemann
AHEDH D, 71, 13 2D Riemann f#IZB L T Riemannian submersion Td % & fliiE?"% CI(TM) %
Clifford RBCRE & § 5. (W,c) &2 (M,g) ED Zo XEAE CUTM) MEERET 2, ThbDE, WIE"OD

Hermite X7 FVHE WO, W OEMW =WoaW! Thh, cldREHM-T RAGHNER c: TM — End W
T3,

(1) fEREDTEu e TM IS LT, c(u) i& W DIEE Wit OE~ABT,
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(2) fEEDITGu € TM, wy,we € WIZXHL T,
(c(u)wi, wa)y, = — (w1, c(u)wz)y, .
ZIT, (, )y & W O Hermite gl &,
(3) DTG u,v € TM IS LT,
c(u) o c(v) + ¢(v) o e(u) = —2g(u,v) idy .

ZDLE,
£, 2.3. compatible system & IR ZE72TT =% {Dylaca DT L.

(1) Do: T(Wly,) = T(W|y,) EX%E%$ 6 TN A Q& 4 1 BRI .

(2) Dy DFERR 0(D,) 13

0(Dy) =copgoiy: T*V, — End(Wly,)

THEZO6ND, TIT, 14: Tma] = TV W& 7o D7 7 A N=12WH0 72BEH Tro| D TV, ~DHR
RAUEER, po: T*[ma] — Tlra] 1 Riemann 1&g 25558 2 HAL. K, Dy ldma D774
IN=TTE DT DA %E &L,

(3) HbeUy, L ueTylUy, LT, ae F(TValz10) 2 9 IZB9 % u D horizontal lift &35,
L(W],-14) 1€ Clifford Bc(u) TEHT2., COLE, 2TDbeU, & ue TyU, I LT, D,
L oo(a) BRI, Thbb,

Dy, oc() 4+ ¢(@) o Dy = 0.
(4) & VanVz#0 1, DyoDg+ Dgo Dy l3/NSWIHDT7 7 A4 N—12W-> T TEHE.
E&E 2.4. compatible system{D, },ca % acyclic ThH 3 & &
(1) HacAkbbeU, KHLT, ker (Da\ﬂgl(b)) =0,
(2) % VoanVs#0 L, DyoDsg+ Dgo D, 3IEEDIEAE, Thbb,

(2.1) / ((Da©oDg+ DgoDgy)s,s)y vol >0Vs e I'(Wly,av,)
M

ThHhDEEER I,
RIPFEETH 5,

EE 2.5 ([4,5)]). (M,g) % Riemann Zh&iE, (W, c) % (M, g) LD Zo B E Clifford MEER, V 2 M D
BETM\VBav 7 bDET D, {mataca &V LD compatible system T, £ U, 121 Riemann GT&
BHY, 7, 1E 2D Riemann it &IZB L T Riemannian submersion TH % £ 55, {Dy}aca % acyclic com-
patible system £§ 5, TDEE, TNHDT—FIUKEFT 28E ind(M, V) = ind(M, W, V,{r},{Da}) €
Z TCROWEZWiT-T b DIHFET 5,

(1) ind(M, V) 137 — % O THZ.

(2) M HB% 61F, ind(M,V) & W E® Dirac BITEFZ2OIEHEEEFE L v,

(3) M' % M\ 'V @ admissible Biliifs & 3% &

ind(M,V) =ind(M',M'nV) (YIExIE).
(4) V' 2 V D admissible EAGT M\ V' 2327 +ThHhsr LT 5L
ind(M,V) = ind(M, V).
(5) M =M UM, £33 ¢&
ind(M,V) = ind(My, M; N V) +ind(Ma, Mo N'V) (RIAR).
E26. ) M=VDLE,
(2.2) ind(M, V) =0 (JH#EME)
RO IZD, BELESE, B)ICBTM=MUD ET2L, nd0,0)=0. £>T, M=V &b, (3)
KEBWTM =0 :32%E, ind(M,V)=0. FEEIZIE ZUDIC(22) 2R, ZO2HOTERMR 2.5 %
=1
gﬁi@, VY IZOWTHEARO R D LD, —Ffif GGG 2 L TISARS, (M, W, Vi, {mio},{Dia}) &
B 2.5 DEME-T @O DT =5 ET 5, ZDEE, XHPWED D
ind (M, V1) x (M, Va)) = ind(My, V1) ind(Ma, V).
HL, ZZTiBX7 compatible fibration DEFR 2.1 I L CEAL T\, BEICB L CBHL % &
I ERE MU T 2B 5, —MULINTERICOV T, 5] 2SI N0,

2y ¥ o TR E O 2 1 BSIEMO IR TR G c LRI 20Dk
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EH 25 D% E LT, ROBI{LEEIHR NS,
F2.7. EH 250KEDD &, 512, MIZH, o, M\V IZHEWVIZ
O1,...,0, THbLRTWVwE LTS, ZDLE, W _ED Dirac BifEHZE D
k
indD =) "ind(0;,0; NV)

i=1

IR 2 Fit- s WEES D
IOV

IR 3L,
Proof.
ind D = ind(M,V) (.- EH 2.5 (2))
=ind(O1U...LO, UV, V)
=ind(O; U... U0, 01 U...UONV) (- EEL 2.5 (3))
= ind(0;,0;NV) (- EH 2.5 (5)).

O

2.2, ind(M,V) DBEDFA T4 7. LTI, ind(M,V) DHRDO 7 A 74 7%ibR%5, Ju by 4 7Lk
% DHIRD Witten deformation TH 5.

BX 2.8. (M, g) Z5EH Riemann &Mk, (W,c) % (M, g) LD Zy XEUTE Clifford MEER, h € End(W)
ZR %S W OHOHERRL L T 5,

(1) h & Hermitian.

(2) hiZW OXE%zT 57,

(3) supph ={x € M | ker (hy: W, — W,) £ 0} 1da 7 F,

(4) hoc+coh=0.
COLEE, t>0ITHLT,

D, =D +th

E925E, T RERLIINLT, ker DyNL2(W) IFERXITTH S, IHICTDEE, ker DYNLA(W) —
ker D} N L2(W) I3t 7 — & QAT M L 72\,

a0t FHE282DH0EMH) DTIEARL, hORb D ICHITENFE Y., paDapa W, t 53
DREVEE, Dy=D+t>, paDapa ® “HHE” L Tind(M,V) 2E® %3, ZoBENL, HAWICIE
RD K HICHE 2.8 DIBIRICHP LB ) LB TEL, Fac AL, WU, 2beU, D7 7
AN=DBD(W|, 1)) THBIRITUAZ PAHRET S, 2 LEX 23 (2) &0, Do 13 W OHCHER
RS, X561, K23 (3) IFFHFE 28 (4) KBTS, EEOFIHIIRDOEY TH 5.

Step 1. M 13OV = M Og&EIC, T RERLIINLT, ker D, =0 %17,

Step 2. M ¥V V¥ —RODZYFV =N x (0,00) 255, V ERTOT—F I3 HTBREITAETH 58
Hig, FARELRLITHLT, ker DyNL2(W) IZFHBRXILTH D, ker DINL2(W) —ker DI NL2(W)
7 — 8 DEHEATAMKAE L\ E 2R, Step 1IFZNZRTDIHENS, FFIZ, ker DY N
L*(W) —ker D NL2(W) 3 T RER t ITHKE VI ENTNZDT, INZ ind(M,V) &7
#£95,

Step 3. V 3 —fROBDE &, V DHERKIC1 DI HARME N T M 290, YIh Oz v —iRic
DIFT T LT Step 2DHAITEIE S, ZOFE, ind(M,V) 23910 H N QI IS v T
Ex2F v T3,

V' := N x (0,00)

FIGURE 2. TV FOKZ

3002 aca 1 {Vataca KRBT 2 1 DHHEIT, & po BRTD 15 D7 74 N—ICZ 5> THBALETH 2 LI RLDTH S,
DEIBHDIBFET S,
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2.3. BFib—Y v ¥ Lagrange 7 71 IN\—RADIGH. C* Lo> > 7v 75749 7R wen %

1 n
D= S dzndz,
B Vs e
&L, B pcn: (C"w) - R, %

(2.3) pen(z) = (|21 lzal?)
TEHTS. 22T,
Rig={p=01....pn) ER" |p; 20i=1,...,n}

895, pD77ANRN=F =T ATHY, wen DET7 7AN—~DHIBIZEWTH 2 Z LICHEEZ LT
BY.

(M,w) & 2n RIL> ¥ 7'V 7 T 49 7 %kkME, B % n XGANESRELT 5,
E&E 2.9. u: (M,w) — BPBFAM—"v%Y Lagrange 771I\—RTH % L, BD (fAfFE%hkike LT
D) BESEG R A{(Ua, pa)} £¥ ¥ TV 7 T4 7 Ya: (0 (Ua) w1 w.)) — (uéﬁ (¢a(Ua)) ,wcn\/i(;,g(gpa(z](,)))
Tucn othe = paop EHRDLDNH B EER),

Bl 2.10. FERF RPN P — ) v 7 SRE OB REGIZZATF—Y v 7 Lagrange 7 7 4 N—HTH 5.

(M,w) ZBA> v 7V 7 T4y 758K, u: (M,w) — B ZJ&Ft F—Y v 7 Lagrange 7 7 4 /N — K,
(L,V) — (M,w) % Hermite E#H & Z OEHE THIED 27/ —1w TH L HDET S, w EEEAWNLE M D
WEFEMEZ 1 DEET % & L %% spin® Dirac fEHZE D: T(A%*T*M ®¢ L) — T'(A"*T*M ®@¢ L) 2%
L%, ZOLE, EH25DI0HE LT, RGN,

EE 2.11 ([5]). dmM =4 &35, ZDLEZE, ind D 3K, FEFRFRITTD Bohr-Sommerfeld 7 7 4 73—
DRI L v,

FEFHD R A ¥ b D—21%, KD & HIZ, Bohr-Sommerfeld 55#F:% p D7 7 4 /S—IZih > 7z de Rham 1§
HFEDODIEHHTH % L v I) FMFICHAZT A DR TH S, (L, V)lu-10) 12 IE B B 7 KIS EA T B W 53
3% L%, p1(b) I Bohr-Sommerfeld TH % & \>o 7z, DML, RTRZE#HETarEnY —
HO(p= 1 (0); (L, V)| 1)) 20 EBVCHRZA D 2 EDHIKS. 61, pD7 7AN—NE—F72ATHB T L
29 &, ZOFMIE H (W (b); (L, V)|-1)) # 0 EAETH %, Hodge BlEw & b, Z#ud, p=1(b) @
(L, V)|~ vy 57E de Rham {EHIFEODIEHTH 5 2 Licfhza 5%, GEITIE, 7743 —Kiho 7
de Rham fEF % % Fi\>C compatible system Z#7 %.
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Rt b —1 w7 2R DF v T PLE IS DN T

NP g GRETHRERZEZ T4

BE

ARG T, Rk b —V w7 ZRIAD T v 7 PLIE MBS B A S DR &
REGRA72HN T . TDICHE LT, b=V v 777 ) ZEAROMREINT v & %
ETECBI L THIS TV A H5R [3] %ﬁf%‘é‘é Levic, 77/ TREVEEICBIL
ECTEBLEHS.

1 1BIRR

X 72 Ny MEEZHA, L7z X LOBEFEAIERRETS. (X, L))ol e
ERZRA L PESR, ) RBSHADETY 254 BE X % LT, BAFNAZRG (GIT)
DEKRTOLEENEETH2HIRHONT WS, iz, F—F %M FRHTA A
T —hR—E T — I —EtROFEME) ICBWTE, GIT ZEHEIEETHS !

F#8 1.1 (Donaldson-Tian-Yau 748). (X, L) ZRMZtAkL 9%, COLE, r—7—
o1 (D) IC A T —iR—Er — T —5tEIMMAES B 72O OREF75&FE (X, L) hdD
BRED GITENZFOETHS.

SHEIE, COTRICHT S [GIT ZEM) Oié LTk TK-ZEM) DeEa1TH
D IEFREENEATWD. —7, TN F v U ZEE] ICDWVTIE, FENMAET
%g&#ﬂ%hf%b[,LF—U/771/%ﬁ%kOwTﬁgh6®@ (F&5 T

L) 7 [3] THRIEAE (VN MO TEREGHEHKS. ZORE, [10) T
&, AN T—hE—ETr—I—Ft8 (COGLBICRT—9— - T7A VY a kA ViR %
AT 2 DWNENT ¥ T PEZE TRV T RE =y 7 T 7 ) 2N ET ST &
RS T EMHEKRZ. DD, [GIT Z&EM] & LTHnENF v viEtz 2L, 748
LIZIELL BV &b ozt

SENg, X OEARWEBSND, s —1 v 7 ZKDF v 7 PLE O EL 5
ZABTENHRD Z EICDWTHET S (HEOELRZEF 2B EZSROT L) @
A C R" Z%¥& Delzant Zik & U, XI59 2EZE n Z0ti ~—1 v 7 Z284K% (XA, La)
EFELTLICT B, TOEE, XWNSHOFEDO TR TH S !

EIE 1.2, AREGITHLT, (XA, LY BF v U PLETHZLTH. TDLE
Z a:z{#zAﬂZ”}/ <dv (+0)

Vol(A
aciANZ"™

MDD,
LZDBHIZ DOV TRIMY AROFBETHELLHNENZIEITTHS.
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:@Eﬁ&%ifﬁﬁ%%wﬁ¥£iﬁm%LT%B&thﬁ%@W@%L%ET
HED. £T, B, 2] KB THASANLRDIE THLANT vV EEDREENGZ 5N
. InsE b—Y v 7 Tkx< ’C%ia’(%%@“(, Z DRICBO TS MRS R ORE R K
DEBNTVS. —J, 12138 (Xa, LY) KT 2F v 7 PLEkolEtch s &
WO BRTXOMETHS. FBE, @B 1.2 ZHWVT (Xa, La) OHBLNF v B 2E i
BILTROZ Ehbh%b

R 1.3, (Xa, La) DOENT v 7 EZEE T 5 L, RO EREITH LT () MDD
D, Kz, H2ERE IS LT () KD TN e I B L, B DEIEL T,
i1 UEDTREOBARE ISR LUT (Xa, LY) EF ¥ I RLETHS.

T HIC, A D reflexive 7% Delzant ZHIATH 2 & &, DX D (Xa, La) D EHE(R MR
c—VUw 7T 7 ) ZRETHZ5EITIEHNENTF v U PLE TH 2 1o D DB A7 56T
ANCISY g3

R 1.4. A% reflerive 7% Delzant ZTHIA L § 5. TDEE (XA, La) DMRENTF v &%
ETHDHT EDRETDFEMFIMEEDOARIL i ITHLT

i {#(EA ﬂZ" )} /
a= xdv = (%)
aei%r:wzn Vol(A
MDD L THSB.
R, BIICBNT, b=V v 7T 7 /) ZRIEOR T AZEROIERIE V)L M D

W EHWTES T ENHRE T EHREINTVS. i@12u%®#%%@ﬁb‘ég
i, 77/ TlREWVIGEIC—ETES.

R 1.5. (Xa, La) WHDENT v V¥ LETHBHET D L

[216)
ax?( ’ ‘717t)

YR {#EANZ o
: N Vol(A
OA(1,...,1,t) oA ‘A

MDD, FHIT A D reflexive D & &

ocC
CA(L,..., 1,1)

=0

aC,
(1,0, 1,1

L%,

2 GITREEM

OB T, BAPHIRZERGA (GIT) QW TAHE O L BIFRT 2 WDV TH
N %, LG [7] BB

G R —REE U, V RERAGTEEN Y MVERT, G MIRICIER LTV 3 &
T35
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E&E2.1. 0V ETE. vDGHIEGY CV OAMNESZZEERNEEZ, vid (GF
RICBEL T FRBETHD LWV . £z, peP(V) &, p DEEORETCHFELETH S
EEPHEETHB V.

B —FEORREAERINC DWW T, ZEEMEIC B9 % Hilbert-Mumford O¥IEZEDIE
WICRNREBE 755, —fRICIE G D 18T XA—RZENEZ AW THRRNSENE M, T C
TIEOBIHENRTWVE TR THL

i’ 2.2 (Hilbert-Mumford D¥[EE). p € P(V) D GAERHICBIL TR ZETH 5728
DREAFME, FEOMAK = A HC GIZHLTp D HAFHICBE LU THELET
HHTELTHAS.

THUZKD, G L F—F 2 (C) IO EDRLEIC DV THAS T &b
FEE LB, THUE TYTA FSHK ZELTHET S C EAHkS T LA
SNTHD, FE, < OHEASEORERE LT FTRAY MK, Gl (C)" I
THBLTE. COLE G-ERZEMV EYIA MRS S

V= Z Vi, Vi={veV|VteG,t-v=x(t)v}
xex(G)

TTT,x(G)~7Z" G DIEERTH 5.

E#E 2.3. 0£v =2 ()W € VIEHLT, {x € X(G)[vy # 0} C x(G) @z R DT}
A Wtg(v) Cx(G)@zRZvDIIA MZEEE S,

COEE, RBVHENTNS !
i 2.4. G,V IE LADLED LT 5. DL ZRIZFHA.
e 0£veVIXGAEHICEAL THuE
e 0 Wtg(v)
LIcoT, £Lds L,
[v] € P(V) BHRE <— FEDEAF—FXAH C GITRHLTO € Wtg(v)

EWNS T LIlES.

3 FrUH¥REMN

COHETIE, FITHEEHAOT v VEXBLT GEH) Fv Vet zE#®d
%. 2B THIEE I, PLREWZRRBDIEER N —F AOFERICET SV T4 F2mH
UNEETH >, ZT T, FyIIERDY I A FNEHIATH 2 F v 7 L HEADR R
HICDOWTHINT 5. TOEDONAE 4] ISFHFLIBRENTNS.
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EE 3.1. X CCPYN 2 d D n JoBKIE 2RIk L T2, COLE,
Zx :={LeGr(N—-n—-1,CPY)|LNX #0}

& Gr(N—n—1,CPYN) DX d ORKISEBIE ThH D, LIeh>T, 5% Rx € P(By(N -
n—1,CPN) DFERELTEABNS. TTT,B(N—n—1,CPN)=@,Bi(N —n—
L,CPM)IZ T FAR VZADEREEIRTHS. Rx & X DF ¥ TR LS.

SL(N+1,C) & By(N—n—1,CPN)ICHRICIEAT 2D T, Fr VXD SL(N+1,C)-
TERNCBET 22825 2 % T EMHIKS.

EFE 3.2. X C CPN BIE d D n KoTtBIHIES 2Rk E T 5. X OF v IER Rx B
SL(N +1,C)/EHICBL THELETHZ L X, X 3F v IERETH B LS.

E&E 3.3. EZ X FOIFHICEERIERIERRE L, U: X — P(HO(X; E)*) Z/F
AR EL TS, TOLE, U(X) C P(HOX;E)") BWF X UHLETHB L Z, (R
ZRE (X, E) 3F v 7P LETH B 0D . £, TOoRERTEOALREITHLT
(X, L") MF v IHLIETH2 L&, WSk (X, L) 3N F v VFRETHD L
VY.

T, ROBHAEERNSDMND X ST, X C CPN ERFMEDNEOIE EF v 22858
IKIEEDICKVEWVSIENDHS. (ZOEMETE, Rl s—V v 7 2K T—FF v
THLEICER DIV R THS. )

¥9,G = (C)NTL LV ZGOBRIGTEERBLL T 5. H%Z N Xtk b—
A

H={(tr,....tx, (t1---tn) " (1, ..., tn)) € (CHV} ~ (C)N
ELIZEE, 040 e VIEHLT, Wtg(v) = 1(Wtg(v)) TH5. TTT, n: RVFL -
RN, (z1,...,2n41) — (1 —ZN41,...,ZN —TNy1) CTHB. LIED-ST, TOHEHIKIE v
M HAEFRICB LU THRLETHNG, HEFE L MFELT, (¢,...,t) € Wig(v) £75%.
INZF v UERCHAT USRS NS,

e 3.4. X C CPYNRBFYyUNLETHB LTS, TOLE, HHREt MEHEL
T(t,...,t) € Wtenpvn (Ry) £%%. 7221, (C)N € GL(N + 1;C) I 1EHI%
(N +1) Zofatril etk e Had . Fv B Ry DU LA FZHEE Wt oxyv (Rx) 2
X cCPNOFvIZEGE LR LICT 5.

e, DXL, ?ﬂﬂ‘?%ﬁﬁth(Cx)NH (Rx) D7 T7A y@AER(Wt(CX)N+I(RX))
DRITTIE X € CPY OHFENRKENZ EEHNT EHHIEN TN S.

Rl 3.5 ([4]). X C CPY &2 n ZtBZEA L L, X Z0 RS EFEICE ST E NG
Wedsh ZDkE

dimAﬁR<Wt(Cx)N+1 (Rx)) =N+4+1- dim(c{t S (CX)N+1 ’tX == X}
AEARVASH

Lo T, dime{t € (CHOVNTL[tX = X} BREVITZE, X ¢ CPN X F v U PLE
IKE7EDIC<W,
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4 REF=V Y ISREDF v VFREMN

COETIEET, () Delzant ZHIA, XU reflexive ZHAZEHET S. TNHIE
Delzant #%, HFXTE—RAV Mz s LIk D, S hRFMm s —1 v 7 2K,
BIRUOMESER = v 777 ) ZRARICHIG LTS Z BN TWA2, Z
D%, K0 — A b —1 v JHEELZRRAICE LT, Fv U ZHEADOHEEIC DV TIRN,
([4] ) EH12BRKUTZDRERTLICT S.

EE 4.1. A C R*"ZnRoumZHAETS. ROFZEDKDIIDEE A 7 n T
Delzant ZEREFES D wy, ..., wy 72 A DJHNEE T 5.

1. %’]E,‘.J—i w; h‘%&i% X 5 cl_’. n zig@iﬂ 6@1, ey ei,n 75\\&[1“(1/\%) .
2. Bl e; j RS B primitive N7 FliEe; 1, ..., e, €L L LI EKTS.
IHICETOIES w; DWEEUNTH 5 & Z, A 2% Delzant Z1HI1A L LS.

n JIEHE Delzant ST A SIS % n JOTh h—V v 7 ZR66% (Xa, La) &8
CTRICT B, La RIFHICHETHS. HIAIE, R ITH LT

iIA={xeR"|x=1iy,y € A}
EBLE, (Xia, Lin) = (Xa, L) £75%.

EE 4.2. A CR" ZnXotEBMNZHIKE T 5. ROFEMAEDKDIIDE E, A% reflexive
THd LD

1. FCAZRIL1IDMET DL, np e 2" PMAAELT, F={xe A|(x,np) =1}
EHITS.

2.0 R"ZFADHNKRTHS.

EC, RS FDOXI 2 “h—V v VLRI ZEZ %3 A={ay,...,an41} CZ"
L, Al affinelC Z" ZHER L TWB ERETS. CDOEE

XA0 = {[x? :---: x®H1]|x € (C)"} C cpN

DEATE X 4 1& CPYN O n Xt subvariety TdH 5. HlZIX, A C R? % n Xt Delzant £
HAEL, A=ANZ" 5L, Xa=XATHD, HDAR X, c CPY BIEEICEE
IRIERNERR XA ISR 2/ NFELDIAAITHIG L TN 5.

M 3.4 K0, Xy DF v I PELENTH S0, Fv ‘7§'E1$Wt((cx)N+1(RXA) L
EHRR-(1,..., 1) WD BREN BTz, LI T, BT DT 774 28 Affg (Wt (cxyv+1 (Rx )
EERZDLIRTINIIESTRN. TDOXI7E b=V v ITHEEEZRRADEE, Gelfand-Kapranov-
Zelevinsky [4] 12K D, Affp(Wtcxyne1(Rx,)) ERIEXDGAENB T EAFLNT
%4,

ZERIZEHE ARG C T TIRRER OO THIET 5.

SR IERZREA L ER SRV DTHRICE S b=V v 7 Z2EARICE R SERD. L L, Fr 7T+
TLEEMEEFRRICERTE 5.

LRV IEEICES &, TOBRBICBTF v I LK secondary Z itk EFEENDEDEZEL <, secondary
ZIHRDT 77 A VANmE 43 THA 5N 5.
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E 4.3 (4). QCR"Z ADMMWALTS. CDOELE

AﬁR(Wt(Cx yN+1 (Rx,))
N+1 N+1

{(@1,...,¢N+1);Z<,0 (n+ 1)!'Vol(Q Zgoja] (n+1)! /Qxdv}

j=1
WD ALD.
Lo T, i 3.4, 4.3 K0, XKD H, UIle> TEH 1.2 A D 37 D.
EI 4.4. X4 CCPVNDF Y IYLETHHLETH L,

N+1

N+1
Z 4= Vol(Q) Jo X

MK D ITD.

BIZIC, %R 1.3, 1LAICDWVWTHRTHAL Y. —fi%IC, PC R 2/ 2kt 35, 2Dk
X, ROK S n REHERX Ep(t) (P @ Ehrhart ZIER) OFENEILAISNTNS

Ep(t) = Vol(P t”+ZEpj ¥, i e NIZW LT Ep(i) = #(GPNZ")
RIS, KD & S 75 R-ESTER sp(t) BAFET S

sP(t):t"H/de—i-Zt spj, i € NITHLTsp(i) Z a
P

j=1 aciPNzZ"

L7zhio T, () Ol i ICBI LT R (n + 1) REEXTH B A5, (X, L) Wi
(5% P58 THIUE, BTD i T (Y0) B I EF AR b0, F72, HRE
IZDWT () DD LTz e 35 8, AREU WFEL T, i Y EOEEOERE
X LT () R D AZT2780, DX D (X, L) EF ¥ UPELETIERV. TNTHR 13
Rz,

() &

n

]Z;ij {VOI(A)SA,J' — FEA 1 /Axdv} =0 (%)

LEHEMA BT LMD DTRHDN S

R 4.5. A CR" % n Xyt#E Delzant Z AL T 5. (X, La) DHLENTF v 7 P25E L
TBHL, %j=1,...,nlcRHLT

]:A,j = VOI(A)SAJ — EA,j—l/ xdv =10
A

Lixb.

- 104 -



INEDOXNT MUIE n Kot b —F AD Y —IERD character L2 5. —77, [2] 1K 3
EATNER Frao,p = 1,...,nZn Xt b—F ADV —RICHIRT S & TE nflD
character M3 5N 5. TD 2 DIFMHENTF v 7 PLEEHORE & U TIZIZIEFEOER
ROETHTES. EE, A D reflexive DEHICIE

Vp, Frap =0 = Vj,Fa,; =0

THBHTLHDONB.

RIC, B147%739. £9, A C R” 7% reflexive ZiHifk& U, (Xa, La) EHHIAF v 7
VEETHHETS. COEE, [2ICED, “ARERIEZZDT [y xdv = 0 TH
. LIEho T, R 1.3 XOEEOBEREG IR LT (k) BEKOILD. Wi, (TEDOBHR
BSHLT (F) DR IIOET B, COLE, (1] OMREED, Xplcdr—5— - 7
VY2 BA VRHRIMEET 5. £z, TOBRAE LU MEBOMAI AR DT, [3]
DFEREFD &, BOTZER Frap=1,....n A 5. LIAST, [6] DFERED,
(XA, La) EHRENT v P 2E L 755,

5 bILNIV MRER

CTOETE, eIV MO DL F v 2 PE kL BIR T 2 D EE
ZBTEICTDH. —5TED L, BNV MEEBOWMI N sa(i) DEEETHZH 5T
H%.

A C R" % n Xot#E Delzant ZHAE U, wy,...,wg € Z" ZZDHENET S, CD &
X, ADHEC(A) Cc RV &

C(A) = {7"1<W1, 1) + +7"d(Wd, 1) ’Th - Td Z 0}
IKKDERL, ACBET IV MR CA 2

O a an+1 __, a
Ca(x1,. .y Tpg1) = E otz = E X

(a1,e.esan41)EC(A)NZNHL acC(A)nznt+1

ICEDEHTS. T5¢L

ocC
S CRS )

= sali)t!
=1

oC
0Ca(1,...,1,t)

7%, INEEM 12, R14ZHDENEIR 1L DEEND.
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COMPACT TORIC Zt#& LD LAGRANGIAN FLOER THEORY |[cDWT

JeR - B N IR

EREBF2ERH D Clifford torus @ Floer cohomology (& Cheol-Hyun Cho X [Chol] Ofiff%%
MHH, ZTNUHINT toric Fano ZERIAD Lagrangian torus fiber DIFEICIE Cho [Cho2],
Cho-Oh [CO] DN D%, T DT, RAEHRK GUK « #) | Yong-Geun Oh X
(U. Wisconsin, Madison), KHEHK (K- 27801 & OLLFIHZE [FOO02], [FOO03],
[FOOO5] ICHED X, compact toric ZHAD Lagrangian torus fiber @ Floer Pl DT
"FoNT L2V DRI LIZ,

1. SO HZ D~

(X,w) %2 2n It compact symplectic ZhktAE 95, BB, w iZIER(LREA 2 KD TE
RNTH5, TUCHD S symplectic ZRAADHIE L TIX, HEEDEZHIADRENY NV
ROLZEM, Kiahler ZRAG ENDH B, w 1FIERILIZDT, veTX —i(v)w e T*X 138
N7 MVRERERY MVRDERIZ 52, ThUck-> T, X7 MUGE 1 Kiuniee ik
10f LISHIS T %o AMET D Cartan DNEDD, Low = 0 Z{i729 X7 MU o EF 1R
AR EDIET DT e 5, FHC X FOWE SN h IR U Ti(Xy)w = dh %2
7237 MVIG Xy WEX D, TNz h HhHIRE % Hamilton N7 UG EWV S,
H:[0,1] xX — RICHUL. h(x) = H(t,z) £¥H< &, Hamilton N7 bIVFD 1-
parameter % { X}, } WEX %, Tz LT, isotopy {¢f1}, ¢if = id, 2135, (X,w)
DMIERES ¢ WD H ZFVT ¢ = ¢t £FEIT B & &, ¢ 1& Hamilton M5 ARG
TH5EVS, Hamilton Mo FEIFEEIE symplectic FEX w Z{RD (symplectic fi57 [FIFH
BB
X OFRZRIA LD (1) w O L ~NOFIRRIZ 0, (2) dim L = Jdim X D 2 & 21723
& &, Lagrange i ZtkiA e 5, IR TIEISOIAE N Lagrange S0 ZRRIKDHZ2E Z
%o BN DONEET B,
o [ O HhAR
e sympletic MFEIMHER ¢: X - X DT TT T, C (X —w) x (X,w) {& Lagrange
HZRRIAL R, ¢ OAERERIL Lagrange FDZRHADIER Ty N Ty L IRI—
HEN%,
o IHOMEEZHA M LD 1 XX n ZRERT MIVKR T*M DYk H% &
Z DI Lagrange 7 2K TH %,
o R MO T, REBURR DO ZHA TER S NIEEREE 7 2RIk DO T3
JEIE Fubini-Study X (O#llfE) 1B L T Lagrange i 2tk L 755,
Lo, L1 72 (X,w) DEDIATNIREMINICEZD S Lagrange Hi0ZHADN &35, 85N
ST (Lo, L) D Floer 1K (CF*(Ly, Ly),d) WLLFOMEEZRFD K S ICHKTE %,
(1) CF*(L1, Lo) & LoN Ly THERE NS HHhER,
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(2) cohomology HE®(L1, Lg) i& Lo, L1 ® Hamilton 2 TAR%Z,

C T C. Lagrange #7737 2K L O Hamilton £ &1, L @ Hamilton {77 [FHERIC X
BBEDOT RN,

BRI Ko Tl
(3) Ly # Lo ® Hamilton 6L 9% L. HF*(Ly, Lo) & H*(Lg) L[RM,
VAN 7 RYAC I

TNHEHRTIHO LD E EICIE, D Hamilton MO FRMHEMR ¢ ICH LT, L & ¢(L)
BT R, RIDEMIINTHIUE. ZDREDEM L O Betti O LTHE L
W%, Floer [Fl] &, m(X, Lo) =0THY, Ly 1§ Ly ® Hamilton £ TH 5 & ZiC L
L0 (1),(2),(3) Ziilz Ik (CF*(L1, Ly),0) ZRER L THET, —fRICIE cochain 1k
CF*(Ly, Ly) ZEETZHIEEELNH DL, Zhzild zdo—iGmiE. [FOO01] IcH 3,

2. COMPACT TORIC Zfk{k & LAGRANGIAN TORUS FIBER

HHE n TOTEHIA X D toric ZERIATH 2 L1d. n KITHEE torus (C)" A X ICHIR
FNCAER L. 2O ETIEHDEHICEZ > TWAHEED X 1T dense ICFENTWVEH T &2
I —MEICIE compat toric kAT Kahler ZERIRICIZ 5 L IFFR 5 AW, LT Tl Kihler
W& 25D compact toric ZRADARZE X %, HETHUIMEK compact T C (C*)"?
DIEFTFEd % 2 & T, Kihler B w & T-AREICTE %,

" O (X, w) NOEHE Hamilton BT, EEIEEGH 1 X — Lie(T™)* ZHFD. X D p
LK 218 P = pu(X) & Lie(T)* OHFT, w(XT) Oivalkzd, 22T XTIE X D T
TFRHOAHRESZK T, ue Int(P)ICH L. L(u) = pt(u) LEL &L Lu) & T"-1FH
D HH#ET Lagrange 2 kL 25 2 D h %, L(u) Z v 0 Lagrangian torus
fiber & M5,

T T T toric ZRIARICBID 20 DO DFIEZHENT %,

N = Hom(S',T"), M = Hom(T",S') £9 %, EL5EM n O Z LOHHMEET,
HIRR pairing N x M — Z hH D, HWICHREME T 755, TNbZz RICREILAL
b DEZTNTN N, Mr &5, Nr FHARIC Lie(T™) EFRBICED, ZTHiE Mg &
Lie(T™)* OARZEL,

P& Mg OHOARRMIEDTHRZFFOMZHAZD T, ARRMED affine B 4;,i=1,...,d
ZHWT

P = {u S MRMZ(U) >0,t= 1,...,d}
EEIF 5, BT, G lE. v e N, )\ €R ZHWT,
&(u) = (u, Ui> - )\i

ERINZBT WS, (toric ZRIAD N OFZRW b ZfiS &, v ZFED 1 20T
HOFRZERITTHS)

0P ={ue Plti(u) =0} £F 3. 9P = UL 0,;P TH%. D; = HOP) & v; € N C
Lie(T") DERT BH5EE SL OFRBLEEET. B toric T T %,

Lf121d Floer #ADHER TE RN L1325 Floer HEHM > TV LS TH 5,
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WEER L(u) — X & null-homotopic 72D T, (X, L(u)) @ homology 52&RYIMN 5
DTEERINZ215,

0 — Hy(X:Z) — Ha(X, L(u); Z) — Hi(L(u); Z) —

0

TTTC. Biyi=1,...,d % #HE54 v . (D?0D?) — (X, L(u)) Tv & D; OREINE T
BN v- Dy =6y %(ﬁiﬁfl@‘%@&i@‘% Bi € Ho(X, L(u); Z) ® Ha(L(u);Z) TOBIZ v; IC
5%

T M ORKZ eq,...,e, &L, %@ﬂﬁﬁf‘%el,.. el 9%,

Lagrangian torus fiber L( ) & T O T-[AZ M I_H‘HEM%%H%‘TH 45 &7,
HIRZAR N = Hy(L(u);Z), M = HY(L(u); Z) Z13%. LLF. ei,...,e, & H'(L(u) : Z)
ODREKEEH S,

L(u) ISNBELTZT 1 )V Z2—1fF Ao -FREL
9, EiE Novikov BRETEET %2, T ZIERNNER LT %,

A ={> aTla; € C,\ €R, N — +oo}
Ao ={D_aT™ e A\ >0}
Ay ={> aT* € AN >0}
vr:A—-R 7%
vr()  aT™) = min{Aila; # 0}, vr(0) = +o00

LEDDE, vp FIETIVFRXATAUMEZED. Ao = {vr >0}, AL = {vr > 0} £75%,
BHC. Ao DAIETERIA (M) 1& Ao\ Ay THY. Ay & Ao DHE—DHIAA T T IV TH B,
£/, AT Ay DMEIATH S,

L(u) EIiZiE T WEEL DHEBINICER L W ze TOERICEET % L(u) EOREMS)
XD ZER 72 H(L(u) £F <o H(L(u)) I& wedge FEICEA L TREZET, 7z, H(L(u))
& L(u) LD Tr-AZEEHRICBET 2R D2 & & —H T 2 DT, L(u) D cohomology
H*(L(u)) EFMETH B, Xz 135 LT (H(L(w)[1])P = H(L(u))PT B, (X, L(u))
DT EZEBHOZER 2 VT H(L(u)) LI 7 )V Z2—{F Ao-REDWEZ AN 5,

¥ Z @4 node, 55t LD node ZHDIRF 0% AEFE /AL 0 D Riemann W& L, 0%
FIT 555 node “’Cbiitb\*ﬁ LR B 20, ..., 2 D OX DRAIZRICHD XHICfTFohTns e
T3, R EIC (K4 1) ADRDDNVE (8,08) 5 (X, L(u)) NDEMR w HEFRT &%
EE/BRTHD L. w D X OREHIKS f\d)ﬁ%lJKEb\EEIJEA%T (2,05, 20, . . ., z,) DIEHI
HOAFRY f Cwo f =w ZH/lcd EONEREZAZT L2V, € Hy(X, L(u); Z) 7
=9 (k+ 1) KA EEF 2 LEGHRD moduli 2872 Mi1(8) £ 5%, 25,7 =0,...,k

2[FO001] TIERE 2 DERIT e BINZ THIE Novikov BOEH L TWEM, T T e BIMAKNTE
Z%,
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TOMEMD T LT, T-RALEGE cv; : My (8) — L) MEE S, THEMNT
k>0, (k,5) # (0,0), (1,0) 13 LT L YL 545
k

m g (H(L() 1) = HL)[L], mpp€ @ © &) = (evo)r [ [ evjé

j=1

ZEFET D, TTT (evo) W& evg DT 7 ANN—IIRS T TH B, IMUD d 1E H(L(w))
ETiZoThBTEND m10—0 9%, ma IR LT, mgo(& ®£2) ( )fl/\fz,
e =deg& (degéy + 1) LHRBTEENND. BICROBUBRAELD V1D,

Yoo > (F) iy e (6@ B O 50 (6@ Otk —1) ity ®- - @Ek) =0
BI46"=0 k1 +ha=k+1
CTTe=Y""\(deg&+1) THB, TORBKMHLTIERD 2 DD LM BN,

o Mit1(8) = Ups87—5 Uk, 1ottt Mra+1(8)ev; Xevg My 41(58")
e 7, B 7 compact HMZIK, p:Z — B ZILiAHET B L. Z LOWMAIIER
IR LT dpi(n) = pi(dn) £ (ploz)i(nloz) DD L Do

C T T, H(L(u); Ao) LD Ag-ZHERREEAS
my, - H(L(u); Ao)[1]%% — H(L(u); Ag)[1]

% mp = Zﬁ mr. g ® Tfﬁw (EEE(V)%O JZEE@BQ{%ﬂb‘B {mk}kzg & 71(11/9‘—{{[‘ Aoo-’fﬁéﬁ
DEIFRZ

> () M (@ ®EG @M (5@ @ k1) @ik, @ ® &) =0
k1+ko=k+1
27z 9,
FIR 3.1. (H(L(w); Ao), {mp}rso) &7 1 W Z—{t A ARETH B,
b & HI(L(w): o) = H(L(u)s 0o)[1° ZIH T {imy) 0 967 T2 BOU(L(w)s A1) =
(D (H(L(u); Ag)[1))¥)V &F<, TT TN IF vp-7efilbzRT. RIEA %

k
AG®®&) =D (G888 (En e 0&)

=0
TED. my, & coderivation & UT my, ICIEAEL., d = Somy EBL TV E—F A-B
%ZRE dod =0 LAMETH %0 e =14b+bRb+b@b®b+--- & L. B(H(L(u); Ao)[1])
DHCOAE ¢ =

PG ®...n) =@ RN

Ligh, &= () lodod LEHKT B, LEMLES mb BZXTED S,

i+ H(L(w)s Ao) 1% € BH(L(u): Ao)[1]) —2— BH(L(w): Ao)1]) — H(L(w): Ao)
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C T T3DHDERIE H(L(w); A)[1] \DHFHHETH S, & & {mb} @D coderivation & LT
DIFROR &> = Y mb L HLTENTE, Pod =0 %2TEND, {mbhis0 BT 4V
2= Aso-RBOOMEZED B 6

—MICi symplectic ZHEAD Lagrange i ZHAICH L TEmbom =0 &7%5% b H
FAE T B IRAEIZ 7R VDY, compact toric 28k X @D Lagrangian torus fiber L(u) DI
ETDbe HY(L(u); Ag) ITRLT

mg(1) = mo(L) + my(b) +mz(b©b) +

& T4V E—ff Ap-fRELD unitde = PD[L(u)] I Ay DHZEHIZEDICHZD
T T4 E—F A-REDBIFZRKXZH NS & mb omlf =0 WEDIDT N B,
mb(1) = POLW (b)e TEE S PO* = POL™W % L(u) D potential BI%K & LR,

(X, L(u)) O potential BIEUE. My11(B) #0 THB g HDFLGOMTEE NS, toric
A+ D; @ meridian G; XL T, evo My (Bi) — L(u) 1A E ZROWD FEHESRTH
BT END, ZOEFHE LoITEW THBT LW hB, TNEDOMER-S T

d
POYB) = 3 bt
i=1
% leading order potential PIE{EMES, (X, L(u)) O TOIERIMMRIE [CO] TRt 5 A
5. Fredholm IEAIMEE REN TS, L L. BRI A T BRI G
5 DGR AT TR RS,
toric Fano ZERIADEEITIERALD 1D,

iRl 3.2. fmE X 7% toric Fano 28K, L(u) Z% D Lagrangian torus fiber £ 9 % &
(X, L(u)) D potential FAEL PO™ & PO§ &—HT %,

b=> me EHIHD M OEJK e ZHWTEL., y; = €% = Y al/n! LB, v =
Yvijef € N & v ZIEDB L,

g,BDu Zyvz L Vi nTEZ(u)

EETB, HE 1, ..., y, ICBIT S Laurent %IEJQT%%O potential BIEE y1, ..., yn &
WK TE DD, — RIS IR E DI N 5 .

RRRD K 51 mf(1) A unit DEBGETH -7 B, mbomb =0 KD T, m} BT
% cohomology ZH{% Z LMW TE S, TN (L(u),b) D (Bott-Morse ) Floer cohomology
EMFU, HF((L(u),b); Ag) &<, EHIC, Leibniz B0

my(m3 (&1 @ €2)) + ma(mi (1) @ &) + (~1)*E T Ima (6 @ mi(&2)) =
EODNDT DTN B,
3¢ Y unit &3, ma(e®E) = (— )d°g5m2(§®e) Emp(-®e®...)=0,k#£2 WKDIIDT &,
4FO001] TEFE N/ potential BIEZ H'(L(u); Ao) ICHIRL7zE D% T T Tld L(u) @ potential B%
LIS,
S[FO004] IZX%L 2 D Hirzebruch Hiifi0) Lagrangian torus fiber ICDWTDFEDD .
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b= > x;e; B potential B PO DK TH S, HH

0 .
8%‘}30(2@-@) =0, i=1,...,n

ZifiTed T i,

mi(e;) =0, i=1,...,n
EAMEIC 7R %0 BT my, mo ICXS % Leibniz BN &, L(u) D cohomology H*(L(u))
M HY(L(uw)) THEEEN, my mod Ay DARENIC cup FTHEZ LzBbEDB L. RV
AL

EE 3.3. b B PO" DEFFRETH ST & HF(L(u); Ao) M Ag-IiEEE LT H*(L(u) : Ag)
CIEANCRZ T &, HF(L(u);Ao) #0 THZZ LIZAMTH %,

toric Fano ZRIADIKE PO = PO, THo7o POy E y1,...,yn D Laurent ZIH
TH-o7DT, H' (L(u); (Ag)*) = H'(L(u); Ao)/2nv/—1H (L(u); Z) £ Ao-EBEEEE
%,

Wt (Y1, -, yn) = BOG (21, ..., Tn), yi=e€"

EBL, 5L, BIHDOERNSEINSIX, ue IntP ICES5T ue Mp ICDWTEESZ
EIAIB. Tl 1€ Ao & yi € (Ao)* = Ao\ Ay ERIETHZC ETHBT LICBIE
9 %, potential BIEICDWVTEH, PO“(x1,...,2n) = Wi(y1,...,yn) EFHITBTEER
M3M, Fano MZRELENE TNHIE—MRICHRAITIZE L, ue IntP Tlk\he i
Ao ICMHZENZBIEE L TEE B AR,

E’ 3.4. ¢ (Theorem 7.8 [FOO02]) X % compact toric Fano kLT %, potential
WY HY(L(u); (Ag)*) — Ao MERFRZFFDRSIX, uwe IntP TH 5,

toric Fano ZHADH T & KAIlZA 7% (monotone) 5 %2#E X %, T T T symplectic £
FEfR (X, w) DYHEFH (monotone) TH B L1, ¢(X) = aw]” Zii7zTIER o BDEET BT L
W9, TDEE, Lagrange S 2k L C (X,w) DNHGHTH S &I1E. L C X O Maslov
Fipr € H3(X,L;Z) & w DEDS [w] € HX(X,L;R) B pp = 2awPZifiizd T &2V,

EXE 3.5. (Theorem 7.11 [FOOO02] (X, w) ZHEH7% compact toric 28k L9 %, Lagrangian
torus fiber THERZEL D L(ug) MWTeTe—D1FHEL. L(ug) & potential BIED R R7ZHRD
1272—2®D Lagrangian torus fiber TH %,

COEHAFERT BDIE, Lagrange torus fiber OHIT potential function DAL b &
EDEDIE L(ug) WHE—DEDTH ST & T, HEF b DIEEIC DV TIEZIADERE 3.6 7
&%, Fano LIFMRERW toric ZRA (X, w) @D Lagrangian torus fiber L(u) {3 LTl
—fZIC POY #£ POY TH BN, leading order potential FAE POy, v € IntP, DEFF LN H
BIERLMEZE 729 72 51E. potential PO DEFF S DIFEN TS, TDT LITDWVTIE
§10 [FOO02] ZH.5 N7z,

PO WEER b € HY(L(u);Ag) ZFFDK D78 u € IntP ZFOMNE I MOV TIE
RO EWnhd, MX) & (u,[b]) € IntP x HY(L(u); Ag)/2mv/—1H(L(u); Z) T.

62 OHHIF Fano MRIE LWV EHINS % (Example 8.2 Case (3) [FO002]),
2B m(X) HICEDBERMENE LN ETHITHS
8TNBEN mo(X, L) HICHEDZHERUNE LN ETHITH B
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HF((L(u),b);Ag) # 0 THHEDDEEL TS, £/, (X,w) DETF cohomology ER%Z
QH(X,A) &@A%o

EE 3.6. (Theorem 1.8 [FOO02] (Fano D7) , Theorem 1.8 [FOO05])
M(X) = Homp(QH(X;A),A)

CTTHUIE A EOREELTO CEEIGR) HEMOESZRL, ZEEGLIZELE,
g PO DR RN TIERMETH NI,

#M(X) =) dim H?(X;C)
LD AT,
COEMIE RETTHRNRS bulk Z7%Z LA E D 2D Theorem 1.3 [FOOO5],

4. BULK Z&TF

X O&EF cohomology BROFMHE L(u) ISHNBELTZT 12 )V 22—} Ao REOMEIX X
D cocycle ZHWTEILT B EMNTE %,

B(H?*(X;M0)[2) ZXFME LIz & D% E(H(X;A)[2]) &FH <,

Miy1.0(8) THER EDR (20,..., 2, DATIERL, T DN 2], ..., 20 BATWTBR%
EGIRT B 2K T EDDET moduli Z¢MZEKT, 20,...,2,, 27,2, TOMZIWS & T,

evj : My o(B) — L(u),j =0,...,k, evi+ M) - X,i=1,...,¢
NWEE S, TNEHEWT

Ak : Eo(H (X5 80)[2]) © Be(H(L(u); Ao)[1]) — H(L(u); Ao)[1]
7z

¢ k
Ge(fyr X @yl @& @ @ &) = (evo)(J [ (evf™y:) [[(evi&))
i=1 j=1
EEFT B, ([FOOO3] Tl& Poincaré M7 T"-A%E cycle ZHWT bulk £E %2 LT
%o WM EXZHONUL y; 1& toric RIFDEHIC support 28D T"-A%47% Thom 7%z
W5 Eichlizd, )
CNZHOT {m}rso & X D T™-AZE cocycle b ICK D,

mp(G@- &) =) a4 @)
¢

EEEEN, (mlhiso & H(L(u); Ag) RITT 1 IV EA—1 Ao -RE DM Z 52 5 T &I
% [FOOO1], [FOO03], TN %, cycle b ICX % bulk ZF L5, b T bulk £ E Nz
L(u) THBEL T2 7 4 V2 —{F Ao REDHEICE . mP(1) I& PD[L(u)] D Ag A5 —15HIC
72% DT, potential FABUPOY : HY(L(u); Ag) — Ao DEX S, BB, PO“(21,...,2,) B
BVE Whyr,...,yn) &b € H(X;Ap) ICED POY(z1,...,20) DDVIE WY1, -, Un)
KB ENS, —f%D compact toric ZHARDILEICIX, potential BAEUIIEFRHDIEDFI &
LTEMNS T, Jacobi B Jac(Wp) DERBITEZET 5, ZTNITDWV T Definition
2.8 [FOO05] Lz hicki< fdibZ2Z I E Nz,
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T cohomology FRDFEMEIEE cocycle b ICK DA I NS, b TEEENIZ&E T coho-
mology ¥ QH®(X; Ag) £EH<L, T LTEFSNBIEEIE W OHEEHEE 5252 &
hrh % §11 [FOO05|, COEFEDOWIZ L2 L TIHEND ts: QH(X; Ag) — Jac(WY)
IZDWTRAL D LD,

EIR 4.1. (Theorem 2.28, 2.51 [FOOO5]) ts : QH(X;Ag) — Jac(W) & Ay FOERATZ
5% %,

E ¥ cohomology IR & 8 % EAED Jacobi BRMIRFIRICIZ S Z LICDWVTIX, X A toric
Fano ZHMADIEFICIE Batyrev [B], Givental [Gil], [Gi2] 7% EDFERNSH O Novikov Bk
BeoFikiE [FOO02] T/RENTz, HADMFETIE, ZDBIIE Lagrangian torus fiber
@ Floer BlEmICEINS potential B L L THIN %,

5. W OODIHH

Lagrange @702k Lo, L1° DRIMINICE D208 35 8. Lon Ly TERI NIz Ag-hn
BRI Ly, Lo WL TZ 2 DD 7 4 )V Z— Aoo-FRELED T 4 )V 22—} Aso-BIMEEDRE S
MAB, TTTH, X D cycle b ZHWT T 2 )V EZ—1{} A o-RE L Z D EORINEEOEE %
—HFICERTE S, FRHC X D cycle b TEEENT L ISNBELTZT 4 )V 22— Ao-hEEIC
DNT D mg’bi, i=0,1 5 unit OEELFCE D, ZDME. HIH potential BARIDEN—EL L
TWsET5HEE, b, (Lo,bo), (L1,b1) D Floer cohomology HF((Lg, b,by), (L1,b,01); Ao
HEHRTE S, REERZ Ay £ LIzX X TWX. Hamilton 2 TOAREMHEIEE X EWD, R
IR A ICHEKRT % & Hamilton REMZ/RT LN TES, O EZHVE L., mifliiE
TICHRANTAERD S RO E V%,

EE 5.1. compact toric ZHK (X,w) & Lagrangian torus fiber L(u) T. Hamilton Z51F
THZDHEMON T LDTERVEDIEET,

EHE 3.5 KD, monotone 75 E1CIE monotone 7% Lagrangian torus fiber HYZ D& %
FFOZ VB, £z, compact toric ZRIATHEEND non-displaceable Lagrangian torus
fiber ZFFDOEDDFELIRT T EMNTE S, £DX S 7K Lagrange torus fiber DL
NBTLLdH 5, PlzRIcHDONDT 5,

TNSDOMMDISHE LT, $% compact toric ZHEA (X, w). HIZIX, CP? ® 2 54 blow-
up &7 0 LD Fifll/s Kahler JEX % symplectic JE & L7z & D, D Hamilton 477 [FHE
Gt (DS EHTERE) D Calabi quasimorphism T “Ji7” 72 & OZHEFRAMK TZ 5 2 &
R, (X, w) DEAED Floer cohomology DIFA TWEW (L, b) ZEM S AREMICERE NS
C & (M. Abouzaid [KEFA 4 N\OHLZL LTRETETE) HRELH S,

IIFHEICIE pair & LT relative spin #iE2EDT L2 ET .

10z = CORRIEED D 5 clean intersection THB LW I KIMICBLIETE %

HEns L0 g(L) # 0 HETD Hamilton O FEMEBICH L TR ZOE D, TOWERMLT L&
non-displaceable Lagrange H7 ZHkAK L FHEN S,
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-~ |
W <o vt 45 PO (x1, = %) = Wutg.n--, Yo )

@ @/D1 "“';; - 1 Wu(é{) — éf T”+ %-I T/"”
.§h BN PW'Y) _ 3—27—’"”‘: o
o g
= f” = Z
g= =
@ CF

}/nomemj PJ@TﬁfE P:{[U:,Ma)éfpg} U2 0, U 20, UTUs = ¢J

co, 1) wf e (T Ug

—-._

W(g;,gz) 317*5’2 / 32)

o=, 1, )
/—L(,"blz
QW 7-”' 2T = 0
= — Yy Y,
to,0) tio/ oY, | 7 o
" 2 -/, 2 U
oW - T = 3;} ;{2 [ = 0
25

(== iu,:uz= }1
Y, “; Y- p 4, = )
@ 1 POJ‘M}T bpowﬂ»fo 4 Q:‘Pl

) —Ua - —
(0,1-) (A, |—of ) ' =
) U,
? \ —+ 5{2 / /

(o0,0) (//0)

f O< o <, / &-2 o{':ji(/mm];m) @‘3 §L<o(<7

(o, |—20)
44 E (£,3) N . \

— . . /_ﬂ /—o(
HFLla), b)) #+0 53 Uadfldr
It Zadd Ty [b] a8 (7

‘ /
(of, —20f) [J=> " 3/3) 4~ f, j) 4>
+) I

-115-



) szPoIV\j J?pow-WfJ (1)

(’“I'/}) (01/4)
(l, a)
(~1,—1) (1,-1)
& -/ o< </ B2 A =0 @mﬁm/ G-3 ~Jco< o
Ry .
(0,0)

(e, o)

HFE(Ltw, b)) +F0 773 U AE T
(o, 2 /= ,

(6,00 %™ “(o,0) &o ;a’,o(-f::() 7
’ &+), ) />
D@ 2-goid” b (27 4 4 3o
(.O//)r“
SN
(0, I~ Yty (ef, J=ol)
<GB < [-d
(0,0)L ) o f;’
( ,O) o)
{~e(
@ < [ a }_-?’ ﬁ P~ 35 g o ‘5
[BL/;d)
fz ) e 2 o
d (% s
/’ ,-_‘______-—_-___-._-kv

| ol
@ buth TH ZFH 3=E7 /]'—“/':3——‘0(}_-5 .
w=(t, F), L e S %Z o te &3 buth TS

7" HF = t-”;fj;. [Fooo 3]
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EREADFFHEE & EFEEK:
Hermite YH#ZERDIZE"

e AT (RERAREGF AR | R RS

BI=

AFEHONAIZHILE LR (AEK) & OHEMRICHED . AT, 4 DO I
Rt D, RN OFEFR-Ihm 2 ER9 2 F L L, a8y S TERZERE 2 O
Hermite $FAZERDF T REIDOEH B EBROBEFRIC OV TENS.

1 ERERNOFFEME
RAMHO EHIILL T TH %:

FEE (F. and Tamaru [3]). G/K %z 2 032787 bREK Hermite XFRZERH], 9
OB TOWI NN ET S:

(1) SO(n +2)/S0O(2) x SO(n),

(2) SU(n +2)/3(U(2) x U(n))

(3) SO(10)/U(5),

(4) E¢/U(1) x Spin(10).
OIS, pip = & G/K OFSERICNBET 2EHEE54ET5. COLE ¢ LD
K-ARZE/ VI || - || T, [|p(P)|]? (2L P e p) M 4D Cartan-Miinzner ZIEHIC
2% EDMET %.

Bk S™ WOZEZEBEE &1, (57, () LOHEREE o: S" = R DOLNJUERELT
ERINDIRIUC 1 DR ERIATH 5. BRili S EOFREE o : S* - R I&, LI Z

*EB BT BIREY AR D T L (IR MR, 2010 42 8 H 6 H-9 H) i Tha.

T E-mail address: shinofu@hiroshima-u.ac.jp
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729 g ZIEREZHEABEEE R 5 R %2 S FICHIBRT 5 & THELND T &M
5NTWVW5:

" { lgrad f(P)II* = g | P2,

mo — M _
Af(P) = "2 g o2,

TCTT, g ldfasEMEBOMBKT, g € {1,2,3,4,6} THS. £z, m; T FiHEE
M <A< -- <A, ELEEEZED, my, mo DEEETHS. TOXIEFRZEHAXZ
Cartan—Miinzner ZIEIL LS.

LR OEARNEEFICOWTIRREME-EANTN 5] »EM [4] F22 L T\
RERV. 4 DOFEMHRZED, BRKENOFE-EmO S 5, BIEHNSNTVWE EDIE, D
TICET 058 2 ORFRZEOF RO THEE LTRONSED L, OT-FKM 2%
Eehm & PHEN %, Clifford REDEBN SRS NZEDTH%:

(1) SO(2+4n)/SO(2) x SO(n),

(2) SU(2+n)/S(U(2) x U(n)),

(3) SO(10)/U(5),

(4) Eg/U(1) x Spin(10),

(5) Sp(2+n)/Sp(2) x Sp(n),

(6) SO(5) x SO(5)/SO(5).

ZD55, (1) M5 (4) £ T Hermite MIZEHTH 5.

HLE 4 DOFRZRD, BN OFEFEIHICHR 2R > Tns. KT T4 DD+
{2 KD Bk N OF A T, FEMIFFEEMUKS T, 2 THBIRG G & BRI
212595 ETPEELTWVT, ZOMSEZIT>TW5S. &L, COmMENHEFRLNIL, £D
B k72 R U CERH N ORI T O — D DR 2N R FEIC K B 0B HR 2 DT
B0 EMRFL TS,

2  Hermite WZERIDFEAHRIEDEFNEER

AT, EHREBOER L ZOMHICDOWTHHICE &, FEMHOIE Z2 & H
RO EITHIR U 7eki R 2 b\ TH <.

& 1.
(1) 2n gt ORIk M &, M O 2R w T, dw =0 D ™ #£0 7%
2L00M (M,w) ZYYTLI T4 v I7BKGEEN, w2 M DY VTLY
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TAYvIRRENS.
(2) Lie#f K O VT VLI T 4w 7 2Rk (M,w) NOIEHA Hamilton 9 TH 5 &
&, URZi7zd 2 ez
(i) KAEHE> > T Lo 740w 7 w 2D,
(i) EEREH u: M — & DFEET 5.
Fel2l, ¢ & K @ Lie fU8 ¢ OAIZE & L TOINZEMTHA. T THEB
p: M — - EHEERTHS LT,
(a) (du)p(Q)(E) =wp(€p,Q) for P e M, Q € TpM, £ € ¢,
(b) p(a.P) =a.u(P) for Pe M,a € K
BWITLERNS. TTTERUTTERENDS M LORY MUETH %:

F o d
M>P5 7 oxp(t6)-P| € TplM.
t=0

HRGROMNE (b) (&, HBEGHRIE K- AEGHRTHH L ZERKT 5.

ST, FEEL 2 @ Hermite XFRZERIDEFE S RBUCDOWTE Z 5. [EEL 2 D Hermite X H5
72 G/ K O%RBEOF K- W M EREANOSFEHER-Mm L 5% e MHsNTW3
(FRC A DOEMBELZFEFODLDOTHS). EEND T OWEITELYREFXE o p >R D
LNWVEBTHS. TTTpld g DS ZERITH->T, g=tDp ZililcTELDTH
5. IBIT, TD @ IMET B 4 XD Cartan-Miinzner ZIH f DEET 5. HHITAN
XN KAETHAHTETHD. —/7T, B2 D Hermite RFRZER G/ K D% )54
B Hamilton TEATH A EMNHIENT NS, Lieho>TC, #HEEEHR p:p — B ~ ¢
WEET 5. EBREGIE K- AAB5THY, Mg K-RE/ VL | - |)° Loamz
EZBTETARD K-AREREES.

ZD2DOD K-AZEARDBRICOWTHRNTzOWEH 2 BXUFEHTHS.

EE 2 (F. [2]). G/K 2z 2 OR#EE a7 MK Hermite MFRZER (DX D, £
TEHN TR TR 2 ORFRZERI D) X R D (1), (2), (3) DWIThh) £T5. TDLE,
(1) HAEH K A p & w 2D,
(2) EBIREE 1 p o & ~ €1 u(P) = %[p, (P.7] €t & H 5,
(3) lu(P)|*> »* 4 DO EMiRE & DREANOFE SR BN 2 EHT % Cartan—
Miinzner ZIHAICH B & 57 ¢ LD K-AZ /)L || - || BIFHET .
122U, Z & Ji=adz|, ' p LOEERMEZEDD X% g DILTHD. £iz, g D
Killing EXNSEX S ¢ LD K-AZNR (, ) IC&>T &~ EARLTWVS. p I
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O TVLITav IR w & w(z,y) = (J(z),y) TEXT 5.

AE 8.

(1) ZEH 2 TEHE L T{%/z Cartan-Miinzner ZIUE, BTN [7) THHEIA T
ZEDEAREMNCEFACEDTH S (BN € LD K- AENEOID /5 EEE
FETHS).

(2) B8 2 (2) DHEFREEH ORI Hermite MFRZEM DTS RBUCDWTHKILL,
G /K QRSB IR « HISVEL &5 e FREICIBR S 7500,

3 EEEDEADBIRE

AREITIE, FEEOEH OS2 3T 5 .

EH 2 OFEIAE, > TV % Hermite XMFRZEMA “HEEY  DF b 475 TRESZ” &
WS T EICHES>TWB D, BiIFVE Eg/ U(1) x Spin(10) (B U TRERD /7L TIEFHHET
TR, 2T, B 2 Z2ITHOBEEICH D TICEIT 24085 DD %

ZDT=HITEHE 2 (3) DFFFHIC DWW THUCHIAT 5. G/K & Hermite SFRZEMID Z
Lief{#e LT et=u(l)at Zh/lzT X575 t D Lie BoE ¥ WMFEETS. COLE
g O Killing JEX B &9 a, b IR LT

a Bluyxu) () T 0 Blexe ()

3t LONFEZEDS. £ T, EEIREHS p O, L TEDTENFICET S /IV L 2 3
Bz
fa,b(P) = aB’u(l)Xu(l)(,U/(P)aM(P)) + bB‘E’XE’(/L(P)aILL(P))
= —a|lpa (P)|I* = b |ua(P)|*

CEFTB. TZIEL,
pr:t—u(l), py:t—¥¢

ZENETN LD u(l), ¥ NOEENFEZE L, iy :=prop, e :==prop TH%. FE
HOFRIE T EFL a, b ZFENG f,,(P) D4 XD Cartan-Miinzner ZIHNAIC K% ] &
WH T ELAMETH S, TOFERZENDZIDICIE p OIEHEREE {P} IZx LT
lgrad fa5(P)||?, Afas(P) ZFFE L, 4 XD CartanMiinzner LD (x) L1
B AUT R, G [2) TOERE 2 OFEE, % G/K T &I p OIEMHERREZ — DI
E L, T2 BRI TR L GHR LTV, FINREOBEICIE O & 5 ZEtEE
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Hok DT, EHIE IR BRI 2008 LA VRS R ER DR, ZOHE 5
OMLL IR AMETH 5. AU 2 O A Hermite SFRZEE] O 5 REHOAR
gﬁ%ﬁzzﬁi%ﬂ%@ﬂmfﬁo,%k%@imﬁabf{ww,Hmpmﬂzmy
NBCENBTHENZLDTHS.

e 4 ([3]). G/K ZzBE# 2 o> /87 SRR Hermite MFFZEM & % & &, LUN 21
729 a = a(my,ms), B = B(mi,ms), v =~v(mi,me) € R DFIET S (mq, me (EEH
FKOEREE ZOMDFSE & FER):

(1) llgrad fau(P)|* = a | P|° + B PII* [|u(P)],
(2) Afas(P) =PI

SE Xk

[1] Ferus, D., Karcher, H. and Minzner, H. F., “Cliffordalgebren und neue
isoparametrische Hyperflachen”, Math. Z., 177 (1981), 479-502.

[2] Fujii, S., “Homogeneous isoparametric hypersurfaces in spheres with four distinct
principal curvatures and moment maps”, Tohoku Math. J., 62 (2010), 191-213.

[3] Fujii, S. and Tamaru, H., “Moment maps and isoparametric hypersurfaces in
spheres—Hermitian case”, in preparation.

4] =i Ly, “FRRhmn s, 8 53 (2001), 18-33.

5] B8 Jafet, SR se—, TN s, “SEREEthmic OWT?, 5% 30 (1978), 23-32.

[6] Ozeki, H. and Takeuchi, M., “On some types of isoparametric hypersurfaces in
spheres I”, T6hoku Math. J. 27 (1975), 515-559.

, “On some types of isoparametric hypersurfaces in spheres 11”7, Tohoku

Math. J. 28 (1976), 7-55.

7]
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BHIEAND bIVZEE] & FEZE M EOAZE - H R & s

IR 22 4
BRI L 20104E8 H 8 H

L

TFHZEM LT O REME DO - IHMFHEMEZE R 5. C«h%%bz@ﬁi’ﬂgd‘ﬁ k
IV ERIET 2 FEZEM EOAZETR GL MG OPSHAIC BV TEET

1 8A

DA L TIIR A IR MRSENE Z 5N 2D, ARTIEY I RICK > TRlidE N D 2 ikt
ZEZ S, PIZIEHEZRE FOEIRY) —< UGS HG T 7 7 A U, PHRSERE R 8
NEFONS. TNHOHRTEHHAGEAEEIIRBFELYT VWRAMETH S, HEE, K24k
M FEOEIRY —< URGEDHET 7 7 A UKEER, M EOTFIREN SR AET S, —
FCY—HOFHEZEM G/H Tl G OREE L MG LIzRifErE2 5. 20 G OfFFTAR
RIS ) — RSV —EROERI E BEHCRIRT 5. EEEGIA IR TS KK [1] d R %
[ E ORI EE & &5 5 V) —BREERBIEEDI NS T 2 T L Z/RLTW0D. T U THE -
JHFERIEICEI LT, [1], [9], [3] 1€ & O AZE I FBHERGE 2 PR % HEM ) — B3 E N
THD, ZOFERE slin+ 1L, R) & su*(2n) (n > 1) TR ENS. F7z [9] IKBOTIERLFH
IS 2 TP 9 2 BERK A Bl ) — < VR ZE D B E N TV 5. FREHRTY —RRICBIL T
Jsl(2,R) @ sl(3, R) RICARZ IR RGHEMGE DA 2GR L7eh [2], —MOFHHTY —HE,
FHZEMICE U THBE AR TS 5.

AR TIEEFEZM G/H LOHHRGERHEDN G AETH S &0 &M, BHEENT M2
BOSETHYNICGER I NG T LB RS, £ZOIH & U TR CAZ s 8 RBAE IS 2 7
BT BHHER) ORI ZITS.

2 %z
ARETTII B DFECOE & 75 2 R PAINER 21T S . AR TS ERZERIA M EORMHEEE,
WERV—BE A L ZOMESE B O TdimA/B =dimM ZHTEDICKDEZENS. T

CTRESICRDEMN 2 EFHET B, A DFHZEM A/B EAOIEHBRANICREENS. b
ADItalHUT, HEIHEG U MFEL a 3 U FOEFELEHZE5Z 572513 o ZHNICTH
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%. THOULREMNERETETIVEM (A, A/B) ICRDERMEERZ EHTS. DF0 M Lo
(A, A/B) BEEL1E. ROZMZRBIZTRT b5 A {(Uas pa) taca THS :

1. o & Uy 15 AJB DB BHEED EAOREAEFIETH 5.
2. Ua NUs # 0 BZETHNE S BLETOM (o, B) ICHLT, Ua MUz ORIEERS C |, 1
WIS 95 0 6! 1385 B A DT 1(C; f,a) IKE>THABNS.

JUSHAT B A1)V 2 R R TR 2 B2 5 OIC BB FEARIT 5. & P % M FOk
EREBOET 7 AN—H, ZLTwhk ADU—Ba il s P LOEEHRETS. ROK
freBizd (Pw) D% M ED A/BROIILE VL NS,

1. BOLbH I LT Rjw = Ad(b™Hw MWD 1D.
=R DY EZDOEANT MV Y ISH LT, w(Y) =Y ADIID.
3. POFBILulcHLT, w,: T,P — a 3HEAEEHRTHS.

(Pw) 3 dw + Lw,w] = 0 DD EEFHEWS . DL IR D, AV E K
ORI DOWTIE [4] ZBHROC L.

FE 1 M LD (A A/B) ¥iElE M LD A/B BIOWIHIR /)0 2 2 REE O A RSE & — 5t —IC S
T 5.

M WEZFEEM G/H DL E, G DIt g dFHEZEM G/H LickBE) L, Z@ LU TIERL
Jo. TTTG/H LD (A, A/B) K {(Us, b)) taca EROZA 2 BTz L2 (BEG OIERICH
L) RETHBLEES 1 GOIEREDIC g ISHUT, Uy N Ly (V) ORISR L, kA
030 Laopl IFGDITICEDHEZONS. TOLEMST S HILE R (Pw) ORE GBI
BAEMERIRDZMETHZ BN, ZNIREG O PAOEEHA L x P 3 (a,u) — L' (u) € P A
FFEL T RDEMZ BT, L OEEDIC a lISH LT L, 133 RIVERIEG 25X VR
Bt w 2D, B L w =w BRI D. £T7 7 AN—KOFY p : P — G/H I3 G D
VER &nl#eTcH %, BB rpol, = L,omp. TOEEEM 1 LRBRICRDL D VID.

EE 2 HFHZM G/H LOARL% (A, A/B) Wik, G/H LD A)B ROARZHIL 1)V 2 4
OB E —Xf—ICHWEd %

GDV—IR% g, HDY—EZhHrLd%. T T Mendez, Lopera IC K2 RDEHZSIRT 5.

X 3 ([7]) FEHFHZM G/H LD A/B BIOARZEEHZ IV R U EEDN S % V) —BRUER R B4
fig—aZib8d%. KBV —IRERMNER f.g—>a f(h) cbZzRIL, f2Z@ELT
g/h M a/b LT MVZAERE UTRBNC A2 L&, BUEREREH M G/H LI EARZFEHR /)L
2 UREEDMFAET 5.

e L ERUER BB {4 % (A/B)-homomorphism &5 95. 7z 2 DD (A/B)-
homomorphism fi, f2 MEMETH B L, % B DIt b WFELT fo = Ad(b)f1 DD L
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DEERSS. BRUHFEZEM ORI 7V 2 UREEDRASE & AL (A, A/B) H§iED
SHSEHWS Z L TRAIVRENS ¢

EE 4 G ZHEMERY —8, H ZHAR GOV —HnkLds. COLE G/H FOARZE
7% (A, A/B) agekiE, V—B g D (A/B)-homomorphism O [FfEFHEA & —Xf—ICHINT %
([6]). £7z H BHATOHFNERZ L E, GITH U THHEROBEIFRHE TR ([4]).

3 BHIEANY MIVERIINEY 5 FEZEM LORAEE

AFTEELZZEMBEEICOVTERT . £ 0 RTHELME PGL(CMH) =
GL(C"1)/CXT & n KychtFzef] P(C™HY) Ofh 572 % €T VR (PGL(C™TY), P(C™HY))
BEZTEE, n JOTEEZHA M £ (PGL(C™HY), P(CHY)) MEEIF A ERGERE &
PEEN Tz, SEH R SHEMGE X EE ARG 2 2 CRFD. C T TETIVERM (A, A'/B) I
(A, A/B) DHRATHZ L BROEMER-TEERSS ) —HOMERRIGIR : A — AD
F1EL, TOMNIHHTHS. ZLT B & BDY—HORETHY, A'/B' L A/B DRTTIZHL
V. ZRHA M LD (A, A')B") KEE {(Va, ¥a) taea DY M ED (A, A/B) K {(Ua, 0a)}aca D
RTINS TH B LIE, TTIVZERM (A, A'/B') i (A, A/B) OIRATH Y, {(Va,¥x) ren
WM ED (A, A)B) REERFET BHZNS.

KRB 2 FH A (PGLRY), PR™Y)) OMA&ME LT, 777 A &M
(Aff(R), R Ra2—27 1) w REM (Euc(R™1),R™), BRm&M (O(R"1), S™), Mith#%
fif (SO*(RPTY), H") R EMBHB. THSHIELT, ELk M Lo VA REHHEEE, M
EOVHRERET T 7 A VHBER R Y — < UM, BREAEE (EOEHIRY — = > &),
MEREE (BLOEIRY) —< VRS 752 < ORMRGEZHET 5.

T T ETIEEE LT 2hkik M L TR GHERE & Z OE &G 24 27z, i M Eo
PR EESEAREN 5IE, 1 JUTEOVERSHA M x C* RICLUF Cilb E N2 #igE (GL
Wiid) MFEHINE 2%,

G C {0} > v = v e PICVHY) ZEHREGF &L, PGL(C"); Z v 1
B3 PGL(C™Y) OEEHABEET 5. COL XHEFHPER P(CHY) & %87
] PGL(C")/PGL(C™Y)y ODERZFHED. MMk LT C* — {0} 3 HE %M
GL(C™1)/GL(CM), ORFERRD. TOLERHED 1.

BEE 1 0 JUTHESRA M FOTHESEMEN S, M x 0% FiZ (GL(C™), C™ — {0})
BEN A E NS,

1 OFAOME ZANS. FTEH 1 D M LOFHZHEEEID S
PGL(C™1)/PGL(C" 1) BRI A1)V 2 UKl (Pw) EXIG LTz, TDEE Px C* 1diE%E
A M x C* THEEHD PGL(C" ™) DFET 7 A3 —H&7xh. LT C* O Maurer-Cartan
Bz wl EHLLEE, Luy) =wa@wey : TuyP x C* —sl(CMT)y e C Ldd. CDLE
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(P x C%,€) l& GL(C"*1) /GL(C™Y), BV 2 R 52 % . 0

T TlELNI (GL(CTY), CH — {0}) WiidiZz GL #d LS. RRCHEZER LD GL Hit
BHETEANY MVZER EIGT 5. S TRBIEANY MV & G 28R Y —HiE, p Z2Z DIEH
Y, V 2RBIZERE Uiz &0 3 DB (G, p, V) T, 2—27 Uy FAHICEET 5HE p(G)v
ZROEDZED. Kl DES5X v DT ERERRESS.

3O (G, p, V) WMHHAETH B0 EMICOVTIE, MIBAREEEOMSE XY FIVZERO & &
& [ARRDIEBNDOSM TR 5 s, BB (G, p, V) DEEEEANY MVZEMTHhE T LiE, %
DR/ ND IR Lie(G, p, V)=(g,dp, V) ICDWT dp(g)v = V WIKDILDZ L LAETHB. %
C TR/ 3D (g, f, V) (XUGV—EROXH f: g — gl(V) T, 5V Ot o hMFELT
fl@v =V ZRITEOEMITENT MIVERESS. TOLEEH 4 ZHOTUTOEH 5 »
BoNs. CTOEBICBOTERFEZEWN G/H \ZEM 4 LRAOFKGEHZL, dimG/H =n
3%, Flfig—gl(CvY) ZV—ROEXRB, v 72 C"H Dtk 95 %, v IKBIZESD
DR g EBIREA{X €g| f(X)v=0} DT ETHBH, FEEFTHIREE g7 .= {X € g |
f(X)we<v>} TEETS. ZLTgln) DEFEEREHZ Ay : gl(n) — gl(n) TKT.

FIE 5 G/H O GL ERKIEROpEES & —n—ITmisd 5.
{(f,v) | f:9— gl(C™) BIHHIENT MIVZER], f(g)v = C" ML, g, =b}/ ~.
—7 T G/H FEOREFHZGHEREEIEIROrEE & ——Icxind 5.
{(f,v) ]| f@A) : g ®C — gl(C™H1) IIHPIEAN T R IVZER, foA(g0C)v = C*HL, gy = b}/ ~.

EFL 5 1B B REERIEX CER I NS, P % GL(CMY) O, ) —BOEK & £HZR 0T
IS8 (f,v), (g, w) BIAETHS L1, GLEECHENTIEHS GL(C ) DIE P HFEL
Tg=Ad(P)f, Pv=w WD IDEERSS. FEHAFHEME BV TIE 7= Ad(P)f,
Po=w WMROVIDEZEESS.

AR 1 AL VIHRSERIE DI RIS TH 2 ML IR 7 7 A UG — < Uiidx £
ICBL T, FRICH2BHIEANY MVZERDNIST 5. ZUd, ERdO@EBIc BV TR
BRGNS 2 BHIEAN T FIVZER DS, Bl Za At 2nd 2K TiddE N5 [6).

TN D G/H FICARZ PR EENEAEN UL, 1 X0tV d 2 S5H%EM G/H Ficris
% GL#ENFEENS. CTTGEDOU—BRIEg @CTHY, HOV—BRIZh LREMNTHS.
72 G/H LICAZ T GLISENGZ b NI L&, go e LTEX S G Ok ) — ke H
&L, G/H RICEAZ R REEDIHET T eV h 5.

4 T - FEEREAORSHE

AEITIIRIEITEONTEBOICH & LT, B TR R EEGOMEZIA T 2EEY —
BEDOSFEIC DN TR B,
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HIEICb Tz K S 1S, HEEFHZEM EONZETHHTE RGNS H 2 BHIE AT b VZER] &oxf
6%, DL ERTENY MVEROZFHGRICERT 5. 2T TRERU T TERINSZEHRLE
L WS BESMWEETH . 3D (g, f,V) B (h @ gl(n),g @ A1, V(m) @V (n)) £V EZRD
£9%. T2 gOREERHETHEE, (¢,f,V):=0Bdgl(lm—n),g* @A, V(m)*®
V(im—n)) EWSTED 3 Dl (g, f,V) DERLZEHE S 5. LR UAZHIIEHIEAN Y MVZEH
THHTEEDTEIHENT VS [8]. iz (g, f,V) BHEKTH S &1X, (g,f,V) DILEDOE
IRUZHL (¢, £/, V) IR LT dimV < dimV/ DO DL EZES.

BEE AT BIVZER (G, p, V) ICDWTERE p BB E OZBRIBHIE Y FIVZERE S 5
M, [8] 1 & O BIKIBEIEAN Y FIVZER] (G, p, V) OBFIERIRED DFHENTWS. T THHEZE
[ LD HHZAGHERIEDRI TH 2 C L7, Mo SBHIENY MIVZEMDBIKITH 5 T & LiER
5. TOLE B ONEMRICHNSZBHIIENY FVZERN D, HRLEMTELNSLOZE
THRET B LICKDROEHMEENS.

FE 6 1Y —# L DN CTAZEHEEEN MG ZR TS LI ROFKMFLAETH S -
LOV—ERID[=sl(a)Dsl(my)®- Dslimg) EWVWIBERSL (=2, 3, 5, k>1,m; > 1),
FXa?+mi+--+m2—k—2amimg---my =0 ZHET.

SEE 2 FROEIIC BT S Y —BOEE sl(a,R) @ sl(mi, R) & - - & sl(my, R) (& REFIH 5%
SRR AT %

KIRMEDPITH 2 T LICFL TR, RDOK S GENRDD 5 1 FHZEM EORE LY
77 A UK, ARIEBEIEAR Y MVZEMERISLTWS. Eo THEEZEM OB TAZH
ISEFRGONNEX, AEHHET T 7 A UhE R S TG & LT 2R,

[1] Y. Agaoka: Invariant flat projective structures on homogeneous spaces, Hokkaido Math. J. 11
(1982), 125-172.

[2] Y. Agaoka, H. Kato: Invariants and left invariant flat projective structures on Lie groups, in
preparation.

[3] A. Elduque: Invariant projectively flat affine connections on Lie groups, Hokkaido Math. J. 30
(2001), 231-239.

[4] H. Kato: Left invariant flat projective structures on Lie groups and prehomogeneous vector spaces,
in preparation.

[5] T. Kimura: Introduction to Prehomogeneous Vector Spaces, Amer. Math. Soc. (2003).

[6] H. Kato: Prehomogeneous vector spaces and associated geometric structures on homogeneous
spaces, in preparation.

[7] A.Martin Mendez, J. F. Torres Lopera: Homogeneous spaces with invariant flat Cartan structures,
Indiana Univ. Math. J. 56 No.3 (2007), 1233-1260.

[8] M. Sato, T. Kimura: A classification of irreducible prehomogeneous vector spaces and their relative
invariants, Nagoya Math. J. 65 (1977), 1-155.

[9] H. Urakawa: On invariant projectively flat affine connections, Hokkaido Math. J. 28 (1999), 333—
356.
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Damek-Ricci ZEEIN O & v BRI O TR DWW T

fleié SARET
(AR [SHEREE )

1 XU &HIC

Damek-Ricci %[ & 1 —M%{t Heisenberg #f (% 7z1% H-type #f) & XX 5% 2-step %35 Lie #f
% 1 ROHE R U 7 WA Al fig Lie £ Hadamard 8 CH 5. BB 1 JEa > 87 b AL FRZZR
1 E i Damek-Ricei Z2[H & RN S 41 [2), 2 DAl  Damek-Ricci 22[E 256 #1722 CdH %
7= D DB DEED O Tw S (BIZIE, [1, Theorem 2, p.111], [3] % &).

n Xt Hadamard (A M AIIZFAER & KN s (n—1) KIS tRE OM SEE D, € € OM
IZXf L, Busemann B & Xidiizs M LoBB p — B(p,§) ¥EE 5. ZOE% B(-,8) D%
iz ¢ € OM ZHb & 2Bk & X5,

Damek-Ricci Z2[H] S % —f{t: Heisenberg #E N @ 1 Rtk KEL, N D LieBza n 95, &
512, nobz 3, ZOELMZERZ o £ 95, Bl IEa v 37 FRITRER O &, LDk
o BRI S EHEOMED 1,1 T2 OEEEIZZ NN dimy, dim; THD, Eh, TDX)LEEE
Wi72 3 Damek-Ricci ZZRIINAZER-ICIE S, <Tl, ST#RZER TRV Damek-Ricei ZEEA DR
OREOERE (Busemann B D Hessian OEHE) FEDLSBHEEZHDDTHS 5D\

Damek-Ricci 24 S 1M D06 S ~ox 3 xRy LT LI ENTES. ZDLEE,
Z OHAEEIR 05 13 N (~ n) ICEBREAZMZZEE NU{o} LH—HTE 2, IO DFH—H
Db ET, S D Busemann B% B @ HessianVdB 230 FOWE Z G723 2 E23b o7z ;

FHE 1. S~vxj3xRy % Damek-Ricci 2t L, p=(X,Z,a) €S, £€dS~NU{oo} & T
5, ZDOLE,

(1) co € 08 ZHuly & § 2 A mERIH O EHIFIE 1,1 TZOEEEIEZNZ I dimo, dim; TH
% (cf. [1, Proposition, p.88]).

(2) E=(2,2)ENT, 2—X=0FklFz—Z—J[X,2z] =00 L&, VdB(p,¢) DEHHIZ
0,3,1 TZOEMEEIZZNLN 1, dimy,dimj; TH 5,

(3) £=(2,2) ENT, s =X #0020 2—Z— (X, 2] #0D & E, VdB(p,&) % E%EM T,5

55 57 MM Y YT 4 (2010 4E 8 H 6 H~9 H, MF R5) G TH.
* ATRE IS OO K (RS ERE) & OIFEPIEICHED <.

T E-mail : hiroyasu@sie.dendai.ac.jp
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DIIGEE 32 L &, T,S I T 2N T 3 DORERIZER V; (i = 1,2,3) DEMNC

NIRTED ;

(a) Vi BARRZ FV VB #&8 4 RITGOFZZEMT, VdB|y, OEAHIZ 0,5, 1, BK
13 1,2,1 TH 3.

(b) dimVs = (dimv — dimj — 1) T, VdB|y, = 3id TH 3.

(c) "VdB|y, OREIFEAS 1,1 CHEEED (dimjy — 1)) < S FREE 1 IEa 8 PRI
MO W»T N,

AT, TH1OIWHO 74 T 7B T 2RO W THE T 3.

2 Hadamard %tRk{&, Busemann 8%, /ROEKME

(M, g) % n Xt Hadamard ZtkfA (5efif, HUEAS, JEIERTE Riemann ZHkE) & 92, M @
2 D DLHHHHAR ; : [0,00) — M (i = 1,2) 1%, fEED t I L d(y1(t),72(t)) < ¢ Zifi7TIE
DB e BHEHET B L E, BOENTH S L), ZHUd M OEBHHMAR A D LA I FMERR 2 &
5, ZOFERERICE 2M%EM2 M OBBIRA L L, oM £&FHC, R &€ oM 13dH MR
v DR v(o0) ERAT I ENTE S,

po €M ZEEL, E€OMICRLTEE S M Lo

M3 pr— B(p,§) = lim (d(v¢(t),p) —1t)

% po ZERET S Busemann B E L35, 72720, e (t) 3R po 2R E L, SITUURT 2
PR TH 5. FEE LD ZTHZNS5I1CBT % Busemann BIBUIER D L 27\, F
7z, Busemann BY#i% O fMBIECTABIR 7 PV VB(-€) 322 L 25 |[VB| =1 %37 1
BEREOToNn 5 [5, flid 4.12, p.301].

Busemann PO EAEIIE H, o) == {q€ M |B(q,§) = B(p,§)} 2 p € M Z&D, £ €
OM ZHih &9 Z/RAKRME & K 5.

3 Damek-Ricci Z=[

n=(n,[-,],(-,)) & 2-step %3 Lie B, 3 Z n O, v 2 Z DEZAHZEME T 5. BIBE
£ J:3— End(v) 2

(JzX,Y)=(Z,[X,Y]) (X,)Yev, Zey)

LEFET S, EBD Z c3 1ML, Jzodz = —|Z|%id, DD L E, n % —&{t Heisenberg
B (713 H-type ) & XU, n % Lie Bt & T % HUHif Lie #f N % —M1k Heisenberg # (¥
721% H-type &) & k5.

—f&Al Heisenberg BRn =0 @3 D 1 KTl Rs =0 @3 ODRAWC 7 77 v M ENRE%

X+ Z4+1A X'+ 7' +1'A]s = l

5 (X' —1IX)+ (12 ~1'Z +[X, X)),
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(X +Z+1IA X' +7Z' + 1A = (X, XY+ (2, 2"y + 1

LEET D, (s,[-,]s) Z LieBREL, (-, )s ZEAZITIREL 725tE 2 i 2 72 HEHK Lie #F S
% Damek-Ricci ZRE & k5, S~vox3 xRy EM—ET 2L S ORI

(X,Z,a)- (X', Z',d) = <X +vaX', Z+aZ + \f[)a X'], aa’> )
ThH 2 675, Damek-Ricci 22f] S ¥ Hadamard AT, ZDBAEEIRIE N U {oco} L ART
ENTE S, falh¥ Damek-Ricel Z2MIEREE 1 JEa > 37 FEDIFRZEBIOVWOnnrThh, S
DI T H 5 72 DI 5M1E S D—ML Heisenberg #f N 2% Jo & (A \WICEKLT
DERED 21,75 € 3\ LT, Jz 0z, =Jz, 705 Z3 € 3 DMAHET 2) ZiiilTIETHS
GEMIE [1] 2 20H).

4 FTE1(3) OMAOTAFF

Damek-Ricci 22[#] S %2 v x 3 x Ry, ZOHAELER 0S5 %2 (v x 3) U{oco} LF—HT2LZE, S
? Busemann BABUILL N O TEI NS

B2 (4)]). p=(X,Z,a) €S, £€dS EtTH, DL, SORMIILZIEN L T2 Busemann
Bz

(a+%]:p—X|) —i—’z— %[Z x]’2
lo , =(z,z) €N
B(p,§) = g( ((1+Z\az| )"+ 7] ) = (n2 e

—loga. (§ =o0)

EM 1 DFEEIIZ Busemann B3 Hessian % BARMNICEIE T 2 D728, ROFIHTHEITT S

o v, 3 DIEHERIER {e;}, {f;} 20 EDES,
e ZN5 &L ag=(0,0,1) € s ZLEAZITHR L 72 IERESH {Ag, B, F;} 2R T 5.
o FRMEZRFIZEF % Busemann BH%(? Hessian DR %255 T 5.,

COFETREAMZRD 2 DIZWEETH 205, RD X)) ICHEZERZ IR 5 2 & TRANRE
B3 2 RENHETH 5. 2-step HFE Lie BRn I L, Hb 3 DESMZEM 0 13 X € v Z[EET

Zlitkh
v =ker(ad(X)) ® S; X

ERRTEL. 2 - X A 0D 2-Z - 3[X,a] £0DLE, g & (x — X) W, f1 %
(z—Z — [X,z]) iANC & % & Lie B s 1

2

s = Rag & {Rel @ ker(ad(e1)|crn,) ® RIpe1 @ JflJ_mael} o {Rfia (firnz)}.
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N
T
o~
=
P
®
~
n
[3)
(Y
[
A

s1 =Rao ® Re; @ RJye1 @ Rfy,

59 = ker(ad(e1)[ey o),

53 =Jpine1 D (fll N3)

EBE, INOREABIHRLZBSMD pe SITBIF2Hm2EEz 20 Vi,V V3 EEX
&, IN6IEVAB(p, &) DA TR E D, 1 OWEZ T2 L DMErOSND,

ER 3. (i) Vi (E NI A F W CH? %48 T % [1, p.90].

(i) Damek-Ricci Z2EWORERYFMIZERIE (& DA m iR b PR —~ETENBFEUMEZ &
%) T#H 5. FiC Einstein ZHAET, A4 7 —iliFix —(1 dimo + dimjz) KH LW [1, p.85]. &
72, Busemann BI%IC Bochner D ARXZ#HT 5 Z L2k D, Ric(VB,VB) = —|VdB|? %1% %.
2%, Damek-Ricci ZEHN O F o BRiE O IO 2 FRNIFHIC ( dimo + dim3) IKF LW,

[1] J. Berndt, F. Tricerri and L. Vanhecke, Generalized Heisenberg groups and Damek-Ricci
harmonic spaces, Lecture Notes in Math. 1598, Springer-Verlag, Berlin, 1995.

[2] M.J. Druetta, Homogeneous Riemannian manifolds and the visibility axiom, Geom. Ded-
icata 17 (1985), 239-251.

[3] M.J. Druetta, The k-stein condition on Damek-Ricci spaces, Proceedings of the Confer-
ence “Contemporary geometry and Related Topics”, 205-215, (2006).
http://www.emis.de/proceedings/ CGRT2005/Articles/cgrt13.pdf

[4] M. Itoh and H. Satoh, Information geometry of Poisson kernels on Damek-Ricci spaces,
to appear in Tokyo J. Math. 33, No.1 (2010).

[5] WHE B, V) —~ v RfAE, BepEE 11, WHEER, 1992,
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Curvature identities derived from the

generalized Gauss-Bonnet formulas

Yunhee Euh', Jeong Hyeong Park?* and Kouei Sekigawal!!

Abstract

Let M = (M, g) be an n-dimensional compact oriented Riemannian manifold.
The Gauss-Bonnet curvature tensor hop(2k < n) is determined by the complete

contraction of the Gauss-Kronecker curvature tensor R¥ of order 2k, namely

hop = >k RF (¢ is the contraction map), which coincides with the intrinsic

(2k)!
curvature invariant of M which appears in the tube formula of Weyl [7]. Here
we recall that RF is defined by the exterior product of the curvature tensor R

with itself k-times in the ring of curvature structures on M (for the details,

refer to [5]). The functional Hor(g) = / hokdvg is a natural generalization
M

1
of the Einstein-Hilbert functional Ha(g) = B / kdvgy . Further, we see easily
M
that, if n is even (n = 2k), Hax(g) coincides the Euler number x (M) of M (up

to some constant factor), which is called the generalized Gauss-Bonnet theorem.
Berger [1] discussed the generalized Gauss-Bonnet formula for 4-dimensional case
from the variational theoretic view point and proved that the gradient of the
functional H4 depends only on the curvature tensor and does not include its
covariant derivatives. Further, he gave a negative answer to the problem raised
by Singer (cf. [1], P.293). Recently, Labbi [6] extended the Berger’s result to
higher dimensional cases by using an index free method. In particular, since
the Euler number x(M) is a topological invariant on M (and hence, does not
depend on the choice of Riemannian metrics on M), it follows from Labbi’s result
that the following identity holds on any n(= 2k)-dimensional compact oriented

Riemannian manifold M :

*Department of Mathematics, Sungkyunkwan University, Suwon 440-746, Korea, e-mail:

parkj@skku.edu
"Department of Mathematics, Faculty of Science, Niigata University, Niigata, 950-2181, Japan,
e-mail: yunhee.euh@gmail.com(Yunhee Euh), sekigawa@math.sc.niigata-u.ac.jp (Kouei Sekigawa)
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L ok-1pk _
() harg 2k = 1>!c R* =0.

Labbi also noted that the above equality can be obtained by a purely algebraic
argument in the ring of double forms. Therefore, it follows that the curvature
identity (*) holds on any even-dimensional Riemannian manifold. However, we
here derive the explicit expressions for the identity in 4- and 6-dimensional cases
following Berger’s variational method in [1] in view of their applications. On the
other hand, a computer can also help to check that the identity (x) still holds on
any 4-dimensional pseudo-Riemannian manifold. From this fact, taking account

of the arguments in [2], [5] and [6], the following question will naturally arise:

Question Does the identity (x) hold for any even-dimensional pseudo-Riemannian

manifolds?
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/N7 FEIHermite SFERZERI D
—DDERFEDIREX

HiEiEZ
FERF K F R E R E s

tasaki@math.tsukuba.ac. jp

a>787 M Hermite XIFRZER D D DEIE (b 5 FEO LRI Lagrange #5577
R ORI DR TH A L 2R, ZDDFENARITHEE6E. £
NS DRZKIFAKIHERICIE D, EHICBER O /37 b Hermite XFRZEE D D
DFEFEDORR 27T 5T L TE S, RHHDONEIZ [14] & HAER RO HA
Hifd & A L OHERNZE [13] ICHEDWV TS,

BA
RLHELGEORBN SaiRIRD 5, —Xta 2737 b Hermite SFRZEH

. %E??%TE"I'E‘%% <CP1 THO., CP' gtk & H7xd L ZDEBIEKHTH
%o CPINDRELZ - DORKMIZETRZD D, IO > T\ 5,

COWHED—RALN T XTDO a3 M Hermite SFRZERFNICDOWT H KD 17D
CEZRTDON, TOEOHNTH S, I, BT 737 b Hermite FFR

ZERIND ZDDEEOL R E IR TE %, EANKE T ZRRIADRZKICEET %
THMRIE, YT NRZERET 272D ER L THO, TOWZIHRD T
D —DTH 5, Fiz. FEIBIE Lagrange iSRRI IR > TN T, BB D
MATFTIE7% <, ZZDD Lagrange #70 2AIAD LK DI GRS LW
5T EHE, R > TREKEWERTH %,
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1 FHEREEERR

M 72 Hermite XFR2EM & 9%, M DEBITZHRIE M DROZEM 2T & &
M 7% M ORREMS, H25WMENRERERZ R 0 - M — M PDFHEL

M={zeM|o(x)=ux}

MDD, EIE M & M OERIHI Lagrange #8772 1AK1C 75 %,

FORH7x Hermite SFRZERI O FIE OFI 722 T TH < #3 Euclid ZE[ C* ND
HARICHDIAE N3 Buclid ZEH R I3EE TH 5, S Hlc, EERFHZZEM CPr
NOHRICHEDAE NI R ZE B RP 8 RETH %, CPND RPH IR
BITTHITH %,

Leung[6]. 7T [11] (&2 >7827 b Hermite MAFZERI DT 2 0L T %,
Tz & 21X, #ZE Grassmann ZRA GS(CM) NDEIEIE, 5 Grassmann ZERA
GF(R™7), n = 2m,r = 2q D & E DV Grassmann ZHHA GI(H™ ), n =r
DEEDA=RVEEU(n) TDE %,

Riemann XFRZERT M D i 2 ICBHT %m0z s, TS M OEDES SIENXR
DKMz & &, WHEWEFE VD, SOTXRTDM 2,y I LU T s,y = y DK
DI Do M OXPHEESDOITTOMEED FE% 2-number & W)W #,M THRT . #.M
5.2 XS 2 KNEEES S5, N5 O#ERIE Chen-E5 [2) DMEA LTz,

FHEES & 2-number ISR 2B 22T CTHB T 50 n Ryckki S” Do € S* 7%
LB, 2ICBIF B R s, DAEIRIE v & —2 T2FRD T, {x, —2} 1FFOTHEE
BICR%, LIED 5T, #.5" =2 DD, EHIC, K=R,CHDE E K
DOIFREREE ur, .. Uy, E D &

{{uil""7uir}K|1§i1<"'<iT§n+T}

3 GE(KM ) DRHBIRAI D | i) = (" 7") DD 1o,

B OBERIIARICARBUC B 5 (EHEASR OB AR E A D T MW TE %,
PIA [12) 1. M DAFR R 28075 51F
#,M = dim H, (M, Z,), (1)

MWD DT &R LT, T2 Ty Ho (M, Zy) & M DIRE Zo DFRETI—RET
H5, "IN [11] &3> 737 M Hermite SFRZEM OFIEIEFR R ZERTH A T &
ERLTWS, LIeh o T, a2/37 MY Hermite MFRZERI DI L D 2-number
& dim H.(L, Z) \c—53 %.

EE 1.1 M 232737 MY Hermite MFZEE &%, M DZDDFEE Ly, Ly
RERTINC D 27551 . LN Ly l& Ly & Ly ORBHERICIT S,
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EE 1.2 M Za237 MY Hermite WFRZER & Uy Ly, Ly 72 M OREBIFNICAL
HEMAGEERET D, CTOEE, LiNLyld Ly & Ly ORMPEERICE S, @“m)
B, #(L1 N L) = #oLy = #2Ly DD VLD,

T 1.3 M ZB3 787 b Hermite WFRZERT & Uy Ly, Ly 2 M NOREHTIIC

LB DDHEEELET B,

(1) M =GS, (C*™) (m>2)THO, L 1EGEMH>™) LB, Ly ldU@2m) &5
A& S, DD LD,

2m
#(L1NLy) =2" < <m) = oLy < 2°™ = #,Ls.

(2) ZALSAOBA. Ly N Ly 1 2-number BV E W5 OFIBO KB A 7
D, ROERIHKD 170,

#(L1 N Ly) = min{#o L1, #2L2}.

AR 1.4 FH 1.2 13RI CP O DDA 2 K DA I 0 D%
5% ED—RLICTZ> TV 5,

EEI M CP DEEOFIRIE. ARICHOIATNICRZA 2R RP & Al
IC752 %, Howard[4]l&, CP" DFIE Ly & Ly BEIWIINCEZ D 275 51X #(LiNLy) =
n+1MEODIDT EZRLTWAED, KEMICIEIROFREZRL TS END
M5, C DA R YRIE uy, .o upy WFAEL. LN Ly = {Cuy,...,Cupyy}
MO LD KT, LiN Ly ld Ly & Ly ORIPHEERICIZ D, T HIC CP? OKXN
PEESICE RS> TWVD, ZOILDEEIE #,RP" = #,CP" = n+ 11— T %,
EH 121 2 DFRO—IEICEHE> TV,

Hermite XFRZER M @D Lagrange 5877 264k L WROSRMZWGilzd & &, L%
KIFHZA R &S (Oh[8))e LAY g- LICHEWIINCE D2 X 5 7% M DIEEDIEH]
HFREZWL gL T

#(LNg-L) = dim H.(L,Z»)
MDD, HFE 14 KD, CP" DFEBIF KRB Z A MIRB T ehbhd, &
BT, EH1.2 & (1) KORDRDUED,

% 1.5 a2737 MY Hermite XIFRZE ] OALE O IR KB 2 1~ Lagrange
NEIKRTH %,

AR 1.6 n JotEE I Z Q,(C) TEI, @Q1(C) =CP'=52THD., TD
FIETHBKANKIENZ A S THB T LIFLLHMBNTVS, Qy(C) = CP! x
CP' = 5? x 5> THH., COHFDTHHOEIIKMN XA MCxB T L,
Howard[4] D7 U7z Poincaré DNTUCEEDWIRE 7 RM 22D FE T, AIL &l
BlERUTWVS, il b 3B A ZDFRIDOTFIET Q,(C) NODRIERD —FHH
DEILEKIBZ A MCAB T LRz, R1L5IEFINSDORERO—BALICTE >
TWa,
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2 GEEADIEE

Frankel[3] DFEZHIH] U TROMEZTTS .

R 2.1 ([14]) M zZEOIERIEHEIREZFED 2737  Kihler 2Rk L %, C
DEE, M ORI 737 b Lagrange i 2 A Ly, LW LT, LiNLy # 0.

287 DXIRZER DMK b —Z ZICBES 27T [10] DRGSR & i/ M B9
BH (9] DFRERD 5. ROMHEZE T ENTE S,

iR 2.2 Az 80 MXFRZEE M O o 2@ AR s —F A& 9 %, AINDIR
FZ)N—PRICEDEARIUAS Cc aZED D, SI1FIV—FRICE D HBRAE]S =
U;S; 4D, A1 Z M D o%E5E 5 —DDMKb—5 2 L, A NANExpS; # 0
5. ExpS; € Ay N AWK ANTD,

EH 11D Ly, Ly lE, 2.1 K0T h, 22 KORXXDIEZRET
EL LiNL 3Ly & Ly DXBEERICEZD T ENDN %,

M8 BFRZERE L, pe M &T %, plcIBl) % si0tFr s, OB sk
B F(sy, M) %2845 51 3 U

F(sp, M) = ) M}
=0

LU &, SRR M % M O plcBid 248 &5, fitld Chen-REH O
BALIEWEZTH D, Chen-EE [1) PE® [7]) THLIHANGNTWVS, M A3
737 M Hermite SFRZERI D56, 25kt ]\4;r & 2737 M Hermite X HRZE
ISR D, M ORE LICNUT LM # 072518 L0 M & M OEBICE S,
EHIC oD BMIINICE DS “DDERIE Ly, LI LUT, @ 11KD LinL,
WEHHEEAICR D728 LiN Ly C F(se, M) DD LD, Ko T

Ly N Ly = | J{(Li 0 M) N (L0 M)}
j=0

LIRD. Ly 0 Ly OPRIESHRH M D DO L0 M & L0 M DR
HIJRETE %, INSZFF LU TRNC X2 8EANIRIEIC K > TE 1.2 &
Bl1.3 ZRWITE %, EH 1.3 DRI TIE M Ot M7 IZ B3 % “DDIILDAL
XHOHIOE D THERIFNX R SHRWVD T, EHDIEFRIC TN EICER S, £z,
M BRI TH>TE M IFBEICE S LIRS 30, To & Z X Grassmann %
FEROME . ToTD/NE W DDA Grassmann ZFIADIEIC /RS, TDzD,
BT WEEEEZ 208N D 5,
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Generalized Finsler structures on 3-manifolds

Tokai University, S. V. Sabau

1 Introduction

A Finsler norm, or metric, on a real smooth, n-dimensional manifold M is a
function F': TM — [0, 00) that is positive and smooth on TM = T M\{0}, has

the homogeneity property F(x, \v) = A\F(x,v), for all A > 0 and all v € T, M,
having also the strong convewity property that the Hessian matrix g;; = %%
is positive definite at any point v = (z,y*) € TM.

T.M.

A Finsler structure (M, F') can be regarded as well as a smooth hypersurface
3 C TM for which the canonical projection 7 : 3 — M is a surjective submer-
sion and having the property that for each x € M, the m-fiber ¥, = 7~ !(2) is
strictly convex including the origin O, € T, M.

A generalization of this notion is the generalized Finsler structure introduced
by R. Bryant. In the two dimensional case a generalized Finsler structure is a
coframe w = {w!,w? w3} on a three dimensional manifold ¥ that satisfies some
given structure equations (see [Br2002]).

A generalized Finsler structure defined on a 3-manifold is amenable if the
space of leaves M of the foliation {w! = 0,w? = 0} is a differentiable manifold
such that the canonical projection 7 : ¥ — M is a smooth submersion.

The canonical parallel transport ®; : T, M \ 0 — T, M \ 0, defined by
the Chern connection (see [BCS2000] for detalis) along a curve o on M, is
a diffeomorphism that preserves the Finslerian length of vectors. Unlike the
parallel transport on a Riemannian manifold, ®; is not a linear isometry in
general.

This unexpected fact leads to some classes of special Finsler metrics. A Finsler
metric whose parallel transport is a linear isometry is called a Berwald metric,
and one whose parallel transport is only a Riemannian isometry is called a
Landsberg metric.

Landsberg structures have the property that the Riemannian volume of the
Finslerian unit ball is a constant. This remarkable property leads to a proof
of Gauss-Bonnet theorem on surfaces [BCS2000] and other interesting results.
Nevertheless a Gauss-Bonnet theorem on surfaces can be proved even in much
a more general setting ([ISS2010]).

Obviously, any Berwald structure is a Landsberg one. However, there are
no examples of global Landsberg structures that are not Berwald.

Generally speaking, since the examples are scarce, the problem of existence
of Finsler structures with special geometrical properties is one of the main topics
in modern Finsler geometry. The main tool for the study of local existence is
the Cartan-Kéhler theory ([IL2003]), and for the global existence, the contact
circles ([GG1995)).
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R. Bryant has proved in [Br2002] that there are analytical K = 1 generalized
Finsler structures on 3-manifolds depending on two functions of two variables
(in the sense of Cartan-Kéhler theory). Moreover, he gave the local form of
such a structure that turns out to provide a classical K = 1 Finsler structure
on the 2-sphere.

We were interested in proving a similar result for generalized Landsberg
structures on 3-manifolds in [SSS2010] and in the study of the global existence
of such structures ([SSP2010]). Here are some of our findings.

2 Local issues

Recall that a generalized Landsberg structure is a coframe {w',w? w?} on the
3-manifold X that verifies the structure equations

dw' = —Tw' A + WP AW, dw?=—-w'AWd, dw? = Kol Aw?, (1)
with Bianchi identities
dIl = L' + [w?, dK = Kjw!' + Kow? — KIw?, (2)

where I and K are smooth functions defined on X.
If we denote

Ol =dw!' + Tt AW —W? Aw?, B2 =dv? +wl AW, 03 =dw® — Kw! Aw?
0t =dI — Lw! — w3, 0? =dK — Kjw! — Kow? + KIw3,

we obtain the exterior differential system with independence condition (f L),
where _
T={0'0%063%00%, Q=w'Aw?Aw®#£0,

that lives on the 18-dimensional manifold & = F(X) x RS. Here F(X) is the
frame bundle of the 3-manifold ¥.
By means of Cartan-Kéhler theorem it follows
Theorem 1. ([SSS2010])

The linear Pfaffian prolongation (V(Z, Q),f) of the exterior differential sys-

tem T on Y is involutive. Moreover, the analytical integral manifolds off depend
on 3 functions of 3 variables.

Since the projection of an integral manifold of the prolongation 7 to ¥ is
also an integral manifold of Z, it follows that there exist non-trivial generalized
Landsberg structures on a 3-manifold X.

The next step is to find a construction method for the Landsberg structures,
and a local form.
We had obtained the following prescription for constructing generalized
Landsberg structures on 3-manifolds:
e Start with a smooth surface A with local coordinates z', 22, and consider
the functions m,u : A — R which satisfy the PDE

Mgie = Y12 4+ Yalat, My = —(Yimar — yam,e2) + u? + divy, (3)

where v = d(logu), i.e. %Uzz =;, @ = 1,2. The existence of such an m and u
is guaranteed by the Cartan-Kéahler theorem (see [SSS2010], Proposition 8.1).
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e Denote by g = u?[(dz')? + (dz?)?] the corresponding Riemannian metric
on A conformal equivalent to the flat metric;

e Construct the g-orthonormal frame bundle v : F(A) — A with the
tautological 1-forms o', a? and the Levi-Civita connection form o?;

e Lift the function m to ¥ := F(A) as m := v*(m);

e Construct the coframe {@!,©?, @3} on ¥ = F(A) given by

ma _ 1 _
@ zf(a?’—ﬁal), w2:%a1, @ =a?, (4)

where m = v*(mn).
Then, we have
Theorem 2. ([SSS2010))
The coframe {@t,©%,03} constructed above is a generalized Landsberg struc-
ture on the 3-manifold ¥ = F(A).
We obtain now easily the normal form of this generalized structure:

l _ _ u T?LQ 1w 2
~ [dt «d(log u) ~ (cos(t)dz sin(t)dz )}
_92 u

W= (cos(t)dz1 - sin(t)d22>, @* = U(Sin(t)dzl + cos(t)dz2>, v

where m = v*(m), mg = I/*(%%) and ¢ € [0,27] is the fiber coordinate over

z = (2',2%) € A. Here, we denote again the prolongation v*(u) of u to F(A) by
the same letter.

3 Global issues

We would like now to study the global existence of special generalized Finsler
structures such as K = 1, or Landsberg type. We have found that the theory
of contact circles developed by G. Geiges and J. Gonzalo ([GG1995]) can be of
great help. Let us recall that a 3-manifold is said to admit a contact circle if
it admits a pair of contact forms (a!,a?) such that for any (\j, \2) € S*, the
linear combination A\jw! + Aaw? is also a contact form. A contact circle (at, a?)
is called a taut contact circle if the contact form Ajw! + Aow? defines the same
volume form for all (A1, A2) € S'. This is equivalent with saying that the pair
(al, a?) satisfies

a' Adat =a? ANda? #0, o' Ada? +a Adat =0 (6)
is called a taut contact circle. If they satisfy
a' Ada' =a? ANda? #0, o' Ada® =a? Ada' =0 (M)

then it is called a Cartan structure.

One can easily see that, if (X,w) is a generalized Finsler structure, then
(w',w?) is a Cartan structure if and only if K = 1, i.e. we have a positive
constant Gauss curvature generalized Finsler structure.

Recall that a generalized Finsler structure with K = 1 is a coframe {w?, w?, w3}
on the 3-manifold ¥ that verifies the structure equations

do' = —TW' AP+ AW, dw? = —w'AWd,  dw? = W AW? — Jwl AW, (8)
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with Bianchi identities
dI = [w' + Jo? + I3,  dJ = Jiw!' — Tw? + Jaw?, (9)

where I and J are smooth functions defined on X.

It follows

Theorem 3. ([SSP2010]) Let (X,w) be a generalized Finsler structure
with K = 1. Then

1. the 3-manifold ¥ admits a K-Cartan structure (o' := w3 a? = w!) with
the structure function R=1—12 — J? + J, — I3;

2. the 3-manifold ¥ is diffeomorphic to a quotient of the Lie group G under
a discrete subgroup I of G, acting by left multiplication, where G is one
of the following:

(a) S? = SU(2), the universal cover of SO(3),
(b) SLa, the universal cover of PSLa(R),

(c) Eg, the universal cover of the Euclidean group, i.e. orientation pre-
serving isometries of R2.

3. the indicatriz foliation of (X,w) coincides with the foliation {a® = 0, o+
© = 0}, where ¢ is a one form on X that satisfies dp = (1 — R)al A o?.

In the case (X,w) is a classical Finsler structure this foliation is amenable.

Let us recall ([GG1995]) that the Lie group structure of G gives an invari-
ant coframe {a',a? a3} on G s.t.

dot =a’Na?, do®? =aANal, do® =cal Ao,

where {a!,a? a3} is the dual coframe of {e;,es,e3}, and € = 1 for SU(2),
e = —1 for SLs, and € = 0 for E. These are 1, 0, (—1)-Cartan structures on
SU(2), Ey and ﬁg, respectively.

If a discrete subgroup I is given, then {a!,a? a®} descends to any left
quotients. These structures are called the standard Cartan structures on
G/T.

Using these we get
Theorem 4. ([SSP2010])
Let (3,w) be a generalized Finsler structure with K = 1. Then

2

1. IfG = ﬁg or Eg, then there exists a discrete subgroup I' and a diffeo-
morphism ® : G/T — ¥ such that (al,a?) = ®*(w3,w!) is a Cartan
structure on G /T homothetic to the standard Cartan structure (o', a?).

2. If G = SU(2), then the same conclusion is true provided I is non-abelian.

Conversely, starting from a left quotient, we can show:
Theorem 5. ([SSP2010])
If ¥ is a left quotient G/T (T non-abelian for G = SU(2)), and (a*, a?)
the standard Cartan structure on G/T. For any invariant one form ¢ := @1at +
¢10? on ¥, let us denote by v the solution of dp = (£ — R)a* A a?.
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Then, the coframe {w! = va?, w? = a® + ¢, w3 = val} is a global

defined generalized Finsler structure with K =1 on G/T.

Let (A, g) be a Riemannian surface, and ¥ its orthonormal frame bundle.
The tautological 1-forms {6',0?} € STA give a Cartan structure on ¥ called
the Liouville-Cartan structure of (A, g), where STA is the unit cotangent
bundle ([GG1995]).

In the Finslerian setting, we obtain

Theorem 6. ([SSP2010]) Let (Ao,g) be a Riemannian surface of genus
g, let F = Isomg(Ag) be the orientation preserving isometry group, and let ¥
be the covering space of STAo/dF which is diffeomorphic to G/T, where G is
SU(2), E5 and SLo, for g=0, g =1 and g > 1, respectively.

Then, the Liouville-Cartan structure of ST Ag induces a generalized Finsler
structure with K =1 on X for an appropiate (Ao, g) and F .

Similar arguments give

Theorem 7. Let (X,w) be a generalized Landsberg structure s.t. K > 0,
K, =0.

Then,

1. the pair (oz1 =vVEKw? a? = w3) is a Cartan structure on X;

2. the 8-manifold ¥ is diffeomorphic with a left quotient G/T.
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Handle attaching in wrapped Floer homology and brake orbits in

classical Hamiltonian systems

ATLBE"
FUEBREER A G AT SR

BE
WHHNZ U R VRICENT, —EDOMET29 T3 )V F—liliim D Ficid brake orbit BEET 2 LW
fER (Bolotin I &k %) DHIEEIH%, wrapped Floer homology &9 AEEDEIHZELTEH5 X 5.

1 HENZIIVLF R

DUTVLIT 4w I ERAEZFD LOBE NIV 2T Ve X)) OMZENINVEUREVD (AL
B C°Wed2). YoTLIT 40 02k %E (M,w), N\NSIIVhZT7 V%R HETREE, ix,w=—dHIC
KVEXDZ M EOXNT MV Xy %2 HERNIJVIZT VT ENIIV MR MUGEEWS. dH(Xy) =0
0 Xy ORMENE H DD —ED L TA%EHDT, 52bNlkac RICHLT H Ya) D EIC Xy D
JEEASEDNMEET 20 E S S T EAENEZED. 2T, TORMEEEHANIIVE VRICBWTER
5.

FUDICHINI )L PV ROEREHIT S, N2V —< U ERk, Ve C®(N) 9%, TOLE, T*N
CEEREY YTV T 4y 7R wy == Y dpiNdg; A%, TTT(qr,...,q0) & N _EORFTEEETS

1<i<n

O, Di Ci%77/f/\~J:0) dqi ’ﬁﬁ\%ﬁj %Cf\, HV € COO(T*N) Ve Hv(q,p) = V(Q) + |p|2/2 Tiy)é
Y, (T*N,wy) & Hy OHIENI VP YRICAS. ThEHBNIVEYREVS. o= (¢,p) EBLTHE
Xi=Xpg, (z) ZEXETE, VERTFYYYvILETE N oSN

MEENS. HENI)L R VRICBWTIE, FRBROREICH U TROMENGEASNTVS !

EIH 1.1 (Bolotin [1]). N Z#U—< Y&k, V € C°(N) £3%. aZ Hy OIEANEE L, Hy'(a) DAY
R ReTBE Hy (a) D RICE Xy, OFABENMAET 5.

Hy'(a) NN =) DL EiF, NOU—<Vitaa I EFL oA 3T LT, Y-~ 2k LITIEH
WHAROAAET B L0 K<HMBENTHEHEN DS, Hy ' (o) BIC Xy, ORMEHENMAET 2 D005
(Maupertuis-Jacobi DJFHL. ZZ T Hy'(a) NN # 0 DIFEDRIEE RS, DL ZIFRDILD ID.

BE 1.2 (1)). NV,a ZEH 1.1 OEEOLETB. H(a) NN # O KL IDEE, | > 0BKT
z:[0,1] — Hy'(a) T2 = Xp, (2) 2D 2(0),z2(l) € N ZifilzT EDIEHET %.

* iriek@math.kyoto-u.ac.jp
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EM 1.2 OFM2N T2 © % brake orbit £ 9. Brake orbit z : [0,1] — T*N Wbd&, I: T*N —
T"N;(g,p) = (¢, —p) ZHWV Ty : [0,2]) = T°N &

{ac(t) 0<t<i)

y(t) = I(z2—1) (<t<2])

TEDZ L, Xy, OFMIEICES. DRI Hy (o) NN #£ 0 OBRBEEER 1.1 D0 0.
ZEDOHE T, Wrapped Floer homology &5 RAEEDEIRICEIT 45 R 2 ML, ZDOHRELTLED
EH 1.2 N8B T L ZFIH L2,

2 Wrapped Floer homology
2.1 Liouville triple
T DT, wrapped Floer homology &, 3 Dl (M, )\, L) TH> TRE7=TEDICHLTEHKT S ™!

(1) (M,w) EEEREFD 2n Koea 37 S 2Rk
(2) L& M O nXoea Ny SEET, OM ERWINICRZ D> THY, OL=LNAoM.
(3) A& Mt 1BT, KENT.
(@) (M,d\) &> > T Lo T4y 7 2Rk
™) Mz =0.
(©) (OM,)) BEMERATHD, M OMEHLFEEIND OM OFZITDONTAA (V)" > 0.

TDOKS7% 3 DHZKIC Liouville triple ¥ FERT L1295, F (3)-(b) &0 Lk (M,d\) DS 55> 2
NERATH B T LICHEE N,
2.2 Liouville triple D5efiw(k

Liouville triple IZ X3 % 52 ik & W5 HAEZFHT 5. (M, \, L) 7% Liouville triple £ 4 %. TD& &
i:0OM — OM x {0};z+ (2,0) EBNT

M := M U; OM x [0, 0)
L:=LU; 8L x [0,00)

L. EBIC, Ae QY(M) & A e QY (M) I

<A (on M)
| e"(Nom)  (on OM x [0,0))

THIUFD (272U r & [0,00) RO ZEET). 22T (M,\ L)% (M, A\ L) D5EHELENS. TDEE (M,dN)
BV TLITF 4 VERKTHD, N; =0THB. FHT L& M D55 a2 RATH%.
23 M EDNI V=TV

Liouville triple (M, \, L) iZx9 % wrapped Floer homology WFH, (M, \, L) DEFIERD BRI 73
n5.

*1(3) BT X BRITHBY, SOHMCETNTIHTHS.
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(1) TRWHE ZFD H e C°(M) it LT, WFH, (H) ZE#%7T 5.
(2) WFH,.(H) % H 2 DWTHiR% & % & T WFH, (M, \, L) ZE#%T 5.

TTTREY, kD (1) TONE TRWHE] L AAFHI LY. H e C°(M)IZx LT,
C(H) = {z:[0,1] — M | 2(0),z(1) € L, = Xp ()}

EBL. Xy DERTZT7u—% ((pt)t tBE, reC(H) WX LT, dcpl :Tw(O)M — T.L(I)M yak ngl(Tl.(O)IA/)m
T,)L =0 Zilirzd L ¥, 2 BIBMETH B LS.
ETC, He C®(M)IZxtd 3 TEWHE) LT, RD=D%EZx% !

(1) %2 1r9>0,a>0,b € RMWFELT, OM X [rg,00) ICBWT H(z,7) =ae” +b &HFIT 5.
(2) C(H) 3HEMRES.
(3) HEED z € C(H) IFIBEIL.

Chbzd H e C°(M) 2hD%ESE H(M) bELTLICT 5. £, a,bld HDPDRESZDT ay, by
&L

2.4 Wrapped Floer homology

H e H(M) IZ#$9 % wrapped Floer homology WFH, (H) OE#HZHIT 5. £, —fRkic H € C=(M)
KR UT, C(H) DIBMEAITICIZIEBMNERTEZ S, BRIIHIC ZETERTE S LIERSZVA, X’
T (M,L) =m(M,L) =07%5IX ZETEXRTE, 3HITIHRETIHAICEIIDOEMAZIH LTS,

k BB T 5. C(H) DSk OTLTERE NG EH Z, MEEE WEC,(H) #<. # WFC,(H) —
WFCy,_1(H) ZEHT B0, M LOBEERGEDIKE J = (J)o<ic1 BE 5.2

2,y € C(H)ITHLT, u:Rx1[0,1 — M TH->THFER

Osu — Ji(Opu — Xy ou) =0,
u(R x {0,1}) C L,

u(s) = z (s > —00), u(s) —y(s— o0)

EiEIE T EDRROEAR My s(x,y) £EL. EEL=ZDHORT u(s) 3544 [0,1] — M;t — u(s, t) %
LTHD, IHIF C® kLT3, EOAERRIE s KOV THRMEZHODT, M(z,y) IKIEERE R EH

o-u(s,t) =u(s—o,t) (0 €R)

WEES. TOREAICES M(x,y) DRi%E M(z,y) L5, J % generic iIcE %L, M(z,y) & indz —
indy — 1 ZtZHAOKGEZHFD. 510, indz —indy =1 DEEX, M(z,y) FERMESGEKRS. 2L
T, W5 9y.y : WEC,(H) — WFCy_,(H) %
omsle] = Y tMua(zy)- ) (v €Cu(H))
y€ECK—1(H)

TEDD L 0 ; = 0D E, EHICHA (WFC.(H),0y,) DKREFE—TIE JICKBHWT EMFEAT
£%. £T T, ZOREQI—H%Z WFH,.(H) £FHE, H O wrapped Floer homology &\9.

R, & HIHd % WFH, (H) ORIE%Z & > T WFH, (M, \, L) Z&#%9%. H H e H(M) D ag < ag
Rl L%, Y% PDE OMOMEEERZ B T & CHERE oy - WFH, (H) — WFH, (H') ZE#3 5 C
EMTES. £, ag <apg <apgr DL E

SDHH” = SDH'H” o (IDHH/

2 T = (J)oci<1 BOK ODOEIEHITBERDZN, TAUSDONTIEEMKT 5.
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MIKDIID. ZTTH(M) ICBIBBR <% H < H < ag < ap TED, FEFES (H(M),<) Ok
TR Z & > T
WFH. (M, A, L) := lim WFH,(H)
HeH (M)
&9 %. WFH,(M, )\, L) 7% Liouville triple (M, \, L) ® wrapped Floer homology &>5. Wrapped Floer
homology IFRD & 5 HEHAZL M 2FED !

RE 2.1. (M, )%, L)g<s<1 7% Liouville triple D 507l &% &, WFH, (M, \°, L) = WFH, (M, \', L).
COMEND, EEBICREES !

% 2.2. Liouville triple (M,\ L) & (M,N,L) i€DWT dx = d\N & 51& WFH (M, )\, L) =
WFH,. (M, X, L).

SEBR. (M, sA+ (1— s)N, L) _ P 2.1 %2 O

0<s<1
%2250, WFH, (M, \, L) & d\ B CHE>TWB T EN G, 2T T, LI LIE LIE WFH, (M, A, L)
% WFH,(M,d\, L) £ &L C Licd 5.

3 ERER

3] DEMRZFIHL 2V, REIZBCET N ZY - VIR, Ve C®°(N) &L, ald Hy DIERIET
Hy'(a) &3> 7 D Hy'(a) NN # 0 &35, ROV EN 53w TRe T N TES.

W& 3.1. D, := H," ((—00,a]) &BL. TDEE, D, LD 1K 4 TH>Tdp = wy B (Dg, pt, Do NN)
A Liouville triple £ 725 & DMWMFEET 5.

KW [3| DFEAERTH 5.
' 3.2. p WM 3.1 OZMFETE 513, WFH,(D,, 11, Dy N N) = 0.

dp=wy &0, EFH 3213 WFH,(D,,wy, Do NN) =0 L& C LIcEEEnizn

JERR 3.2 IMBIER 1.2 W8T 5 T L ZFIH LT, o D 3.1 D&M=z & L, R%Z (0Dg, pn) LOL—
TRY MV, T ig(dy) = 0,u(R) = 1 iz T DT 3. du = wylop, THZDT, dD, LD
i RR & RXy, 3—59%. Lich > TEM 1.2 2R3 72dIicid, R OB :[0,]] — 0D, TL >0
D 2(0),z(l) € N Zifilc T L DOEFEEZ X RV, ThiE, ROMENSHES ¢

& 3.3. (M, )\ L) % Liouville triple £ L, R 7% (OM,)\) EOL—7X7 hUFET 2. R OFE IR
z:[0,]] = OM TI1>0MmDx(0),z(l) € L Zi57z3 L DMFHELEWVES, WFHL.(M,\, L) = H.(L,0L).

W 3.3 13 L EOAEITE— ATRADREIC X DAAE MDA, a3, &C, Ho(L,0L) #0
THBHDT, WFH,(M,\ L) =075 R OB 2 : [0,]] — OM T 1> 05D 2(0),2() € L Zil§f=d
LOMWFET BT EDB. ThE (M, A, L) = (Da, p, Do 0 N) 1286 UTHEATNIE X0

BRI, EEE 3.2 DFFAD SR HIAT S

(1) £9, WFH,(Dg,wn, D N N) & Dy NN OWZEHREEORIC L DIRE S T & 7233, T wrapped
Floer homology DZEAZN: (M 2.1) NERBHES. TTTIHD,NN)=H,'(a)NN #0 TH
2DT, Dy NN BFZETHRVERZRDOA NI F2RATHS.

(2) KT, Dy NN AP DN 8y ERRS SIS EHNE LW EART. Thud, EHICR-> TEKE
MICETET 5 C & Tl D BNS.
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(3) RS, Do, NN O+RaY—% kYR (1 < k < dimN — 1) O Mc KO EZTE
WFH, (Do, wn, Do N N) WEDSRNT & &2RT. BRDZETR n Rt 237 S ZRRAIE, I
D" OAMREANCH LT k=Y RV 1<k <n-—1) ONINZHRDETLTRHRLENEDT, (2) Ldbd
®T D, NN BH—ROGHICEEHMPIELNT LN 5.

Symplectic homology &WH RZERICH LT, (3) LML (KD —RiNR) #iERH K.Cieliebak IC K D [2]
TRINTED, (3) 1FZFDFEHED wrapped Floer homology fR& W2 5.

BE R

[1] Bolotin, V, Libration motions of natural dynamical systems, Moscow University Bulletin, 3, 1978.

[2] Cieliebak, K, Handle attaching in symplectic homology and the Chord Conjecture, J.Eur.Math.Soc,
4, 115-142, 2002.

[3] Irie, K, Handle attaching in wrapped Floer homology and brake orbits in classical Hamiltonian

systems, in preparation.
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HHMADEA T B IVEBR E Kummer #iH

EZ2HIPN
FERRARZBEE AW R T AR

1 F

Afald, BORBEFIEE GrafEk?) & OFEMIE (6] DN TH 5.

HHRIAD J1775R & &, RN D 21 3 ZoTHlshE DA% Riemann FHEICEIT 2]
HIBRD NHERD T L TH DD, 5E2M7 nHe7R Hamilton /12RO MBI TH 5. HHEMIAD
BN, RTINS R AR ORMEN T4 T dH % Hamilton JJ1ZEROBEHIOEIEZE L T, fAiH#)=
ICBE9 % Euler AR TR EINZ T &5, D Euler SO HIRIE, 2 DDFHE—H
77D 3 X7t Euclid ZERNCAE 2 &AL 2 it 4@l n & Lo N5 (52) FHMhHRIc—809 5.
EHIC, AT ROME T, Euler SEICHFEZR/ 3T X 2] & Lax /X (Manakov /5H0)
ELT BT LIFHNATHS. Lax TEADEHEZRDOMEIC K > T, Manakov /7RISR L
T, AT M)UER (S ORBURE AR TH %) REENY MVER (EHXT FIVIERRR)
MERINS. 2T TR, TOAMBAADEANY FIVEBRICBEIL T, ERERBOEMEZNICERL
fzuo.

BT MVEG ([FEHXT BVERR) OEEREGEAAERICOW TR, P. A, Griffiths
M, [3] TEO—MD Lax /7R DONT, EENY L2 AT NVHHERD b 2D, o)
HFRD TN T AR F SENTZERIBROBEHREL, Lax AREXOTRNOBRE/LIC DOV TIFRE
O Y—mNRRE 5 2 T s, HAEMIAD Manakov SRR E Griffiths OFGREH TE % —fl &

EANT BIVEARIC DOV T X D RWEBEARIRGE 2% C L2 HIEE T 5.

FiF, EOoMfEERIELTEAZ T LICE> T, 3XTHHAADER T MIVEME, &
R & AT NOVEIERD 5 75 2 ERTR Abel #hiiih S @RS FHAO AR ER L A5G T LN
TE3. AT, TOEMRGHROMEICOWVT, EEREMIHROBISENSER Uz, A
xR ERERE LT, COEERIEGN5H % Kummer HIfINE 5N, FHUCK > THEBIGHO,
fRmMG26N5T ehnhd. 5L, TTTHELMNS Kummer Hhiicid, BB X TAXRY
RVl D B RGN D IERI AR DRI HIE S 2V < DI OFEH T 7 A 73— 22 M OREE N &
BT N> TED, EERIETHEDD 5 MHEFHIROR 2L, 3RO E Cremona 251
KX TENSDMDOBEFEMNGEARTEZ T DD > TS, TNHEDHEMIDONT, BiGSET
W& XY

* JSPS Research Fellow, E-mail:dsktrm@amp.i.kyoto-u.ac.jp
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2 Euler A#8{ & Manakov AT

Jr TRz, 3 XoeHHMHAD J1¢5R & 1& 3 Xotlhlfizkf SO(3) DEAZ Riemann sHEICE
T BHUHARDTIERT, RIEH T*SO(3) L Hamilton J122RTH 57, Hamilton 11222 DER
YTV TT 10w 74, &% Vid Euler-Poincaré f§i#)) OFEEZHWVWS & T, fAEHREAY
MV p e R®ICEIT % Euler 5220

dp -1
= = A
o = PX(ATD)

k> THIBENS & LTI, #EL, x I3 R OEHONEEEL, BIKOM-5%55bI I
‘ﬁ?vaAﬁEﬁ3x3ﬁ%ﬁWT%%.C@ﬁ?%d,&h?@%#ﬁ%ﬂ@ﬁ:%ﬁA*n

1 . . . .
L(p) = 5pr &, Euler FEXOBSENE, H, L O%6i2 XiifioH&ESs & LTHEON
ZREMHER C 12 —8T 5.

Euler 5#2:0Z Lie BROFE R : (R3, x) — 50(3) IC K> T,

dIl
— = [II,Q
=9

LEXMZENS. TTT, I:=R(p) & Q:=RAp) &, ABDSEES 3 x 3 /NFMTH] JIC
X BHERBARA T = JQ + QJ 2. GEYZEERZEAT A = diag(ly, I, I3) £9Hd,
J =diag(Jy, Ja, J3) = diag(ls + I3, Is + I1, 1 + I3) £75%.) 95 &, Euler FREXMRDIST A
2} & Lax /7 (Manakov /7#2X) L[HfETH 2 C L XEHICHENI DO DBND !

S ar) = [ a2 a4,

7L, Ae CASTARTHS. Lax HFEROMEEICED, 3 x 3175 1T + AJ? OREA IR
MAICIR > TAETH S, THUC K> T, BEAHEN det (T4 A2 — pE) = 007 7 7 A VT
C2: (\,p) ICEDBT 7741 VD 5V ZORME O C Po(C) BEZ BT LERDZN, Th
ARG NVHIFRE WS . AT MV G MR TH 5. HiE, 2 D0KMI C & ¢ ki
A ZIEET % T LICAMAEMIRTH 5. (1, 5] ZBKoT L)

—F, FTH] I 4 AJ2 OEHEE p BT EENZ Fb v = (o, 8,7)" € C3\ {0} IZDVWTEZ TH
%. MIRIEHD, ROMESRRDHZENS

JEX—p  —ps P2 a
(IT+ AJ? — pE) v = D3 JEN— 1 —p1 B | =0. (1)
—D2 p1 J??)\ — M Y
(1) IEDWVT, —HRDOEEEISHFEN G HMTH 2 Z LIHERLTHBE VL. L >T, — KD
EANT FL v BEBUEOREEZBRNT (1) I& > T—ENICREE NS, REITIE, oA
N7 RVOERNBEET AR DOV TER L, AR TOMEREZIEIC L, TFEARRICH
LTHibR%.
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3 BEBEANY FIVEGORERAZF

HEIORBICRRE S 12, BHENY R v 3RS ERIEOREND B3, Py(C) Dk #s
TCENTES, BB (1) 1, B C LM (pr,p2, ps) BECARY MUHHR O 10
B 0) LT, 8 (a: f:9) € Py(C) ZRISDOI 3HISEED TS LEZ BT EANTES.
2L, TOBEEXRNT MV IZDWTRDES RIS HAS -

1. BSMER C & ARY NV O OER) B EENETH Py(C) ~O (HIED) 55
2. B C FORTI8T AZMF BN ARY RV C' DB Py(C) ~DERIEROE
3. AT R VIR O EORTI8S A 2 S NTRGIER C D5 Py(C) NOERIFHO

JF etz Griffiths OHEZ J71E 2 DZNTHB. L L, BAHICIE 1 ORI TN —BENTH
D, 2R3D|AAZEBL TS, LEEDN>T, 1 DA FIC LIz TEZL, %I 253 D
MTEREL THRL.

22T, (1) % 2 SOMMHROTR C x O 75 Py(C) ~OHIME (G

[:CxC' —---— P(C)

EHIRUTEDNEZEERT . 12120, OO C £ AL T, P(C) ND 22D
2R DTERRXEEBZRZDT L LT 5.
KB, HEARNEAERTH S, ARSI KT TR S,

EE 1 BEAXTMVEGR f:.CxC' - — P(C) KR LT, Kummerifiifi S WENTRD
fENGZ 5N %.

IEHIEB S — P5(C) & Po(C) DH 5 2 il & 4 kiR L TR SN S 6 Rtz 77 A+
LB 2EMETH, AHMERC x C' — - — S IFEFEY Abel il C x C" OREFIC KB
M OIEREER L (Kummer M OBERNZERICZ > TV5S) TRLHNS.

REFITHB KD, LTEFEEGRY MVEBORZ T 2BXU 31k, FhEhcTELN
% Kummer i S IS/ T 7 A N2 ONSEZRED S T bbb 3.

4 Kummer BIME S & SR D EAIFE

WEIOEGNY MV f: C x O — -+ — Py(C) IEDWTELT 3. LLEVEHERFTS &,
COHBRIES [ 13 P(C) D2 -2 BB THAONB T EHDNS. (a: f:7) BESICHE
ZHLUTHRENS Py(C) DFRERE (A: B: O) V5 &, ZONKETFERDE S ICHEbE
ns:
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() 2 FU5TE dy @ 2 R Coryr A2+ yo B2 + 350 = 0 5K T 4 Ul Q:yr B2O? 4, C2 A% +
3 A2B2 = 0 OF1E LTRBNS 6 JUllifin /s 7

(i) 2 W dy 2 T Con A2 +ya B2 +y3C2% = 0, C1:B? = C2, Cp:C? = A2, C5:A2 = B2
DRIE LTEEBNS 8 KA/ T

12120, y1, yo, y3 &, T 20V A OREAE GEMEEED & FIHEICOAR K BR80T y1+y2+ys =0
iz

TTICHND 2 KR Co, Cr, Co, C3 BRTUT A XIRE Q ICEL T, ZOREZFAND &KX
DESICHKEBTENDNS. Thbb, 2R Co, C1, Co C3FITNTAE(A:B:C) =
(1: 41 : +£1) Z@ 2 M#EHERO XV VB L, Oy, Cy, C3 3 ZOREMMEMR (ZhZh
2HEMOM) TH3. P(C) LO—DONEICH S 4 fi7z2105 M dhiRiE 20Dy >
VBT EIERENTY. £ie, BRRAEMR C, Co, C3 D2EMORFIEZNTN
(A:B:C)=(1:0:0,0:1:0),0:0:1)THs. —/, 4RMQ IcDOVTI, T
NFA4R(A:B:C)=(1:41: 1) Zl@OZDOEKT Cy LEITBH WD MNE. L
L, QWE3HM(A:B:C)=(1:0:0),0:1:0),(0:0:1) CHEHHF2HELZFD. £,
Avs B 5 O L 75% Cremona Z2H 7 6T & gk Co & 4 KR Q LIETICH
DHH>T bbb, 45 (A:B:C)=(1:41:41) & Cremona £ 7+ DEERTEDH 5.
ZTTC, 2HEHYHE d 1ICDOWTERS. DIEAT Cy + Q WRES 2R D, ZThefiELic I
T2EWEZLZLICTS. TNHOREMTTRNTHMRNTH S0 5, F5NSIERE
S EKIMHTHB T ehbhd. (S, 6 XMFRTHIET S Py(C) O 2 HEiEIX K 3 Hhim
THBETENDN>TVS. TOTLIELTIE, ez, 2] 28O L) R AMIIEEA
FNICIERDE S99, £F, QD3 DD2FM (A:B:C)=(1:0:0),(0:1:0),(0:0:1)
TIOA—ATT T2, K0T, QL CoDAEHE (A:B:C)=(1:+1:41) DFKHETT
a—7 v 7L, {A2OFNIRRED Q, Cy DEELEN DB R TETU—A VT T v T =275,
CORBET, 2EME & ONKRTFIIIREREED, 55N 5im S LIRFRTH S

BT, 2FWHE dy MEEETT, SO 2H WA dy ONIEETIE, S EOHWMIRDEREN1
6 ADHORNE —2 DI TH 5 EHENIDEND. 2D &ICL>T, Sid Kummer Hhim T
HBTEHRENS. (2] 28M1.)

Db, B 1 OFEREIKIERENzC LR D, 51, Kummer Hii S &0 < D OFEH
MirOMEZ D, TNZRXNBBRICAERZDOE, UTOERTHS. (7 253H.)

EE 2. K 3l X ICHCRXE —2 ORI 552 HWCRZb 5RVE RN E 0 DET
Dy, Dy BEZBNTET S, COLE, X & P(C) LD Dy, Dy BEET 7 48—IC b
DM ORSEN A 5.

TOEIZEH, EHICFFLWESZRTTS T LT, Lidd Kummer #ifi S & Py (C) ED4D0D
Iy BURERL T 7 A N— (RGN ORFEE 7 7 A N—DNFHEFE LN T &1, [2, 4] ZBBL TV E
720 A EOEHMIHORET, UFOX I ICHEOI 5N E0MELNS :

o FEMMIM 9 : S — P1(C): 2FEME dy : S — P(C)IZX>T P(C) LD 4 (A: B :
C) = (1:%1:+1) Zi@5MHHEMRORV IV EFIEDT BN S.
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o FEMMHhT mi,m0: S — P(C) : 2EHE dy : S — P(C) &> T P(C) LD T (A: B:
C)=(1:41:41),(1:0:0),(0:1:0),(0:0:1) Z3@ED 2 XKih#r Co & 4R Q LICF
NZNHET 2 IRMFROBEE DT BND. m & me &1 S OECHMEHRTEDHS.

R 7, 7m0 DT 7 AN=ICHIET 2 P(C) FO T (A: B:C) = (1: 41 : £1),(1:
0:0),(0:1:0),(0:0:1)ZEb 2K Cy & 4 KR Q LiIcENZTNHT 5 3 KhiRl,
V1G24 y2q3 +y363 = 0722158 1, @2, 3 BT, 1 A(B%2—C?)4+¢B(C—A)+¢3C(A—B) =0
EHEDLITENAHETHS. TNHD 3 XHFRIE, SEICSNTz Cremona £ 7 ICDWTAZET
HBTENEBIHENDENDS. (—F, 4R Q & 2 Rith#z Cy 1& Cremona Z#t 7 I K> TH
WICBDHSDTH-7z.)

TTT, 3TNz, BHENY MIVEBDONWL DODDOEAHICDOVTEOMZ > Tt
e, ARROETE, BEAEXNT MVEREGHBUER f . CxC' -« — P(C) Tholk
W, AT 20X, HOHIRE C LOFRT/RIARXFFENTZAXRT MVEER C' 5 P(C)
NDEHIBGOE, £FEZ22Ld, £, HAH 3 DXL, AXT MU ¢ EORT
IRT XA ZFTF SN C DD Py(C) NDIEHIE4OK, EZ3CLEAHETHD. H
&, TOWRAN 2 TOAXRY FIVEERD 5 D ERIEBR OB OFIE, ETEHNz P(C) LD 75
(A:B:C)=(1:41:41),(1:0:0),(0:1:0),(0:0:1) ZD 2 X Cp & 4 XithR Q & ic
FNFNET 2 3RMIROBETHZ T ENVDPLEVEIRICK > THEM LN, LENST, 2
5 2 WEAE M 7, T DHIST B T WS, 5T, AT 3 TORD IR S DEHOG
DffEIE, Py(C) LD 4 (A:B:C) = (1:41: +1) Zi#li 5 MEEROX )LV kb T & bh
%. £oT, #A)5 3 1FMEMhTE mo BT 5.

BE R

[1] M. Audin, Spinning Tops, Cambridge Univ. Press, 1996.

[2] W. Barth, K. Hulek, C. Peters, and A. Van de Ven, Compact Complex Surfaces, second
enlarged ed., Springer, 2004.

[3] P. A. Griffiths, Linearizing flows and a cohomological interpretation of Lax equations, Amer.
J. of Math., 107, 1445-1483, 1985.

[4] K. Kodaira, On compact complex analytic surfaces I, I, III, Ann. of Math., 71(1), 111-152,
1960; 77(3), 563-626, 1963; 78(1), 1-40, 1963.

[5] I. Naruki and D. Tarama, Some elliptic fibrations arising from free rigid body dynamics,
preprint.

[6] 1. Naruki and D. Tarama, Eigenvector mapping for Manakov equation on s0(3) as a branched
covering of P5(C), in preparation.

[7] 1. I. Pjateckii-Sapiro and I. R. Safarevic, A Torelli theorem for algebraic surfaces of type
K3, Math. USSR Izvestija, 35(3), 547-588, 1971.
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AT — Z — 2 ARE ORI K S

ARER K
REURAREEGREER 2R

1 =

AFEHDO FAERIIROBED THB. V—<VEMEK (X, g) ITH L, py €
X 2R &9 55 r ORIMERDEIEZ V,(po,r) £ T &ICT 5. C
DEEMAED3I<a<4IlTHLT,

0 < liminf —Vg(po, T), lim sup Vo(po, )

r—-+00 ro r——400 r

< +o0

it fe 99 4 Joeseli ) v FHEERE (X, g) BFHET 5.

2 U= VSHEOFEEERE

)= VERE (X, g) IR U, py € X ZHULE T 2% r DHIHIERD
KEEZE V,(po,r) £ELTEICTB. TDEZ, V(po,r) i&r > 0I1CBLT
WA THO, FETH ST LicHR L THL.

TR 2.1. FEDRBEIE f R — Rog ICH LT

T TRl o
Zefilz 9 7% 518, TOMBFIEE V,(po,r) ~ f(r) THBEEDS.
RO, Bishop-Gromov D HEGEHE K D HES .
g 2.2. (X,g) ZV v FHREP FNCHERZ) - V2K ETS. O
EE, EED 2R py,p1 € XITHLT
Vy(pi,7) Vy(pi,7)

0 < liminf -2 ., limsup -2
r—+o0 Vy(po, 1) r—+oo Vg(Po,T)

< +00

< 400
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ANDAVACIVSS
A 2.2 12 K> C, B REDRD K S5 ITERETNS.

E#E 2.3. (X,9) 2V v FHENFERTY - U 2HAE T 5. JEk
DIRBIBf  Rag = Rag &, B py € X ITH LT Vy(po,r) > f(r) &7
X, f(r) 7 g DRREIERE EMES, 2.2 KO, (RBEH RS 1l
BROALL pg DELD I B IR0,

CCETRIVYFHBENTNICAERTHEZEZIELTED, THIC
i<, Uy FHIRDIEE TR S IERD T & A Bishop-Gromov D iR E F K
DHES.

e 2.4. (X,g9) DV v FIRIIEATHS LTS, TDEE,

lim %(poa T)

r—-—4o00 rn

MAET . Il ln=dimX TH5.

242 S WVWHZ 5 &,

() FHRDIEATH S KD & n Doty —< 2 ZRAIKADARBIEKE I,
=R Th5. |
EWVWH T EZFRLTWVA.

< +00

3 FEAVNNY bREET —Z—Z%E
£, M — 5 — LR RZBND,

E&E 3.1. (X,9) ZFin L) = VERHKEL, I, L, 3% X LD
FEL T 5. i, g FEEFEEE L ICBALTTILI—FEHRTHZ L
5. (I, 1o, )W I? =12 = 12 = [ 1,13 = —id Z{ifi7z U, &R 28K
wi = g(Lir, ) BB TH B L &, (X, 9,11, b, I3) BT —F—2 kL
W5, £z, T g Zr—J—itsEMT5.

& 3.2 RO —I—5HRIEY v FHHTH . HUCHRIEREDE
N, mdE 2.4 KO ZOEREIE &AL rImY L7535,

C T T, RaZuodEa sy bt — o — 2k Db & 7 DO1AR
BREZ N DMENT 5.

- 156 -



RF 22—V R2E[H, T 2 HHEHENE F—F AL U, RF x THC T
NSDEMHEEZANS. TOEE, F=1,2341HUTR x T+ &
JETST FHEE T — T —ZEATH D, REEREE F THS.

RIS TRV — 7 — 2D H 22507 %. T 7% SU(2) DEBRER
LTS, SU2) I CPANDHARIEAZRDDT, T & X7 CIT/EH
9%. £ T, C?/T D minimal resolution 2

m: X —C*T

£9%. ZCT,E:=710) B L, nlx\p: X\E — (C?/D)\{0} I
DEIMETH A EICHEETS. iz, r 2 C¥/T LD OEEE H
5HIRIETS.

EHE 3.3 ([8]). X RICELANOWEZ T 3 5eWiEr —F —dt& g hYF
1£9 5.

gi; = 6;; + O(r™™). (1)

122l g & () g D=2 Uy FEKE {21, 9, 3, w4} ICBET 2 PERER
RCHO, 6; 1702y I—DTIVE (bbb, 21—V REHEOME
HERR)THAS.

(1) OMEZTz 3V —~< 2Rk, ALE (Asymptotically Locally
Euclidean) I EMHINS. (IEFEICIE, g OO DEIRIET LN BN\ E
F—H—TWET S LEFXMHCTDHS.) T H, ALE LIFKMHEIC
SA TEEETOXEHNI—7 Y v RErRICARDTIEVEIE] EWVWIE
KTH%. (> T, €M 3307 —7—stEOEREEREE 1 755,

FRDIRRT, FRCT =7, (k> 0) D& E, X LIIFLLFO K57 ALE
TRVEHROFEEDHISNTNS.

EE 3.4 (7). T=2Z (k>0)DEE, X LOFEHBr—5—5H& h T,
AR RIED 13 L7122 & DIMFET S.

CDOEIIT, REHEAREED 5 (k > 013580 & 75 201, FHEMSFHT
RO THIEET .

CAUTHEL [2][3)[9] Tk, RREIAREDS it & 75 B 52 2n JUTTER Y v
FHr— 5 —HEAREN TS, #5T, n =2 LT HUTH 4 IUT
S — S — MR TR A /3 L1536 DBMHET B C LD
.
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4 AJHET—7—ZHREOEREKRE

TEPE 3.3 T \7z ALE Z2Riid, T = Zyy D & ZIXRFIC A, T ALE 25
EMEEND. A, T ALE ZE[#I39]% Gibbons & Hawking IC & - TR E
N7z [4]. WO OMBIEE, b+ 1 HD/IST A—2—ZRINREL, H5HF
BEEICHED & by = k DFEARTLEwl T — 7 —ZHAADMI T E %, &
WHIEDTHS.

ZUTxt U Anderson-Kronheimer-LeBrun (&, PJREEREDI/ ST X —
22— HHFE LT 4] EFBROFHZE ZEET &, by = oo DFE 4 Kyl
r—I—ZHEDRENS 2R LI [1]. £z, RICEBTr—o—25k
EIBTr—o—E LTEMKTES T LD GotolCK>TRENT VS
[5]. B K > TR E NI T DR 4 Toe5elitr — o — 2k, RiE
T AL By — o — 2K LS LICT 5.

[1] TiE, FEEDINT A — R —DZEf

(ImH) := {A = (An)nez € (ImH)*; Z

T Tn < 400}
DHTEN € (B IH LT, A T — 5 — SRR (X, 02) AL
TW3. CCT, ImH = R (VU e BB H OFEED 5755 3 RTDik
’\WF'E'?“C%% T 5L, ZRIER X, 33T A—2— XN DD FIHKS 7m0
75\, E}T‘_7’_n+£ g =4 Lgﬁ:\ Lfﬁ:b% %%Ci, %’ A L;jﬂ‘bf g,\
AFEH KRS 2510 L, LU N OFS R Z2 1572

EHE 4.1 ([6]) TED N e (ImH)OZ & Po € X bc—:_)ﬁ‘b, ‘/gA(po,T) &

0 < lim inf Vor (Po, 7) < lim sup Vor (po, ) < 400

r—too 1271 (r2) T s 7275 H(r2)

Zhilc s 7oL, BTy Rop — Ryg U

R2
nB= 2
nez n

ICX>TEHEEINS.

KRS, A2 £ e TEM41 25 T LI XD, XD K S Ikt
KIE xR DM —Z — 2k DEEZ /R L Tz,

EE 4.2 ([6]). [TED3 < a < 4ITRL, AREBRENS o L7525 K57k
Ao T8 r —Z —Gt 8 g\ DMFET 5.
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i BRAA DR 22 e e DV T

HTH 283 QLB AL T 2A)

1 ZC&IC

ARG, MARRHEE (RBOR:) & OFLREIIZE (9] 1o D <. (R HHAIC 351 2 Rekat B O fE(E RE
&, Z DEEORA AL R GROEM TORIEN & OBFRA R EN ([13], [14]), TNE TICERL 58
M DERNE ENTE Tz, FRTEA N T — iR T — T —5r2OFEMEIC BV TIELL FOFRENAIS N
THO, BIELIEFICITERICHITENED SN TN 5!

¥#8 1 (Donaldson-Tian-Yau T4, REZ KA (M, L) IZDWT, ci(L) BEA L T—HRr—o—5ta
BEOIDORBRE MG (M, L) D K-ZETHBTETHAS.

—J, W — I —REDTFEIC DN, EDO XD BREEWDMIGL TVEDhE WS HEEZEZ S L
MUK A, 2O LIS DWTIEBHEDHT, WA Chow-Z¢E 1 ([8]) LA K-Z0EM: ([12]) WIS N
T\ %. Donaldson-Tian-Yau FREDEHZDO L E LT, U TFTOFENNSENTWS. WS (M, L)
DOIEAIE S RPEE Aut(M) ORI > %7 MERDEE K IZDWT, 77— ¢y (L) I B — 5 —
NI MGV € € =LieK Zl%. T 2 G OB N —F A T TZOMKI >R 7 RN K IZ&
EN, TSI YDPEKRT S 1 XN =T A 258X 5B EDR2RNSRZEELE L, T € T, Z[EE
T 5.

T 2. RIZEIA (M, L) ICDWT, ¢ (L) DT — 2 —3t@z i Db O EA 756 (M, L) I8 T
WK U K-ZETHHTETHAS.

AGEEH T O PRUCD 2 FANZRE L LT, 55N DO ZE DB DBIRIC DN TE
%9 %. T € Tnin EWRELT, LNDREZE X % (Thin DERIIIHZBIE X).

RIRE 1. (Rt ARA (M, L) 2 TICBIUTHN K-Z087% 51, (M, L) & T 2B U THRa iR Chow-%
EM?

A TCUE, T OREICE U TR B NIEBRIEDWIFERIC DV TR Lz LS.

2 B K-REMEHEY Chow-REME

T T TR A DNR K-ZE M &R Chow-ZEMDERZITS . 7, OV ORKELRFEDOUE
2175, LUN, M %2 n Zotdfi 2> 37 MERZSERAL L, L2 M FOIFFICEEREHRRE T 5.
(fl (M, L) DT & 2R ik & /5. ) M OERIE QRS Aut(M) ORAGERFIABET B G %2,
Chevalley 7RI & o T

G=RcxU

EET. 72720 Re EHERREEE T U X G DEBRILTH 5. G, Re D Lie lRZZNhZh g v £BL. C
T, 21 ICBWTHRER Chow-F20EMEDREE & U TER E Nz Lie BROIEL

Fpig—C, p=1,---,n
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ZHEZL. F ZEBREZRNT M OZKRAERE TS, c OFL 3 ICDWTHAZEM a C 3 2
a:={Ac;|F(A) =0 p=1,---,n} TEHXTS. TIT, 3 TEHXRINIBERLEMFHEXIEX
(No:gxg— CZHNT, HE Llef}ﬂbocg%

bo:= {Bej| (A B)y=0 (VA€ a)}

TERTS. TORFker Fi 1& tey := CV EEHRT BDT, tex C by BKD VLD,
<,
Vi i= HY(M,O(L™)), m=1,2,---

EBL. gD M ANOERIMERIE L FOERIMEHANE Y T T DT, 2O M D V,, NOIEFN
HIRICEEENS. EHICTD traceless part 25X 2 & T g Csl(Vyy,) EHERTENHNKDS. 22T
s{(Vin) LW _IIER (), 2

(A, B),, :=Tr(AB)/m""?, A, B € sl(Vy,)
TEHKT 2 (TOWE (), 1d 3 Csl(V,y,) FIBERIETH S LICHERET X). R LielRb,, C3 2
b :={B€3| (4 B)n=0(VA€ca)}

TEREL, 3 DI Lie ]R T,
bm7 m:OalaQ,"'

KK THEREINZEDE i, &< (BRI, Aut(M) DEESINREGES (2], [4] I3 2 HHLH Chow-
PLGEMEDREZEMNEA TV AHEE tyin = {0} £755). T 2, G ORBIIN—F A T TZOMAKI Y
INT REBADRED K ICEEN, ZD Lie B t := LieT ICDWT

tmim ct

ERBEIBREDEUNEZRZELEL TS, TDEE, tey C tnin BDT, Tiin C Tox DD VLD,
TEDT € T ICDWTED V,,, N\OIEHZE A, weight 7RIC K > T

@ Xm k
k=1
LET. 1L s 1 T ORHET

V(Xm,k) = {U € Vm ‘ g-v= Xm,k(g)v}
THs. TORMCK LT, REIERTEE S, C SL(Vy) 2

HSL X'mk

TEEL, SL(V,,) ICBT 5 S, OFMEtZ H,, L. TDOEE, T O SL(V,,) BT S0 EEE
Zm(T) C SL(Vy) iZDWT, Z,,(T) = Hpp - S WD ILE, Z D Lie B8 3, (T) IC DWW T

3m(T) = bm +5m
L75%. 7272 U by = LieHon, s = LicSy, Tb%. HEEOEEI Lie Bl r € SL(V,,) IEDWT
1z ={X er| exp(2nv—-1X) =idy,, }

EBL RSy RIS E =1, @z R EBVWTINE t DEED LielREAKRT. TTTr=h, &
L, by LOIEBRIEZIIER () uowrmrﬁx#ﬁ cfilE e 0, Thr th L RS WSS S H,, OREL
M h—F A% TL LBE, Z,,(T) D IEEE G, (T) %

Gm(T) =T+ .S,
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TERTS.
—77, [8] TEZEENTZ (hy)r LD “piecewise bilinear form” (,)/ 1C X > T t DERMZERZED, TN
Z G LB (O OEETERI 8] Z22REX). ) ZHWT, (hy)z DEDES (9,)z 2

(8,)z = ()2 + (5m)z

TERTS.

2.1 8% Chow-&ZE ¥

DL EDOHEGED T, fHR Chow-ZEMDERZITD. T € Tox ZEET 3. m € NIZTDWT/NMEHDHIA
B 2 M — P*(V,,) ZE A, My, _cI>|Ln|( ) C P(V, )<‘.’_i’o< dm 72 M, CP*(V,,) DXEE L,
Wy, = {Sym?™ (V,,)}@+1 3L, TDEE, M, € W T [My] € P*(W,,) B M, ® Chow-i& 7% &
SR E DN, EBEZBRNT—BECAFIES 5. W), LOBARE SL(V,,)-EFDFHEET % G, (T) DIEHZ
EZB.

E& 1.
1. 858 G (T) - My, W OBEATH 2 L E, (M, L™) 13 TIZB L THIN Chow-ZETH B LWV S

2. TRAREBZRMEED m > 1ICDNT (M, L™) W T I L THN Chow-ZE TH 5, (M, L) 1Z T I
B U Clnr S Chow-ZZETH B LS.

2.2 AW K-ZEM

TIHEN K-ZZEEDERZHA 5. T € Tox ZFEET 2. AFED X € 3, (T)z ICH LT, [11] DFET X
WERT % (M, L) O test configuration ZH§3 % (test configuration DEK [1] Z22MK). X &V, I
O C*EHZERT 5DT, TNz

ox :C"— Z,,(T)

LET. HOREEMIA MY C PH(V,,) x AL %
U (ex®)(My) x {t}) C P*(Vin) x A

teC*
DAL LTERL, mx : MY — A Z BRZHE P* (V) x A — AL O MY ADHfilf L9 5. T DI,
MX G EREAET, A I
C* x A' — At (s,t) > st

KXo TC WMERHLTVED, TNEDERICDOWVT 7y 1& C-RIZRGHEHTH . THIC, pr - MY —
P*(V;,) &2 HIRR SR P* (V) x Al — P*(V,,,)) D MX NDHIR & L, £X = pi(P*(V,,) (1)) &BL. TD
K £X 13 mx 12DV T relatively very ample T, & DILED 2 € AL\ {0} IDNT
(MX £X) (M L’m)

z ) z

DR DD, 722U, fFED 2 € AL IZDWT MY =7 ({2}) T, LX D ME DMz £X £33, %
7o, MX EO CAERIEBARIC £X LD C-EANEY T 9%, XoT, (M, LX) & (M, L) DI m
® test configuration £7%%. EHIT, T D P*(V,,) NOIEHIE P*(V,,) x Al NOIERZFET 20, T 1
ox ODIFR EAHITH 2 72D TDIEMIE MX Z{ED. 5T, (MK, LX) LD TERBFEEINZ D, T
Uk (MX, LX) LD CAEHERHTH S.
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EC, BRI e NIZDOWT, A EOXRT MVR EX 72 04 (EY) = (nx){(£LX)} TE&KT 5. TORK,
THREIRL > 11CDNT
(Bi*)o =2 H (Mo, O((£5)"))

MDD, N := dimg Vi, = dime(EX)o & U, (B ) ICiAEE NS C*-EFHD weight Z w; £35<. T
DI, +KER T > 112DV,

Ny=apl™ + an_ " P+ 4+ a1l + ao,
Wy = by T+ bl + -+ byl + by

LHLTEMHBRS. T a; by (=0, ,n; 5=0,--- ,n+ 1) FEIET LTHKIF LRV, #6-C, +
DREZT> 1ITDOVT, ¥ w /IN; 1X

wy -1 -2
L F 4+ F bl
N, o+ rF1 + Fo +

CIBET AT EMHKS. TTTF = FEMX, LX) e Q, (i =0,1,2,---) & LITKIF LR, TOR,
Fy = F{(M*, LX) 7%, test configuration (M, LX) @ Donaldson-Futaki invariant & -5
DL EOHERD T, MR K-Z2EM 2L F TERT 5.

E&E 2. TEDO X € (gh)z \ gl DV T (MY, LX) <0 kx5 &, (M, L) & T U THN K-Z25¢
ThHsdLnS.

3 K-BEM LN Chow-REMICDWLT
Bf%1C, Donaldson-Tian-Yau TAICEE D > T, K-ZGEMEICDWT E R 1 LAk ZE 2 2
K%
RIRE 2. WM ERA (M, L) 1D\, K-8 BMBER Chow-ZE N Eh N2 h ?
CORBICOWTIE, 10 IC K> TT—F—« T A V¥ a2 A VEHRETFRT 5 HMBLH Chow-Z5E Tk
WTRIL b=V w7 T 7 ) ZRRIEDMET BT EARENT. 2D Ll (6], [7) DFRZHE2 L, TD
BN 2 ORBNC TR > TWB T W h 5. FRC, [ 2 & —RICIIBOI LW, F7z, M DR S 7%FF
ALUIGE, HORBRDESNGE TH > T K- L8N SNL Chow-ZEMENEM NN &N
EEI&ERIC K> THE SN TV 5.

BE R
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Kolmogorov ##EME & R0t & 7 — & BilGH

PR {3 —Ef
FOXRAR A BGEBER AW TR

8557 MM v R Y A (RIF R

BE

a vy MERXITNIFERICH LT, ZOWED 7L ) X LIRNEMEE 5% T 52 L
WEDHLOLAERZERL, ZOAEELE Gromov DKL L DRI ZWITE L 7-.

1 F

JEa vy PIURILSE A E TR A CBEROEY 2 7 4 A2 E 2 5 L &, AVING MER
RFEAZRICHE) 2e0db b, BIZE, KDL BRUTH2, X2 S xRELT, P2X L
DHHSURQ)HKHETZ, 2oL E, FIEAFEJIIRLT, P LOKHOHERO R TEY 25

A 22 My %,
Mg :={[A]]| F} = 0and ||Fallw < d}

LEET D, ZOEY 274 M, 13, EE-HRICROMHZ G2 % L & a v 37 R AT6E
ZERITHY, dDPTIARECESMRXICTH S, £/, X ~OMEKMIHEZ OfFHICHEL T,
Mg b ZIEHT 5. Tbb, Y274 %0 My lda v 7 MERXITIYRTH 5.

T, avy MERXITTHERZ AN L TL TR T 22, — 2 DB IZTFIRIT (mean
dimension) TH %, Z#d MERXOGZEMOXIG, THH, a v 7 FIFROMHEAZRE L
T, 1999 £ M. Gromov[1] IC X D BEAI Nz, Y 2 74 24/ My OFERITGOBLED S DI
JEITE, G [6] DD, AFETIEZ 542 D08 EZIRR L », FHRILOEREZ, (M
My PR E—DERICHZE>TED, NAROWLEDOFHING MM, 2ERMLL DT
b5, FPEZENTNOD THEHS ) Z@EYNI) B 2 LIk, FEROu2BEL ZALERT
b 2 FHEEE MM (mean orbit complexity) ZE&T 2 Z &3 Cc& 5, M, 2ERLT 5%
b DB FI 22 A D275 Kolmogorov EHEME(3] TH D, 713V X AWERMEGR T I
TE, PHRITINFERZ DS DDOAREREDS, PHWEEHENE X AR D& L TEHRS
NEIARERTH D, F/z, FNOVFEHEEMENEIZ T2 6 PRtz A, FEHEEMENEDRA
fii £ PR ICIEE K DEEIT—KT 5.,

* exotic @ms.u-tokyo.ac.jp
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2 JT Y bOE—RTT

Z OfiTIZFH T Y A E—RIT (mean entropy dimension) % €& T %, FH LY bntE—X
JtlE, Gromov IZ & B2 ERITGOEMTH > T, MEKFIFESTEH T 2 a3 v 87 b FEEE2ER o Z5
fEAZE £ L, Lindenstrauss and Weiss[4] IC & h @& I 7=,

(X,d) 2 a7 FfEZER & LT, MERKEIRE Z 25 i fEH L Tw 2 8 X, keZDxeX
~OEH%Z k-x LH6OT,

HARn EIEFEB e 1S LT, MOHEAS c XD (neo-FHEATHZ LI, FROFxeX I
MNLT, MyeS BHEELT, &2TDk=0,....n-11ZBVTdk -x,k-y)<ePHHIIDI L &
T5. (X,d) D (n, e)- LR EEDEEDRIMEE s(X,d,e,n) £ T 5., 5T,

1
S(X,d, €) := limsup [M]

n—oo

n

EBL. Z2LT, EHIY P E—XRIGdim(X,d : Z) |3,

dim.(X,d : Z) := lim inf[

e—0

S(X.d, e)]

—loge

ICEDERI NS,

3 Kolmogorov #E4 & BIREAEL

Z O ffii Tk Kolmogorov ¥ (Kolmogorov complexity) (2D CEFHT 2. HHEWSET L
LTE B 235D, BAFHICBLALT WIS L LT [T 235 3
AZZHES{0,1} LT, 2 ADMOBERINOER» %R E5LT S, Thbb,

<THh, HZI1E, 05010101 % 000000111110010101010 1Z T DILTH 3. F7-, Lo e T DEX
o) %, ccA"DEZIZ o) =n L LTEDS, HlZI1E, €0)=1THDH £010101) =6 TH 3,

ST, TOLD TS, Lwv)bDEFE X \w», AN. Kolmogroov[2, p.210] H <, THEHEX,
L3,

If some object has a “simple” structure, then for its description it suffices to have a small amount

of information; but if it is “complex”, then its description must contain a lot of information.

EDZETHD, DFD, FLEVHZ A Z ENTEALDIEHEMTHD, L LI ELTH R
PEPTERVLDIEMTH S, B2 X, ROBIIDmjH

000000000000000000000000
011101010101101000101001
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FEL SN TEHME, 7259, B 02324 HNEAZSDTH Y, B¥FII/ 7% 500 MEE

Z2 M TCZOREZH LD TH S, HiEZIEAS7DIE T0Z2 24 MR E ) LT

WIRZ 5 2 ENTEDD, BEXBADDICEBZOEINZDOLDEZHBEDIETIELPRNTH ST,

fit > T, Kolmogorov IZ & 2 [EHRDOEMEATREMEDBIA D 51, BIFIZHEMTH Y, BEFEIEHETDH

5, ZOT7A T T OEFNEAND, Kolmogorov 234 (Kolmogorov complexity) T®H 5.

EEL TEOBKKS: T > Z 2L T, §IZ&% Kolmogorov ##M: Ky : = — N U {0} %
Ks(o) :=min{{(p) | peXand S(p) = o}

EEDD, TP L, minO=c0 £T 5,

IC, COERTIIHES 1AL CTHEMME Ks 09 EE>Tw %, BRI, § 22827 LI
X EDXHICENT D59 D, Kolmogorov D E & 7% 5%k, ZofiE ﬁ)ﬂi@ﬁ (recurswe
function) £ OBEZAGHE L 72 2 L ThH 5. FHFEE L 1, FIREGRCEEEERCB T 28&T
b,%@%ﬁﬁ%ﬁ?»ﬁUﬁAm;brﬁ@%njﬁiémfméﬁﬁmzkf%%.%ﬁ&ﬁ
£IX, PIZR, Bz Ro 2 L,

FEI 2 (A.N.Kolmogorov, G.J. Chaitin, R.J. Solomonoff). FHRE% U: L - X NEEL T, fEED
THREES : T > S INL T, EEKC=CWUS) BHFEHELT, EED e ITRL T,
Ky(o) < Kg(o)+C

DR D 3O, FHREE U % EEBIREEL (universal recursive function) & X .5,

WEHREKEIZ —ETIE 2\, UL, U & U, WSEfREETH 2 £ &, B8 C =CWU,, U)
BHFELT, fEDoceX ITHLT,
|Ku, (o) - Ky, ()| < €
DRSO LD, ZOEHI LT CIChh s, F, id: T - T IFHREE RO T, W
BUIHLT, EC=CU) PHFELT, EED ez ITHLT,
Ky(o) <o)+ C

DD 3D, o T, Kolmogorov EHEMEIX, EX B LTRSS, ol E R Bk
TICEE 5.
4 FEEREY

Z O CIXFEHEEMM (mean orbit complexity) # €& T 5. (X,d) =3 >3 b+ HEEEME
ELT, MBKEREZ DHEGIERAL TCWwEERS XL, keZDxeX~DEAZ k- x EHobT,

EEI GRC:Z-5XTH-T, BCE) DX THELRbD%, X OFARILEE (coarse graining
function) & X5, 727L, A:={0,1} THDH, X:= U;‘;OAJ ot
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C OMBULEENZ X D, Kolmogorov AN & 2RI N DK, £/, X = U;‘;OXj -
E, UL C: Z 5> X 2o HRIC C: 2 -» X* WEE 5.
E2AHT, TIRIVRMRESTHY, FEAER
eeo0, 0ol 12 03 014 105 1l1e6,...

ko T, HRBOLTREN L OMENREHBIEE 2, /e, =0 &T5LE, ¥
HHHEMRESTH YD, N & ORHFPFEHANTIC &L > TEHENICEE 2. fEo T, BEHENZR 4
Y Q: 2 - T BFEIET 5.
T, S T I AMEIRESETELE, InE TR oL, LB C: 2 5 X %
ERT LT, BG
sy 8 Sy

MEXFDILIChD, COERERZ2 Uc=U:=C"0QoS: 25X £33, UlckoT, HR
S p X, X DREFNUp) = (Ui(p),...,Usi(p) E L TERT 22 L TE S,
EE4 FEOH xeX EHASE n L IEFE e lTH LT,
Kc(x,e,n) :=min{{(p) | d(j- x, Uj(p)) < eforany j=0,..., n—1}
LED D,
% C(X) D X TOMEN: L B REE S ORFEICX D, #I2 Ke(x, e,n) IZERTH 3.
I 51T,

Kc(x, €) :=lim sup

n—oo

,  K(x,€) :=liminf

n—oo

n

[Kl(x, €, n)] [Kl(x, €, ”)]
n

ELT,

Ke(x) = limiglf[M] ,

“Joge K (x) := liminf

e—0

KC(-X’ 6)
[ —loge ]

LIED D,
Z LG, ‘FauEditt iR TERIn g,

EES. X OTHWEEME MK: X >R & MK: X -» R %,
MK(x) := supKc(x), MK(x) := sup K (x).
C C

&, BERT S, L, supe TIIHBHULEE C De2fzE<bDET 5,
ZDEE, KDY LD,

EE 6 M). X DIEEDM x I LT,
MK (x) < MK(x) < dim,(X,d : Z)

N A RVASS

C DEH OGP P HOEGHEED S 5 2 2 EEICOWTIR, @X [5] 223 v,
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A VARV SR IR O 4 ot R R

SAENE (G REREGEZEIFERE)

BE

IR A VAR Y bRy, JEa T N, mEAE, 40T,
el ) —~ V ERIRDFEE 2R T .

1 &

RN [4)10F, FEDOAIST &, mEAE, 4200V —< U EBHE LI,
IR A VAR N UDMFET BT e R Lz, §hkbb, X 2a Tk,
MEMNE, 40TV = VERKETZE, X LOFESUQ)KRTH-T, JEF
7z ASD Bt (I H A HRD) ZRFA S %2 & DOMFET %. ASD #ild ASD
JTRRR & W S FERURI S TR ORI DIZh 5, Thiud, Hix DB REIEE
EHTH 5. (2L, EREICE, Z2INZ 4 IEHECPOHERD 5% > TV 5.
T, KECAOHER ZANZONEHE TH 2 L BbNb Tz, TOMET
WBRECHKNDZEZ 5. BAHA, ZHAEOMEZWICT S & THEIEAN
Bhbs0DT, KEMICIZEHEMTHS.)

COHOHMZE, ORI XRZADEHR (O—D2D7Fuad—) Hh—MkDIE
I8N N ADGEERERICR L TIRBOL L AW L 2N dT 52 8 TH 5.

CP* 2EEMN ML 9%, CP2O BETHRA NI L) HREOa¥—
DEER %

(CP?)* .= .. .4CP*4CP?*4CP?- - -
&9 %, (T OEREEMOIEMERERIROEZSIR) (CPY)Z I EIEar 87 b+
A RTEEHRIRTH .

EE 1. (CPHZ LOFHEY —< VEtE g THo T, LLFOFREKISESE
DMMFET S E72 (CP?)Z LOEEOESUR)RELEKS. B8 LANE EOD
g-ASDEHTH > T,

(1) / | Fa|2dvol, < +00
(cPe)s

*Supported by Grant-in-Aid for Young Scientists (B) (21740048).
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THIE, AFFEHETHS (Fy=0) . TTT, FAld AOHERTHD, AH¢-ASD
THB L, +Fy=-F1 55288 T5%. (5,13 glcBITZRY VRE—) &
7z, |y & dvoly iE g lIZDWTD/ IV L LRI TH 5.

DED, ((CPY) g) IR A VAR Y N U filzlhnb s T & TH 5.
ChuE, RADHIZIRDICHBNT, JEHHEA VAR Y U ZFFE LRV AEfE
A0t — X VERRDHID TORITH %.

AR 2. FOARITIVF—5M (1) ZH LT, HRTx)VF—0D ASD kit &
BDTEAZBLESRZOMNIRKEFEKFENETHS. DF0, MR VF—
DEDEADT, FEFHLR ASD #hiz —URFA LRV ETE 4 ot —< v
ZRARIFET 20 2 2N, FADHIBIRD, KRIFROMETHS. MRV
F— ASD i &, ZOMEIRITEY 2 T A ZERIC DN TR [3, 5, 6] ICHBW
THREZIT> TV 5.

FEHDF A =T BT AT T EF N LIz, g% (CPYH” EOV—<VElRE L,

nZ% 0L O ET S, (CP)Z LD SU(2) g-ASD ##i A TH - T,
1 |F4|2dvol, =

32 (cpey Algdvoly =n
2123 DRRDIZTEY 2T A28 M(n,g) £ 9 %. M(n,g) DIRABIITH
EIBhmEZED. bi((CP?)2) =0THD, IHIC, IERINCIE b, ((CP?)H) =
+oo LEAZA BT MRS, (b IFREEAXDIEDEGMEONEE.) €I T, MK
DIAEITEANR (RFIV RV -7 a2 nA < —1, Section 4.2.5| #ZH) %
ICEH L THB L,

dim M (n, g) = 8n — 3 (1 — by ((CP?)*) 4 b, ((CP*)*)) = —oc0

ExB. TNED, FA—7IKlE, &L M(n,g) lITRd 2 MMrERIED G LT
WAUE, M(n,g) I3ZHERICEZTHAS LbNE. COREETY—R-U—
L > 7 [2] D metric perturbation Di&amz 5O 5 & T, XD LM T
TN n>10K, V=il gZzY Vv ZICEUL, Mn,g) 324865
IK7Z5THAS. (M(0,9) 1 FHSUQ) EHRDKTEY 2 T A ZEMTH- T, &
RICAKIF LR

2 HEREREF]

C DI, HRREASFIORRIEZ BB, EH 1 KO & REEM DRI
TR EDNMET S, Y REELR, a7k, [AEMNE4ATOCESEMEAL T .
T, 10 €Y ZHELB2HEL, V= Y \{z1, 20} £3<. Y Foy—<2E&Eh
Z, TV (§5bH, 21,2, D A ]) TV Z—HIE5 K505, ThIS,
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EHEICIE RO T L ZEWT % a7 MEA K C Y PMHEL, Y\K =Y_UY,
TH>T, Y. = (—00,—1) x SSHDY, = (1,+00) x §* £/55%. TTT, “="
BAERREDOEEGEHRNEGEZ5NTVWAC EEEKT . X561, BbMAREE
Hp VY - RTH>T, ROFEMZHLTELOMAET BT EERET S ¢
p(K) = [-1,1]. pldY. = (00, —1) x §3 ET (—o0, —1) "DHH L —HL,
Yy = (1,400) x S% Tl (1, +00) NDHZ & —HT 5.

YV, Y Da¥—&33 (neZ). £, po: YV, >RZp: Y S ROI¥—
E95. T>2%%. HEEATH X =YV 2R CTEDXD !

X = <|_|p;1(—T+1,T—1)) ] ~.

neZ
e, HaEp, (L, T—-1) Ep i (-T+1,-1) LZ2ROKSICH—HTS :

p N (L, T —1)=(1,T —1) x S>3 (t,0)
~t-T,0) € (-T+1,-1)x S*=p,1,(-T+1,-1).

COE—HZME EHBRED. -5 T, X =Y7 Fl3AENERAICAD,
Te X BEMNGE Y —< VEHR g0 ZFD. go 3B E—Ap, ' (-T+1,T-1) kT
WBEtE R (Da¥—) &—8T 3. TTT, g ETEALZINT A—& T
FLTWAZ LicHEE X,

ER 1 IEROEHNSHES.

FE3.0b(Y)=0&b.(Y) > 1Z2KRETS. &L, THITHRENVELIE,
X =Y FOSERY —S VEtE g T, RO_DDEMN =Tz T & DNFET 5.
(i) 23237 MEEGDHNT, g 3G g0 & —T 5.

(ii) B X FOTEOESUR)HKETS. ELADWE LD g-ASDERTH- T,

/ |FA|§dvolg < 400
X

51, ARTFHTSH 5.

3 TEE3IDIAEADTATT

SEPR 3 DREHD T A 77 72 FAR RIS 2 S48 U TR U720, (BB 7R EHIC D
WX [7] 23D

F9XIWIETNT MaDT, X EOFESUQ)RIFETHEBEKE = X xSU(2)
KA THB T LICHERET 5. g2 X FOV—<VEIETHH>T, HBHa 7k
HEDONT g b—T220DLT%. O, LLUANE LD ¢-ASD ki TH >
T, [y |Fal2dvol, < 00 75 51E, Ly [ [Fal2dvol, 3BT B T LIVRED. £
T, HBEn > 01 LT, E LD g-ASDHERI A TH ST Ly [ [Fal2dvoly =n
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2l DRIRDIZTEY 2T A %2 M(n,g) LBL. [A] € M(n,g) ZH
%. [A] OF D DR 2@z

Dy = —dfy +dy : Q'(adE) — (2 @ Qt9)(adE) £ T 5. TTT, dy 13
da: Q(adE) — Q' (adE) DIFXHEKTH O, d)’ & da: QY(adE) — Q*(adE)
D g-HEXE T TH 5. (IEL L&, #@YIGEEMMIEY R T2/ 72 5 E
WHH, TOEARIGLT Dy DERZBEIET Z2LENDHS. T TEINHD
WEERT %) d 13 ASD STERD A TOFEULIERETH Y, 43 7—m
PV ERITENETHS. o T, DAZHFANBTET, M(n,g) D [A]E
FEONEMMEEOND T ENIRHERS. EH 3 DAFIHOR B EEZAIX, Dyl
B9 2 RD=DDFRZFIHT 2 LIcH 5.
(i) KerDa & ARRXIT.
(ii) ImD4 & (Q° @ QT9)(adE) N TEA.
(iii) CokerD 4 (FHEFR T

5L, BEOFEICE->T, G4

f:KerDy — CokerD 4

WFELT, fOYOFESN M(n,g) D [AEFEOETIVESZ %, (IEHEICIE,
[ RFEEGEE TORERINTVS.) EOFEM (), (i) &0, fIFHERXIT2EM
I SRR TTZEINDBEHR TH 5. HE->T, LULEEHZMZ L, POoshiEsk
TEH5THA2 ETHIHKS.

DLED#EHEE, TU—F « =L 2w 77 [2] D metric perturbation D2
BHbEBTET, n> 10K, GEgzdzxUyZICHB L, M(n,g) l3254ES
755 T EGEHRS. (COFEZHIEIANEHETDHD, BEEZRNTWS. IE
7R Edam [7) 22U TE LW

SE
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Hilbert #EXIC X % ik Chow ANZE 7% Kihler-Einstein Z2H-4KD
N OVl

ey B (BEERZTEIR)

8=

AeE T, GIT ZEMDHhO—DMiA Chow ZEM %2 & 0 HIF, ZOEELZFFE T 2HE2HNE T 5. H
K, Wi Chow FLEMICIERHENFET 2 FEORICHILNTED 5, 3], SHIC 4 IKKD F—Uv T 7/
LA EICBO TIHA S DR TIEC X OEENETIRETH 2 HEI/RE N COTFERISHT 2 HT,
7 X7t Kihler-Einstein h—Uw 7 « 77 J 28K THHEN Chow P28 TRWBIDIFEZ RTHENTES. A
O RIE, NP CREBERIRYE), K K (JUNKRYE) & OHFEZE [10] 1IciD<.

1 Introduction

(V, L) PMRMEARIATH % &1d, V D n KA > /3\7 MERZEMATH D, LV FEERIEAIEHR L 5T
WBEDZNS. TOKRFV IF e (L) 2 Kéhler & 9% Kahler 2K L TR0 | ¢ (L) ICHHERT R (Kéhler-Einstein
atE, &0 —MRICIZEA S T —iHh= Kahler (cscK) ftig) MMEET 5 2O DREDEITDNT, SBITEMA 7%
WIZEEEIC & D BAGTIRMTIDN TV S, ZORKET DRI DOV TRERD TENEHTHS.

F48 1.1 (Donaldson-Tian-Yau F48). (RMZEIA (V, L) ICHWT ¢y (L) I cseK HRMAET 5H L, (V, L)
IWMRBEHIAE LTHAFD GIT (Geometric Invariant Theory) DERKTDLEM 27z 3 HIZFMETH A S .

BiEEFE T K-polystability W Z DG HEMTH O, ZORHBEICDONTIE [7, 1] ICKDRENT VS, —77,
SO T H B HEH Chow ZEE IS DWW T, Donaldson I1C &K 2 XD AFERDH 5 [2].

FHE 1.2 (Donaldson 2001). (V,L) ZREMZEkAL T 2. Aut(V, L) := Aut(L)/C* DB LT 2L, VI
c1(D)1C escK 2D 51 (V, L) WA Chow ZE & 75%.

CORERUE, Aut(V, L) DEERI TRV IS & D ROBMATACHE S 1= [6)].

EE 1.3 (Mabuchi 2005). (V,L) ZREEZEAL U, [5ICBVTERI N “DEEIANEER F7HEBL T
W3 ETH.COREDT, ELV D ey (L) I eseK 2 TUE (V, L) Mkt Chow polystable i[C75% .

Aut(V, L) BRI TRWVIGE, BEEBHENEIR &R 50 E, TOWE,(V, L) &ML Chow polystable
L. RELF NS ORFEOTEEIRVIEKES.

38 Donaldson-Tian-Yau 48, & OF 2001 4D Donaldson OFERNSATE, D [H LRI AEE F DN
W) EWVIREMNEZDTRIENNEVS BN TES. CORMOARZELR F X, #EH) Chow @ MDD
pasE & I B HAVRE N 5], TDRKIC AR K > THEA LT Nz [3]. THUTH LERA DEEERIEROED T
H%.

L ORERE, NFRERICK D 7 7/ TRV~ —U v 7 ZERIC B IRRE N TS [9).
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EH 1.4 (Ono-Sano-Y. 2009). HRT7ILb—U w7 «T7 JZEAKV T c1(L) I cscK ZFF DML Chow
PLE TR BB, WA Chow NEETRR) EDONFIET 5. FHC T 7 / 2R TH S H0 D L = K,,' KA
HEEIRRTH D, TOEHED cscK 7RG KEFFRICMIZ 5730,

CHUFBHIC SNz GIT ZEMEOT TE R EE © ODELE M E T2 SR WD TORNC RS . HE> T, &
HI13ICBVTIREENTWS [HAMINER F O] W95 DI, cscK GHEDFEN S HARIZHiZE NS
LEOTREVWAENZEDTHZENDNS. EHITEM 1.2 OFEFRAE Aut(V, L) DRI CaWiga—ts
LZHENTERVEENS.

2 #nABY Chow ZE M

(V,L) 7% dimc V = n Zil T RBEHEA L T2, LIRIEBEREHERRTHZ2ENS, T KkER L e N
WKRL, LF BIFRICEE L7755, > T, LF OYIWZHWTNEEDIAR & 0 V — P(W,) DEES. {HL,
Wy, := HO(V, LF)* £ 9%, P(Wy) DITid P(W,) OB T EOMIEERTFEORE L R 2 FNHES DT,
n+ LEDOERE P(W) x - x P(WE) & P(Wy) D n+ L OB Hy, -+ Hypy ZEDB. TTTdy 72 Op(V)
DI (BB, @1 (V) D generic 7% n WOBFEEYIWIC K > T dp HORRMEENZED) & T 5. O,

Xovy = {(H1, - Hpy1) € POV [ Hy 0 -0V Hypg 0 (RR(V)) # ¢}

&, P(Wy) "+ OIRF 253 HAMED . Ko TS ZIEE UT, ZOEBZIER fo, (v) € (Sym™ (Wy))@+D
EE D HRHCT [fa, )] € P(Sym® (W),))®2(+D) & Chow FE 5.

EHE 2.1. Sy := SL(W,,C) &L, (Sym® (W,,)2+) ADERERY MV & LTOEMEEZ %, T O
(V) B Chow(*f) LE LIFTNZN,?

o Chow RJE <= WUl St - fo,(v) DL DD fo, (v) OELEBITRDHIR
o Chow ¥BE <= ;.- fo, (V) DHIAMNEHZ A

K295 L REIC Hilbert-Mumford FIEEIEIC K D, @4(V) O Chow ZEME Sy D 1-parameter H 3 HEOERICBE S
% Chow ZEMEICET . £z, 5 ko € NIMFEEL,

k> ko= ®p(V) & Chow () ZE
LB K, (V, L) I$H#HEMIC Chow () REL V.

FHC Aut(V, L) DEEBII TRV, fo, ) DEEEDEDERR LIRS W 565 T Sk - fo, vy DEHBLED
IKf Chow polystable &9 $ &9 %. (i Chow polistability & [Alkk& 9 %).
T DOFITIEMILN Chow PLEDME L LT ARICK b HEMEENZED [3] ZHV 3.
(V,L) Z o EDE U, TdP (1 <p<n)%pRXTodd ZHX, h(V) % V EIERINT MUE2ADT T Lie
&9 %. TOlE,
ho(V) :={X € (V) | Zero(X) # ¢}

£35%E, ho(V) I Aut(V,L) D Lie Bi& —8T 2 HFNMN R 5. PRIFHIERORHR, 0 7 P O (1,0) Bz, £z
O =00 ZZOMFEIAETS. X € ho(V)ITHL, Lie D Lx, HEWD Vx ZHWT, L(X) :=Vx — Lx &
2RI S AEIHO/ NFRERO & 0 L AEICFE U E DI B,
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EFZL I HIC, Kihler JER w € ¢y (L) ICBI9 % X @ Hamiltonian B ux %

/uxw":O
v

LLJ: D J‘_E%ﬁ“:j%) C 0) 5‘{% ]:po bo(V) I (C 7&?
Frar(X) = (m—p+1) / TdP(0) A uy W™ + / TdP(L(X) + ©) A w7+
1% A%

IKEOEDZ L, TNUE o1 (L) DRETT w EHEHE 0 DID HIZ KX SBEWVENNZ, E SICROFEDILT %3,
EIHE 2.2 (Futaki 2004). (V, L) DA Chow FZGEEHIX, 2ETD 1< p < niixfl
Frar =0 (1<p<n) (1)

El2% FRC LD (1) 138 1.3 1B Z0E [HEBOALE F O] L IFME.

3 ZANFEHOEE

AHITIEZA MVICHD EFS5NTW5 Hilbert B2 E AT 5. 4] ICBNT, h—U w777 /2K Tl
WM Chow ZEMEDIEE Frae H Hilbert SO NIRE S NAEDHSMC A>T U T DOFHZHS.

VZanZoth—Uv 777 /2kAL U, Ky ZIEREERRE TS, VIR =V v 7 2RATHZENE F—Y
IRSEZEDBHEN—T ZEH (S = T AFEET 240, OV T MCKBEHE T 743800 ST EH
ICXD Ky & T AFHDEEENS o T Ky & b—Uv 7 (77 714 U REEHRK) 1I755. —7T Ky DU(1)
WDRZER S 1F regular 7% Reeb 372 & DIEARZARAKIC/L D | Z D Riemannian # (C(S), g) = (Rsox S, dr?+r?g)
& Ky \ {zero section} THZHEMNED . HL g1 S D Riemann if&, r € Rug &9 5. fit> THiAD T EH
& C(9) I b=V w7 ZEkADOMEZ 5%, C(S) & h—1 w7 Kéhler ZHIAICTRS. ZDE—X Y FNE{ROBZ
Cr TEDLITLDLT S.

EE 3.1 x = (21, ,&np1), Z" 3 a= (a1, ,apq1) WL, x® =2 - zp0 ) &9 20, HENZ HE
C* C RMITHT 4%
C(x,C") := Z x?
aeCxnznt1

% C* @ Hilbert {15 .
SnToth—=VUv I T 7 JEZMRKV ZEDBIE Xy C Z™ I L,
Yy (k) :={c €y | dimo =k}, Gy :={0€Z"|oec (1) klH}

&L, BMZIHIR Qv = conv(Gy) C R* ZEDD. Qy ODIHEZ v; TEDTED LTS (LI Qv %Z Fano
polytope &PMER). Qv DXL A P = {w € R | (v;,w) > -1} ZEZ S &, THE (V, K,') ® Delazant
polytope &7%%. FEC wy -+, wy, 72 Delzant polytope P DIHKE T B L, p; = (wy, 1) € Z"T ZHWT, C* =
{eypr + - +oeppn | ¢ >0, i=1,--- k} LEXDYES. TORE, IDKILT 5.

3T T T Frgr 1& cscK DFFHTH 2 (WHED) — HE—HT 5.
ACO =T Z/FH T & V O IREER uaiﬂ%ﬁﬁjﬂ\ FAE—HTHENSF A% (Demazure DIELL).
57" Oyt a= (a1, - ,an) DIEHFILEE ged(ar, - an) = 1 ZiiTzTHZ LS.
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fpd 3.2 (Futaki-Ono-Sano[4]). Hilbert 4 C(x,C*) IFHHERAEE U TEDE S . FHIC Delzant polytope D5
]E}.J_:T\ Wj %ﬁﬁ‘}ﬁf‘:ﬁ_%ﬁﬁﬁﬁ’ﬂiﬁiﬁ ej,la e ,ej’n & )~( = (1'17 e ,xn) %}Eﬁb\f, ;ﬁ(@ﬂ%f%bﬁ%6

k m

. 1 1
CoaC) =2 = 1_[1(1—iej,b)' @)

j=1 b=

Ge=(c1, ) U, BENMZEAZ Cr i={¢cIntC| &= (c,n+1)} CRYTHICKSTED ST, HL,
Int CTC* DRFHEC DNHZEZEDTEDETS. TDOCRrDITLE € CrISHL, et = (et ... e ont e (nH1t)
LESHTATED ac CITHL (a,&) e RIS 72D, Ce,C*) = Z e 1O IFFBHIR T B FHAE

aeC*nzntl

5. €O Z[EEL, t=07TD C(e™',C*) ® Laurent JERH

C(eftﬁ,c*) _ Cftr:;_ll(c) + C*t?l(c) N

BEZD. Ci(c) De= (0, ,0) ICBIBEHEED {doCi(c)} BEDE, Fra O—REURICHIT ZIEHIRSD 5
NBHEN 4] IS X OHSMTRST-.

FIE 3.3 (Futaki-Ono-Sano 2008). LieER t® C =2 C" WIZHBWT {Frar f1<p<n DIEDEZEM &
{doCi(C)}ie—(nt1),—n,.. DEDHIEZEMEHF LV AL, t = Lie(T") 2 R" £ 5.

4 Symmetric Toric Fano variety

C OffiTIE, ami 3.2 R UERE 3.3 %2 T Nonsymmetric toric Fano variety JEFR M —1 v 7 7 7/ ZEK)

DR ALRZFET 2 H2HNE T . THUCIE Batyrev-Selivanova[l] & U Nill-Paffenholz[8] DfEHA AU
b 5.
VZEnoth—Uv 777 /) ZEE L, Aut(V) 2 V OECFIRE L 9%, Demazure DRHEEH K D Aut(V) I
&, PV KGR ED D F— T AR F—F AL LTEENTNS. 2D =T RICBHT 5 Weyl BEZ W(V) &
L7z, W(V) IE Fano polytope Qv Zf#D GL(n,R) Dt BEKE NS G EH L 755 [1]. t:= Lie(T™) &L
FBE, W(V) Y t =2 R ISED B HIRRVERIC K o TRERERD 2 VYY) Z#EZ 2 H5H TE SRR dim V() =0
DIFh—=1 w777/ ZHAKIXTE, T 5 TRVRFERTRE LS HICT 5.

EHE 4.1 (Batyrev-selivanova99[1]). Xffiix b—V w77 7 J ZEKIE Kdihler-Einstein st &% & D.

CTOWDOFR, BB [ TO Kihler-Einstein h—"1 v 7 7 7 J ZRAKIEHFED? ) LWV BRGRBWAEEN
ZHH) 10 FEOI 2 ¥ C T ORMEIE R ENC R E Nz [8).

EI 4.2 (Nill-Paffenholz 2009). 7 Xycll ETEIENFR Kihler-Einstein b—1 v 77 7/ ZERADMEET % .

ZOHND—DiE (CP')? x CP? L CP' & LTHZ 5N, 359 % Delazant polytope D EM w; 1& 64 i &
72D Hilbert HA7z (i 3.2 O (2) Zfli> THRIFFHHE T 2 DI, AR RE RO RENET S8, 22 T5D
HE, dim YY) = 1 KOBESRERNESEMITTHREAL1L THZFICK D, ROMETAET 5.

6ZERHIC 572 > Tld Brion OINAVAEIN; M. Brion, Points entiers dans les polyédres convexes, Ann. Sci. Ecole Norm. Sup. (4),
21, 1988, 653-663.

"Cr & C(S) @ moment GARDG C* Z{#H, k& AR-Einstein T 3 7 DRFEEA 7215729 Reeb N7 MV OB ZEMICEHL L,
FRHC Ky © UQ1) ROEZERE LTI BN 5 regular 75l K RZERIKITHTT % Reeb 55 (0,---,0,n+1) THABNS.

7504, 150

T, (CP?) x (CP')* & Fano polytope ¢ combinatorial type A3F U (primitive relation 12 &%) Fchi#s LT 5.
IHEE, —fRICRIN AZ RO S HIE2RIE V) O 75%.
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i 4.3. BTD 1 <p<nlHL, Fraop =0&9 5 &, FEED Z2, DI (my, -+ ,my,) KL,

0
%C(mml, ... ,xm“,e_("ﬂ)t)‘z:l =0 (3)
AN AVACRAS
C OFGHR, T AEZEMNERK L2 WHEZ/RT T2 DITIEE YR Zwo DIT (M, -+ ,my) T (3) NHATZWE DD ED

MUX X, EHIC 1-parameter IC7% & LTz FH CRIBREOIATHREL 7525 . FHIC (my, -+ ,mr) = (1,2,3,4,5,6,7)
IR LT,
0

7c(xn1 )" ’xn7, 678t)\x=1 = -

ox

1846782732t 4 31e=24 + 70e 716t + 318 4 2)
(=1 + e=8t)7

&7 0 Hilbert SO MEHM L2 WEDRE S 6> TEM 3.31ICK D RODHER, ©H 1.4 #1575,

£0

BE R
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WEITRERNE LeBrun-Mason ¥l DU T
R SCRE (REEERR)

1 FCHIC

C. LeBrun & L. J. Mason Ic X 0, IEBIAMRZ W =8 LWZ A T DY A X Z—HERFE
REN, AEMTEbNTWS. ARETE, 5?2 x 5?2 FO Tod-##HAE L MEN S REE
I CAONEHED, COHEROMSHMRC DS C E#BENT 5. FRNBREILLFD_-DTH5 :

(1] ZXoe RV Z—22 FOREBNARAB X UE/ KR—IVARROMED, BoZEis
TLT S? FOREEE 1 X 1IcxHed % 2 & Z2/RT.
(11] I OXHiZE AW T, Tod-SfHEHRICHTT % LeBrun-Mason 3% AR GRS %

g (1) ORI, WA X=X & ISIBIFRICEDA - GEFHE NS D, 2hiud Y 1 A
Z— I EDHFEDH TR ENTZEDTH D, VA RAZ—H)HE LICRIT T EI3BS T
BOWNBETHDEEZLNDS. TOEKT, (1] ORI LeBrun-Mason BEgd G |
THHENEDITIEIENTES.

2 EEAEN BT
Coffitix, (1] ONFEICOWTHET S.

BYvR—2E ZJCFIvEZ—2/E (S}, gs) BRXTEX B NEMEIREHMTHS:

St = (v pan) € B | - 423 4ad = 1

gss = (—dxg + daf + das + dx§)|5?.
PURTIERDFE—H R x 5% = S} ZH %

= Y ) €R3
R x S? 3 (t,y) «— (sinht,cosht-y) € S} Y 2<y1 ?ZJQ y:;g '
yi+ys +y; =1

BEAEN Py 2% FORBARANEIRNTEA 5N S:

OV i=xdxdV =0 (2.1)

Ry Z—GtE g OFFSH (- +4) THH T N5, (21) BRI AR EES. C
DITFER DT —RNCEEBUE T T TREEDR N E D EFFRT D, LR TR 0 # -
FEUEDOMRZ2E R 5.
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E/R—IVAERR RFYwx—7Ze S8 FOBB V e 0(5) & 1-form A € Q1(S?) D
GV, A) 3, UTFoABERERT L2 /KL ERENS:

«dV = dA. (2.2)
(V,A) BDE BV TH 2 X,V I3 SEROME 5%,

INHOZERE Ry Z—2E[0 S ~ R x S? O (t,y) ISR LT, BAERE S2 c R® Lk
DA Q) ZRCTEDSB: Qpyy = {u € S?|u-y > tanht}.

Figure 1: domain €

XS (t,y) Qe KD, Ry Z—2E[] §F 1% 5% EO/NITHEN 2 s O ZEH],
HBHWVIFS? EOMEDZ/NHDOZER ERI—HEND. KT t =0 DEE 99, FKRH
5.

FEEDOXFINE LeBrun-Mason FISICHEE S I 5N THARIESNAMILTH O, R
2 —2ER DR EFHEDNRWE DICTE > TV B DY, A TIXZDOFREMIT AT 5.

OB LAIOWIS (ty) « Quy) ZAVT DDA R,Q : C=(5?) — C(53)
EUFICK DEHT B

Rh(t,y) = % /a ) hdS'  (dS' & 00, FLORE o1 LxZE),
(t,y)

Qh(t,y) = L / hdS? (dS? \ZHATERT S? EOmFER).
Qry)

21

53 Rh(t,y) I t =0 2T % LZ&H C>(5?) — C*(5?) : h— Rh(0,-) 2135 h, T
NI KM TORSTTH O, BE LD Radon B E 721F Funk B L3N, < St
HKENTVERHDZEHTH S [1].

RENARERDE LINTRE, lEAEOM V e C°(SF) ICLUT D&M 7217

(#) V(t,y) =0, Vi(t,y) >0 as t—Foo  (y ICBALT—ERINCR).
LEREICIE, THUZ Tabelian TR UNDENE/ KR—)V] TH5.
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Kz, ROBIBZEZERIET %
QT@%::{heCW%¥)‘/)hﬂﬂ:0}.
SZ

DLEDRdE0E &, g (2.1) ICBT 2 ROMRINVRENS.

Theorem 2.1 (N.[6]). fEED h € CX(S?) ITHL, V =Qh F (1) BXTOV =0 %
HIT. T () ZATzd OV =0 Ofg V e C=(S}) I, ME—D h € C*(S?*) Ic&>T
V=Qh &HEMINS.

LoEMIE, O Q ZELT, B h e C=(S?) LIEENATEXDME V € C°(S3)
TH>T (4) ZHTEDON I LICHIET 2T EZERLTED, ThHERDY A R
A —X KT BRI TR > T 5.

T/ R—IVEE T/ R—=IVRICDWVTE, Theorem 2.1 EFALIOD 15t 1 FHEDY, LLFD K
INCHZABNS.

Definition 2.2. €/ KR—)V (V,A) & (VA ZV =V' D, A=A +d¢p L7528
¢ MFETBHLE, F—IRETHE LS.

Theorem 2.3 (N.[6]). XD " DDOXf5IE 1 5 1ISHIGT -
o B h e O>(5?),
o A (1) BHT P LDOEE—)L (V, A) OF— DRI
SINIRATEA BNS:
V =—-QAgh, A= —%dRh. (2.3)

2120 A 13 82 EDTS TS 7 YV % & d3ZFNEN S =R x S? D S? J5H0D Hodge
TEHR LMD TH 5.

3 LeBrun-Mason X

LeBrun-Mason DM IMIBED & T A =FENH SN TS D [3, 4, 5], KR TIEZD
2> BiRE A LW R 5 B e HAZEIEICEE T 5 LeBrun-Mason X DWW THEST L,
RTETOMRZEF A, FHR (1) DWW THHT 5.

BETRHAARE M EVIYOTEREA, g 270 L0 (REERS LIVEY) Hite T
B g DREMOBETH>TH, g DU—<VHE R % Weyl f% W 12 FEEO5E
VIABEICERT BT ENTES. XBI, g DFBRNEREERE=1— 3L (374D
B (— — +4) DL E) I, W IEH OIS W, b, K ECREHS W_ 125
LW_=00DbZ ¢glEEESINTHSEWVS. W BXUC Wy & g DDA TEE
2 7=t SLHES [g] 12D T BIRKRIC E ORI R 2T E 5.

Zollfrei & EEMEDOLEDOEME LT 2 — b IIVEIRICET %Y A A X —HEHD
AT AT 5 T EIZHATH AN, TE®ROH % | HimZHERT 2 DIEIIES T,
LeBrun & Mason (Z, (i) Zollfrei t£ & (ii) IERIAMRE VS —DDOF—TY—RICIHFEHT %
TETINEEH L. T T TR Zollfrei PRICDWTIENS .
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Definition 3.1. NEfEFTE ¢ (F7E LB [g) &, 2 TOMKZ null JHIFERHEA
L% L & Zollfrei THB &S

FECPUZRTD H R 7R2AENE Zollfrei HIEHHEICEI L T, LeBrun 5L F2/RLUTZ.
(LAF LeBrun-Mason Z LM. &R&ZED)

Theorem 3.2 (LM.[4]). HAGHHERGEDZEBOHT, Zollfrei TEIZHSMNTH % .
Theorem 3.3 (LM.[4]). (M, [g]) 72 H AR Zollfrei HIEMIGE L T2 L&, M & S5 x 52
F72& (S? x S?)/7Z, &141‘5[7*”

LeBrun-Mason Xt H A HLIZHEIEICEI % LeBrun-Mason X hiild R Did O
Theorem 3.4 (LM.[4]). RO ZDDOXRICTIE, HFHERNZTOEFETHIRE 1:1 FMohid 5:

o ZE[Ext (CP3, P), 7272L P & RP® DOHIDIAR,
o 52 x S EDfFS (— — ++) OHIN Zollfrei IS,

FoOEHHOZERN (CP3, P) %, LeBrun-Mason VA AZ—ZERE K 5T &ICT 5.
EHONINE, LFDOK I BRI 74T L—avic k> TREDIT 6N %S,

(Z’ ZR)
TN
52 x §2 (CP?, P).
p:Z— S?xS%2135%x 5% LOHCINIEME G2 M U7z —XocPtRER, Zg &7 D5
B d STIRTHD, p DFET 7 A3—& ¢ I K> T (CP?, P) OEAIMERICE NS,
TabH, 8% x S [FZEH (CP3, P) OIERIFIMRDIEDINT A—2 2B L /ixdnb. g
& SR Zg ZETIOTOERBIE TOAEH T, COEHEMBEORNEDER5T8
I, HEHED Zollfrei MR E L 5.

Tod-#HEHE (V,A) ZRI v Z—2EH S} LOE/R—IVTH>T,V >0 EIRET
. TOEE M:=8 xS} FONEMECANGEIR gya 7

Gva=—V2(ds+ A)?+ gss (sl ST F5 IO FEAEE )
KK TEDBTENTES. 51T,V HDEEHOEM (1) 220 Ly 7 b UTzgF
(1) V(t,y) — 1, Vi(t,y) - 0 as t— +oo (y IR L CT—HRICR)

BT E Gy LY EHIEEE RS 5T & T M OEREI T ME M = 52 x S?
L@QE?X%?F% gv,A LCHK%E?%)

FEEDEHRIF K. P. Tod I K> TRMICER SN (7], BHAETIROAEE Kahler i
HOWFZEDHTHNTICEFER N [2]. AR gya %2 Tod-SHEFTE & K5, Theorem 3.2
X0, Tod-BHZF RO 5 BAEMERN R E DIV E DIE Zollfrei TH 5 T &G E N
B, FTNHICR 5T Tod-SiHETRIZE T Zollfrei TH B EMGAE N, Tz, WHihd %
LeBrun-Mason Y A A X —2ZE[E RICENRD K S ICEARIICEEZE NI T &N TE 5.
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Tod-SRHEFEDY A A Z—ZE/M BAE h e C(5?) KL, P, C CP? ZLL N TED %:
Ph = {[ZO VA ) W 23] € (C]Pg ‘Zg = Eoeih(zl/z()), Z9 = zleih(zl/ZO) } .

CotE, ZEMXf (CP?, P,) A, Tod-SRHIGHEDY A AX—2EM & 74 %, IEMER TR
Theorem 3.6 DX TR M, ZDHGIC, Tod-#HEIEZE A B8, &M (1) TlE%&<L,
Zhzy 7 b Uiz (1) ZHWADT, Theorem 2.3 27 b LIz ROz HE L THL:
Proposition 3.5. XD DDONEIE 1 5 1 IZxind 5:

o BHEL h € C>(5?),

o M (1) BHIZT S EDE/ K=V (V,A) OF —JFRIESE.

ISE XA THERXBNS:

V =1-QAgh, A = —%dRh. (3.1)

Theorem 3.6 (N.[6]). B h € C>(S?) &€/ K—)V (V, A) W Proposition 3.5 DK
THIELTWAEL, THICV >0(e QAxh < 1) EIRET 3. TDE X, Tod-SfHGE
gv.a & Zollfrei T, £ LeBrun-Mason Y A X —2Et]id (CP?, B,) THAZBN%.

ZME (1) RV > 013 Tod-BfHEIEZERT HBRICELZEREEEMNTH S0 D, |
FLOEMIZ, £ TD Tod-#HEHEI Zollfrei TH D LWV FRZEEFATNS. £z, V >0
WX d 55 QAgh < 1 1%, LeBrun-Mason Y A A % —2E[H (CP3, P,) ICBH9 5 5+
M52 T0BEEZLNDED, BT ORIz ENTNE &, FRIFRDEZ S
OBz U, VA RAZ—RIEH (DR EE TN TOEKRTIE) BT 52 L8
MR TES.
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JEEIRZ A EOFMB L FaET - NI ARV T

A% BT GURBEED*

1 S—7I\N7DEELZHREDIBR

MRS — T N7 OEB E X, (FEOXITUCB T 51—V v RZEM EOEEO) T2y BEudiZ e
WNEEDLTABWNITRETH S, LWVITRZIET. CNEZOEEMTEORRIICY = V2K LTS
ELWV. kbbb, TEOV—SVEHE M EZ0 EOIEDQY T2 v VBB fICHLT, BERLIVES
U MBEELT, vol (M\U) =0 &ili7=L, Y df : U — T*M # well-defined £ 755

AT, V=S YEZRIEOMFEICENT, LD —< A ZIIET 2D TIdEL, GA5NTE
Ulaetb 2129 — < V2R RIRICIE > TRROZT A EZINS T LIF L TEHETHS. HIZAE, TIE
DY FHIRZFFOIAIRT B = VERADEATHIFHICARMTH S L0 FREZOHITH%.
ZTT, HBIEBK TY Y FHEHNTHLS (n— 1)K THEZ 5N n 0t —< Y EREEK (B L
IFEBIL, 74T aBZAVERKTHL VLT X 5%, TIRATIVI 7 DEMNZEDFT, Fnbhizd
2R IKESTHILT AMEERARZ e mEZTZV. TDXI%, VyFHROTHSD FRZRE L
=X VR FROE M, KB, R, HTIICERKEN—0 T TH 2 ENHENTNS.

JOETICED, JOET - NTARVITIGROMEZ L, TOTLa 80 MEEFEMFENS TR, R
KRICEKBMEMNETOET - NTARIVTINKOBER L ZDT L a3y MEERZ, Vv FHiRN McHER
T =X U ERERDHRICB N T, ZRIAOICH - FHEMERNIFFICEETEED—DTH S T LIRB LT
5. TOT ez FICALEIRZG A X 5.

R E BN (X, 1), (1= 1,2, 00,25 € X;) & X; DT R o ISR UT, sl & EinE
225 (X, 24, 05) DY (Xoos Too, Voo ) WCHIEZ THET « NT A RIVTINKRT 2 (DL FEHIC (X, 24, v;) —
(Xoos Too, Voo) £EFEL) &IF, HBIEDFEII R, — 00, ¢, —0&, B ¢, : Br,(x;) — Br, (1) WMFEIEL
T, UFOFMNZRIT I EZED ©

1. ¢i(%5) = Too, Br,(Too) C B, (¢i(Bg,(x;))) D ILD. T I, B.(A) TAOD r-fiifszRdT &
5.

2. {ERED x,y € By, () TN LT, 7,7 — ¢i(x), i (y)| < e BEDIID. TTIC, Tg 3z & y DD
HEECH 5.

BMEEDr > 0&, 25 — 200 ZWTITTED 2 € Zi(i =1, 00) ITH U T, 0;(Br(2i))) = Voo (Br(200))
BKDIID. TTIT, 25 — 2oo &1, 0i(2), 200 — O DIED DT EHEEFS

ZCTROWNEEZ B n ZEEENEOBE, K ZFEESNIBE L, (M, m;) 250550 = n
JTE) =R VEREAT] (i = 1,2, ) TZOU v FHERFNE (n— 1)K THEZSTVWBEL, (V,y) &

* Supported by GCOE ‘Fostering top leaders in mathematics’, Kyoto University.
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B, y e Y, v &Y LOBBT KT, (Mi,mi,vol) — (Y,y,0) L&, CCT, BsEE
MAEATH D LiF, TOEROARBESNI NI FTHETLZFV, vol ZIEHLENTY —<
JZ vol = vol/vol By(m;) TH 3. IRz T L a8y MEEHER, TOXI% (Y, y,v) DWES, %
ne M, OMWEEOBBRZEIIRRS T, VyFHENTINS (n— 1)K THEAS n Kot —< VZhkHE
RICTE > THOLT A MEZEL —DDEETH 2 LI > TRV, TORATDEENEZ S, Vv TR
B % ZARADIR - FAFGER CTH 5.

KEETIE, TOZREDIVR - FIEER/ICBALT, VT2 y VEROWRICET S, H5H LW EEEERE
AL, ZOMBEEBBEEBRAIL. TORBICEE S DUSHERRETHS. UF, L& (Mm.), (Y,y,0)
ZEETS. F—H— A= NVT4 VT[] T, I—TINT7OEHDY TEHIEMTIELWT EZ2RL
To. fHEICHALES. TORMTY ORER TY (THUINHZEMTH ) MEY)E SR THEKTE, 5
wrn:TY - Y (CHUIRUIVEKRTHS) WEE->T, ROWHZFD !

1. v(Y \n(T*Y)) = 0.

2. Fxen(TY)ICHL, 7748 o7 (z) EARICHERI T V)V FZEROMEZFFD. (2O
B2 () &EE, TNDEEXS /)WL || LEHLTLIKTS.)

3. MEDOHEAU CY 2D LOFEEDY 72w VB F I LT, 2 RVIVES Uy C U LYk
df : Uy = T*Y (CNEKRUVIVERTHZ) DMEHEL T, RZiiicd :
(@) v(U\Us) =0.
(b) EED z € Up ICH LT, |df(x)| = Lipf(z) KO D. I, Lipf(z) & f Dz lcEBT 2R

FirY 7w W ERT,

Lipf(z) = limsup < sup |f(x)—f(z)>

r—0  \zeB.(a)\{a}  T)%
EERINS.

COTYY OFD FMED Y LDV T2y VEEICHET 2T —T <7 DEB L HIZE 5.

RIT, ZEEOTIET « NT ARV TIGRICHES, U T2y YEROZRPCROMEZRXKX S, R ZIE
DREEL, fi%z Br(m;) OV Ty YR, foZ Brly) LOV T VBB E LIz, f; D foll
Br(y) L, BRINET S (fi — foo £FL) &I, 2, — 200 ZH/ZTEED x; € Br(m;) & 20 € Br(y)
WX UT, filzi) = foole) ERBTERTD. BIZIE, 2, — 200 ZH72T, TED 2, € M; & 200 €Y
KR UT, ry, — r, BKDALD. TTIC 7y, & 2 B S ORI (Thid 1-V 72y VB ThH5
r..(z) =z, &L, 525N Br(m;) LDV 7w Y EEE] f; B, sup,(Lipf; + |fi(mi)]) < oo %
iz, 205 {n(i)} &, Brly) LDHZV T2 VB foo WEFIELT fou — foo £7%55C
EM, TAAY - TIIVYrIDEHERMICL TN B, T2, Lipf £l f OV STy VERMTHS -
Lipf = sup,. |f(z) — f()|/772. WEELT, 7415 LEBICNT 557537 Y ORAREDE 5 7,
B EZICEKR DD S Br(m;) LOBE f; #E 2% &, Lid sup,(Lipf; + | fi(mi)]) < oo &I RIE,
Uy FHRO FROMRGE L #EY) R ABRHEIC K > T, MileENb BN eZ2ERLTHEL. £TTHU
T, EDRE R >0& Br(m;) LDV T2y YEE fi, Br(y) LDV T2y VB foo T, sup, Lipf; < oo
DD, fi — foo PRYIID, EVWSIRKREREET . HEREELT, TORITIE, fi ld foo IKHIEKT, —
FRIVR L T2 T 2L TBE . INT, KREHTENTCWTRZ25A 5 TODSENT Ao 1.
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2 N df; — df, DERR
21 WNf=LNZ &

LUEOREDTFIC, & o € Bry) KL, df & dfs o8 2 TIERT B E VS EHEGZ 2. KHEHICT
DEFHEGZES L LILE, £F 1, € Br(m) T — x LB T, dfy(2:) B dfso () IIGHT
B, LEBRLIEZVH, ZEZE A TOBZEEN dfi(v:) € TP M; & dfs(z) € TXY THEBDT, Zhb%E
A% T ENTERVENBELY. £, ZRIZEELTELSC LICKSMADERND, & LZOEED
3EERTEZDTHNE, Vel L& ROWEIIKD 1> TRLL

1. 2 = 200 BAMIEHED 2, € My & 2o €Y ITHL, dr,, i dr, 1< xeY TIHT 5.

2. % fi DERRIBBCREERBE Vo Te X DTk, T TV 7 VD B RAENICERD D S BB THN
X, df; 13 dfoo 155 © € Br(y) TINHT 5.

3. &L Bgr(y) LT df; B dfoo WL TONUE, fi DZFIVF—IE foo DTFIVF—ICPERT S -

lim (Lipf;)2dvol = / (Lipfso )2dv.

=0 JBR(m) Br(y)

CNBEZHET HERT, Lo EPHWERZEASTILENTES. TNHARTHY, KH#HTE > L EHIBEN
TN e TH%

E& 2.1 (H)

EED z € Br(y) KL, o Tdf; 1& dfos ICPERT 3, ZLITFHKDIDTLELTEETS (fEFEDe>0
&, mp —x ERBIED x; € BR(my), 2 — 2oo RAITRED 2, € My & 200 €Y IERLT, % r > 001
ELT, FEDO<t<ricXLT,

1 1
I - dr. . df;)dvol — ———— dr._ dfso)d
1msupLolthi/Bm(rl If:)dvo (B /Bm<r°° If oo ydU
t(l) t()

i—00

<€

. 1 2 1 . 9
h?liljp vol By (z;) /Bt(xi)(Llpr) dyol < v(By(x)) /Bt(m)(Llpfoo) dote
N A RVASH
COEHERDRA Y MEIZOHOXDPARER L EHTH S, CTHEARERICLTHELTET, Gabhizy oy
WEIEE £ IS U T, WO df; B dfoe ICHERT 20 DF v ZW LR x5, LIT, %z € Br(y) Tdf;
& dfoo ICWORT % & &, FBHUC (fi,dfi) = (foo, dfeo) EFHL T LICT B, RO DIIDT LMD, TOER
FHEIGVWERTHET DM
FIE 2.2 (H)
/A RIRYASIN
1. 2 = Zoo ZWGIZTLED 2; € My & 200 €Y ITHUT, (r,,,dry,) — (ra,dr.).
2. 8L, fiNCPHEETHH-T,
sup/ (Afi)?dvol < 0o

K2
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ZTRE, (fi,dfi) — (foo,dfse) BIROIID. EBIT, f; MK THNUE, f.o BHMBEKT
H%.

3. (fidfi) = (foor dfoc) D2 (giy dgi) — (900, dgoc) THNE, (fi + i, d(fi+9:)) — (foo + goo, d(foo +
90)) WD (£i9i,d(£:9:)) — (FroGoor A(foooo)) DD IID. EHIC, R EOHEKHEEI F, 7%, Fy I
a7 bR L TV T B L,

lim F({df, dgs))dvol = / Foo((dfo, dgoc))dv

=00 JBr(m.) Br(y)
DD VLD,

T, WRRZER FOFRIBEBOERICOVWTREG ARV LICT . ZCTRIC, TNEOFEDFHD T
A 77 BB T2 0

-
(=

-

22 DT ATT

FFF—H— - T—=IT 4 VT E>TY I rectifiable EFEEINZHEEZHFE O ENDH->TWVS. TD
B2 IEMEICIANR S LI 5 O THEBICHNS &, ZREDOERD, 21—V v FEE LOFESZH
MHER TR GDOEXNE, LU TERSNLSDICHL, HIEN EHHEZEHED rectifiable TH 5 &1&, HIE 0
ERANT, ZOHEEEMAI—7) Yy REB EORUIVESGERY) 7w VBB TR GbEX S BRIFIC
Hz2%, LVIEETHS. FdEHOGHICBI 28—~ A7 v &, TOEN) T2y VEREHZED5
OISO TR TE 5 LA RTC L ThD. ZhEHVT, Y LOEEDOY Y v VB f O, Y
DR S DFLEWIT (dr,, df) ZMINCEHRT 2 TRz, HHREHETREN2HEOHERZHNTEZS T L
WEZRATY T TH5. ZOEHERMS> THAD) 2w YBBOB % 5 b OYEMD DFIHEZITV,
ZFOfn 7z, HENDOL NNV THAFEHERVSC LICXD, IV ha—ILT 3T LR E =27y S TH5.
ZTNS0EWN D, FilFEMESENE. EBEAATNTIRIFEALTHICEZ>TWERVDT, & LKL
fente bt s Le i, [3] TZEOFMZ ATV ERW. 22 TRIZIC, TOMREZomEZ Y
72— VERAANDISHD—D &R S.

3 FFEHRZSIRME LRI

C LOARERIBEIIEEICRS, LWV HEEFY 2 —CILVOEHE LTHHMLN TS, T oMy %
ANDT7FRY—=E LT, Frv YU, FADY v FIREFOR MR —< Y ERA L OE R IR
WWEBICIRS, LS FRZR Lz, IR, M 20 v FHREDIEATH S n(> 3) Jotiiix ) —< > ZhkA
ELUTHET 3. JEADFE dITHL, HUM) THR d ROZHAMKEZFD M EORMBERN 5745
MWEZER T %, ZCT, A—=IVT V7« S2avFIE, RCIKORMRIFT HIEOQOEE C(n) > 1 BMFEL
T, B dICHLT AmHAM) < C(n)d™"L PO VIO LR L. HEELT, FiFoy - YIORsR
F dimHO(M) =1 &5 FRICHiZR 500, DLEORRE, JIFADY v FHliRzRD) —< U ZikA 0%
HABAKE AR OBBIEZTNE EFEL RN EDO—DDEBTH B LEZ BNS.

ZTT, AT VY 22Oy FIEROMGEEE LT, WAL MHINS & ¢

. vol Br(m)
Vi = lim -
M R1—I>noo VOIBR(On)
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ZEZ, TNNETHS L EIC, M FOZHAMKEZFFOFMBEK L, M OlnLsE Lo 2 HAHEKE
R OHMBBICIZBEENDH S 55, LaRBLE. TTT, m € M0, € R* T, Eid#ilfRI3HIIE
fEL, —M%I2 0 < Viy < 1HRDILHE, D, TORE m OB HILE5EW. UTTE Vi >0 &
REL, B RS ZHEEER (Mo, moo) B M DHBEFETH 5 L 1E, HBHAY R, — 0o BB - T,
(M, m, R dps,vol) — (Mao, Moo, H") DK DIIDT 2 & T %, TTIT, dy \& M OHEET, R 'dy 13V
AT —VENHEECH S, FEE LT, F—H— =T 17, XU VOERICE->T, Pk
£ —DlF M OWBEEENFET 50, —HEWEMET, EEOWNIHE (Mo, mao) (&, H2 32787 FREEE
WX BH->T, ZTO (C(X),p) EHFENTHZTEMNHILNTWVS. TTT, Wz X OMOE#HE~x
B2 %2 L3 HREVD, Reo x X/{0} x X HICEYIRIE#EZ AN B2 Th O, plEZomTH5.

ZTT, AT VT - 22Oy FICK B LEIRM 27T BICd XS, Wnksk Lo EAIEKEZEFD
TR I TH I ZIE->ET D IEIZIREND S, GiHZEZTVRERVWTEENTENTVSH, FHUIR
ThHs:

EE 3.1 (H)
M OIEEDOWHESE (Mao, moo) = (C(X),p) EALEDIEEDIEL d ITH L,

dim HY(Moo) = dim Eggin—2)(X) < C(n)d" !

MDD, T TIE Egy(X) & do A RDT 7537 Y OEEHEED X OGN TED N3 85%EmH
LY 5.

COEBIE, =7V v RZ2EH EOZIHAERE 2 R OB SIS BRI CERE NS, LWV 5 H:HHED
7FruY—=Tbb, M OuLiE EOZHAEKEZ R DHRNBEROEEERM O 253 T0%. TOEH
ZHVBE, & (Ms, moo) EDOZIHRIEREZ K ORI 572 5 22 DT = A ARBARHEZ 5 X % T
EMMNTERM, TTTRAKTS. TORbY, a—)IVTyvJ - I=2avFORMZF;d%5, M Lo%
HAM R 2 R DB &, T Ok O 2 HARRE 2 R DI & ORIC—D DRz 5 X % XD
Y a—E)VRDEMHZRENTT S ¢

T 3.2 (H)
ROWEZGTT dy > 1 DE—DEET 5 -
1. EED 0 <d< dy & M OEEDHHEHE (Mo, meo) LT, dimHY(M) = dimHH( My) = 1 B
I RVASN
2. B2 M OWHEHE (Moo, moo) MFEL T, dimH? (M) > 1 DD D,

BE R

[1] J. CHEEGER AND T. H. COLDING, On the structure of spaces with Ricci curvature bounded below,
ITI, J. Differential Geom. 54 (2000), 37-74.

[2] T. H. CoLpING AND W. P. Minicozz1 11, Harmonic functions with polynomial growth, J. Differ-
ential Geom. 46 (1997), 1-77.

[3] S. HONDA, Ricci curvature and convergence of Lipschitz functions, preprint, arXiv:1005.1040.
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F=A—ta—=N7 4 v 7 DWITRAREBRDIRRIC DT

%

&
B
& W

FHER Y BRSO RE IR B

e-mail :

N

keikondo@keyaki.cc.u-tokai.ac.jp

B =
X %25 « JEa v 7 Ml XonY — 2 SRk E TS, TOLE, F—A—
Ea—n7T4 73, bL XDV y FHMENPESMIEET, 2o, A—Y Uy KB
DB ARAEDS, X D& T, T LSz u, X ik, nkXouaxr—7Y v FZE/EIC
WMOERTH 2HEER L, [KT2l BT, &1k, ZoTHOENE TX DY v F
R NEBRIEE, 2L RIS L 72, REETIZ, ZOIEEHIZOWTE
ML 5,

1 2—279v FEOFERIBXEZE > Mo REEER

yua—7 LHE[GS| IS K> TERSI NG —~ v Ehkik X Eoriz e X 1CBIT 3
PREERSE d(w, ) DEFRRS & 2 DB, X OOMMHZ TR DBBICKRE BN A A= &
EREFHLICEZTINSG, Rz, XDFEar 7 bThar e E, b L d(r, ) DA
D3 (z DIAHD) i ud, X 232 —2 ) v RIS RIS & 2 F23E CIC BRI K 5 .
EZAD, Td(x, - ) DEEFURDEGVE T 2R AR 2 1000 2 I3
fHClEdH 223 ([KT1) 22, Td(z, - ) DEFEF R Z IR Lo 2 HARGEE) 2 o0
HHE, BAMCEEL v, DF D, X203, 22—y FERICHIERICZ % L5 ) Hoik
WRREZ LB, »pRVBNAEFEZMITII22BHVWEEZ 2008, RELZDODD
L7\ ([ST] 22 1),

DI, X %2V FHEIESBRIEETH 2580 - JEa > 37 MEifEn KoL) —~ v %tk
RET 5, it>T, XITHT 2SM2EMIX, #HEB0THE nXou2—2 ) v FZEE R
ThHhb, TTTHERELLZVHEIZ, Uy FilROEME, T otR, 2F ), TEfE) 0
HRTHZEEIFRTHS (Pl2IE, KX ERNT, Z2NZ N U LD RO A
U, TR HOBBEEROARBEO BB X Ozl h KE v, L LT, JEAY v Fill
RORMORHE S TEVERTHIERKS),

Vg 57 M2 RO LDEEMA T 7 A b9 7 1, 2010 4E 8 A 8 H, #iF K2

PR O RE, Hrh HEEE (HERY) L OLFAEL S DD DTH %,

MERICHEE L2 e e X ITHL T, Mye X 2, W d(z, ) DERBRTH 5 L 13, EEHOER
2 E o eT,X TRLT, y & o 2SRRI 1 25F1E L T,

£(v,7(0)) < /2

EW TR S,
mE7 [GlICkoT, Ho5DT /=y 734 Y FE—M@EE LT, fifkI s,
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T, BB L7 Td(z, ) DERREZBIEE L 5 ) M»Ia5tb% X 1052 28512,
Kt [0] 13, ALH B
vol Dy
ol S 1(1) (1.1)
ZROTHEAL, X DZRERDB R THLHEH»S, (1.1) 2 X 0aA—0 Yy RBEDF
BEXEL TSR, 22T, B(z):={ye X |dz,y) <t}, S" 1) :={veR"| |v|=1}
THY, vol By(z) & volS" (1) 1d, ZNEFNBy(z) & S (1) DFRREZE T, K [0] I3,
XIWZRL T, FFALE DY v TR, SN G R 2 35T 50
ERIFEABTHHR O L2 M MA, X ©D2—2 Y v FEIOKREBE AME 0 1 I1SuE v
EEIRMOD ET, X R ISR CcH 2 EER L, 2T, TWRERIEE W
RO MA oMz, P&/ I 70-KERZHEVZVLSTHE, OF
D, Ty 2ot i, RO R OB (HIHAGR) & EFCWAERWrS
THb,
CORHEDH RO, 2—27 YV y FROKEHREZE>7-H D & H 5 W 2T FRELE
BMEE N, ZAGHTY, TWEMEEOSMA) 2L LTI BERICEVLT, XD
F—A—ta—n7a ORI, Bz TOED vTw 3,

EE 1.1 ([CC, Theorem A.1.11)) X 2V v FHEILEBMIFEATH 25 - a7
FenXomV —2 vk 95, ZOK, nICX2EHI(n) >0 ELT, L, &
MzeX T, =7y FROFRENAMHED
- vol By(x)
t—oo t" vol S—1(1)
Zhi 72972618, X FRICEORMETH 5,

>1-4(n)

WAE, Fexlx, ZOEM11 OFKME TX D) v FiEPEBRIER, 24 L. ZocH
DIFIRITHRII L 72 ([KT2)), 2% 0., T4 OLEHICE T 2 SHEMIE, 43 L b E
KEMTIER 0, ZOIEERICIZ., TS v FiiR o) o&snETh 3, KT
X, 20 TG v FiiE oK) DERICOVTHRS,

2 TEEBEHY Y FHREORMEETIVEOFERIEKXE

BT, M" %8t p e M &850, RHOCFMZ, 56l - a8 b nkot) —<v %
AL L, G%2 M OWimihEE T3,
ETE 2.1 (M, p) 25, nRFEETFILVCTH 2 Lid, MDY —< iRt ds? 25, MHLY
i JE A
d3® = dt* + f(t)d0®, V(t,0) € (0,00) x SZ~ (2.1)

THEZLNTWREES, FHC, n=208, (M2 ) 2EHEEFIEFES, 22T,
f13(0,00) ETEESNIEEE C-BIET, 0 DM D TS 01 ABIEA L HRRHR 5
bOEL, dP? i3Sy ={veTM" | |v]| =1} koY —<VitR LT 5,
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n RIGE TV (M",p) DITFIZ OV TIE, [KK] 25,

EE 2.2 (M",p) 2 nRIGETANET 2, COLE, G%po6HATEEO TRy I
PR L 72 Ba%

Go#d:[0,00) — R
% (M",p) DIETHISRRIE & .58,

T HREIE G 07 1 [0,00) — RICK LT, f 237 2 €D AR
1)+ GE@)f(E) =0, f(0)=0, f(0)=1
Z BRI 7o T FHITER L 72\,
LUN. (M, p) ZFrip e M 2805 - JEa v 37 b n Rou) —< v 4Rk & T 5,

EE 2.3 BEH)pICBT3 (M, p) OKETY v FHED n RITEFIL (M", p) DS HISER
HGHG) TTHSBEIZIShTWS LIE, po s GEXD1 0) 7 D RN
v:[0,a) — M IZH->T, o/ (t) 1B 2 M DY v FHi# Ric, 23

n—1

Ric, (7/(1)) = : Y (RG (1), ) (), e) > GA(D), Vi€ [0,a) (2.2)

n—14%
=1

i TRE S ), 22T REMDOY—< i Ty LERL, {er, e, 01} =
{er(t), ea(t), -+ en1(O)} 1. A/ (8) ISIEEET B Ty M N OB D IERE ALK 2 2§,

B2, (22) Db E. n RITLET IV (M",5) DV —= VEHEI d? + 2d0%, LiE. dt® +
sinh®tdf? TdH %7 61F, BEEIREEIE. GH®) = 0. XX, GEH@E) = -1 &% 5,
Fric, Y v FHEBEORFZIE, VA VE (T 7 X) ICELZHIER LW ([TK] %2
ZH),

T 2.4 S p BT 2 (M, p) DR v FHIEA 0 KITE 7V (M™, p) D iR
BGHE) TProIzoNnTwE LTS, TDLEE,

lim vol B,(p)

t—oc0 vol By(p) (23)

% M OETINEOGRIEKME L W5, 22T, Bp) = {r e M |d(p,z) <t}, B(p) =
(FeM"|d(p,i) <t} TH3,

(2.3) % TRy ERESBHIX, (1.1) O2—27 ) v FRIOKRRIEAMHE & &y, B v
FHROFEBIA NV EICEDLLPLTH S,
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3 R
RiEEO FFERIZ. UTTH B

EFE. ([KT2)) M %258 - Ea v 7 bifEn KoY —w v Sikik L 5, 2L E,
ERICBEELUfcRp e M IR L T,

(A-1) [0,00) FTERINZZ2DY) 7>y YBEG(t) L Kt)BHFEL, £H. ZhZ
., UTZdi7d

(A-1.1) pIZBIF 2 M DAY v FihHD, G % BUHIREE L L TR n X0
ETN (M, p)DZNT IS A6N5,

(A-2.2) pIZBIT 2 M OBUKIRIERDY, K Z B HREIS & L TR EIRIH €
T (N,0) DZENT oS 5055,

(A-2) Bz, L M & (A-1.1) D n RITET IV (M", p) B
tlim vol B(p) = o0 (3.1)

vol By(p)
im —
t—oo vol Bt ( )

Zii7z i, M, R ICoRETH 5, T IT,
K* :=min{0,G, K}, (K"):= gexp (/ tK*(t)dt)
0

ThHhH, Flix, [0,7] LoB% T

> 1 F(5(K")) (3.2)

LERIND,

(A-2) 2B T, &L LT [Tt K (t)dt DFFHER, B8\, DX D, 2 ORIEDH
FehiIFFERTHN, (A-2) BRIZT 5, HIT, (A-2)1d, EH1L1IICNLT, LTFo=
BIZBWTT FAY F =P 1 (1) £&fF (3.1) 13, REHATH S, 2, M" =R"
THBEE, (i) &M (3.2) BT, HxDEFNBOEEIKRE X, BANRETT

SHIIZ6NTWw3S, (iii) K p &, .%'5

ﬁ\%ﬁgnu\M%Mﬁ%+®% . BRIV, BIE . EREROKRELT, M
TzR5

SHER p IBIT % (M, p) OB AIANET € 71 (M2, p) DB HEBIE K (5(t) TTF oS

ALNTOSEE, phbiia (ESH 1 0) EEOREHG 5 : [0,0) — M I2H->T. M OWifilhiR
Ky 93

K]M(Ot) > K(’?(t)), VYo, C Tw(t)Ma YVt € [O,CL)
2l IR 2 E ). 22Ty 0y CTyyM 1E, ~/(t) X7 bb v e TyyM TR6N S 2 RILKIEZEH,

-193 -



EFEOR. ([KT2]) (M,p) &, Hiip € M 2D, 5l - a3 7 bl n Koty —
VAR L L. p ICBET 5 M DT Hh =R DS AR € 7OV (M, p) DB B
GH@) Tz zonTnsd td5, b L

lim vol By(p)

i mG 2 Fe(@)

HoIE, Mk, ROCHOHAETH S, 22T, G- :=min{0,G} LBV,

Z D%, do Carmo & Changyu ([CaCh)) Df§HR%E&T, DF 0. f% (M,p) Dhlh
B L T 0L, f(t) =t THHEZE, doCarmo & Changyu D7 — R L& 5,

SE 3R
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DYNAMICAL MORSE INEQUALITY

W K
HABRARABGERLERT TR

Z OfFFEIE, HEORA O R IESE R SRR EREL & DILFIFIEICFE D & £ 7,

1 BA

Bertelson-Gromov |4 [2] 2T Dynamical Morse inequality ODWf%EZ#2EL £ L 7. 2D
AMFH T EO MR AN L, FEOLFIE (1] 232 OB %Z £ D X 5 IhlizE LT 2 0% figat
LEY.

X ZPHSMMEEL, f: X xX - RZWoLZBEKELET. n = 1,2,3,--- XL,
f: X S REZROXNTED T,

H

n—1

> f@iwiva).
i=0
frn O “DBRRY EWRIZROBY T, nflD 1 BEMEIIEA L K 2B FET. &
JRTDREIZ LK X CRldINnTws L L, BT 2 DT ORBIK>TEE S “KT
VIRV BB X x X s RTHEZON TR ELET., ZDLE f, DEFSIZZD “4
m D CHEEIRAE” ZRLTCwE EEZONET, n ZREL LTk E EIT f, DEFFR SO
BOWHE IR 2 FE o, et i b EREW L b E T, 22T, n— oo TOMETD
“FOT DEFFLED “WEOAEFNTEAE LI bnzERLT, 2z XN 0 “HIAENT Betti
B CEHMEL X9, &9 DD Bertelson-Gromov DT,
cERFBELSZIEDEBELET., ZDEE, Ny(e,0) % fr, DERE p T, c—6 < fn(p) < c+6
Z7zTODODMEBEEDET. Thbb:

1
n

(1) fn(x()w--afﬁn):

Nin(c,6) =t{p € a" (dfn)p =0,c =08 < fu(p) < c+6}.

512 N(c,0) —hmlnf—logN (c,0) £BE, N(c) ZRTEDZET.

n—oo

N(c )—;1_1)1%]]\7(0 J).

2000 Mathematics Subject Classification. Primary 57R70

Key words and phrases. critical point, Morse function, Betti-number entropy
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Bertelson-Gromov (& [2] IZTX® Dynamical Morse inequality ZiEH] L £ L 7.
EE 1.1 (Bertelson-Gromov). XDOFEMADN SNTW 2 ERET S -

(2) ETD fr: X" = R(n > 1) 13 Morse BI%TH 5.

CDLEEMED ceRIZHL, ROARFERDIHD D,

(3) N(e) = b(c)

22 Th(e) IF [2] THAI N Betti-number entropy Th 5. Z1UIDWTIEE 2 Hi T3
¥5.

22T, H2offichiRoNsWEEZM ST, FEHOAFERITOVWTEELTAELL), T
YLidszHELET. my, = minyexnt1 (fn(p)), Mn = maxpexn+i(fn(p) EBSET. MR
Moo = LMy, o0 My = SUP,> 1 My & Moo = limy, oo My, = infy,>1 My, DAET 5 C & IZHIERY
RSN E Y [3, Lemma 3.1]. BIE b(c) IZMBIBITH D moo < ¢ < Mo DEE b(c) >0 TY,
L7035 T mee # Moo THIURY, 1FLDJI*E Morse A% (2) XA R O34 N(c) 1CBId 2
FEEMA G2 5 2 £ 7.

ST, EH 11 DO UAROMEINEPATE E T  EHORE (2) 27 18 6 4 BEEUZIR
td 2 D>, FEDILFENFE T OMEICHEN LRI o NE Lz, FEDTREZIBX S H]
2, COREPEHHTH S V) ZE2@EHLTEEET. PR,

nfn (T, Y1, Ymy Ty ey )
m—1

= f(xayl) + f(ymax) + (n -—m— 1)f(.%',l') + Z f(y¢yi+1)
=1
DAEE Y1, .. Y DHNICEHN D 2 OMEBICIKRE L A, f, ZEMENZHECTEET 2 L 2otk
BixRr-nzwoT, BAoEmZZOFEEFTCREHTEL D TY.
BT BEO BRI 2 BRF T, C°(X x X) 2 X x X _EoFEHHE O HBKoEGE L,
C-IRDPiHE AN E T,

EIE 1.2 (Asaoka-Tsukamoto-F). Z&ff (2) Zii7c§ L)% f e C®(X x X) DHEAIZ C®(X x
X) ohof 2 FEA2TH S, HIE, WHEEOMEESOILERS 2 &,

C(XXxX)TfelC®(XxX)DI)b, Mhndbo, §biht, (FED x,y € X ITHL
flx,y) = fly,z) Wi TdoeEE2RT LI LET. X %2 SHEROIREERN" LARTE
E, fONTH S EVIREIZARLESEMFTT.

Lf st A = {(z,2)} C X x X ETERTHTNE, moo # Moo L5 5.
X AMMEMEL, ACX E¥5%, MO ABNEEREALEE, ARBETHS L), HLIREOBEAD
MELTESNZEAZB1IEESL V). B 1 EEATHRLESLE 2 EEAL VY.
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EIE 1.3 (Asaoka-Tsukamoto-F). &&ff (2) 27z 9 L)% fe CX(X x X) DEARIZ CX(X x
X) oo 2 FEATH 5. EEE, WRMEOMEMESOIET T2 &,

2 Betti-number entropy B
2.1 WABERMAED S OEfE

M %Z n-RJGa v /87 b C-hEHEE LET., M PRSI TREREEE (HERED) de
Rham aFEuy—%2fiv, 29 THhOEAEIE Z/2Z FREORRarEuY —%2fi) 2 it &
T. ae H (M) = @psoHV (M) &L, UC M ZBEAELET.

EE 2.1. bIWEAV CMPEELTM =UUV 22 H*(V) Taly =0L%%LE, ad
BR—KMI U ICEFND L0\, suppa C U EFT3,

de Rham a A€ 0 Y =% 9 54, suppa C U 13H 2EAMSTER a BFIEL T, suppa C U
Da=[a] THLHILEEKLET.

Bl 2.2. a € HIMM (M) 52, FEEOZETHROHES U C M IZH L suppa C U,

i 2.3. a,be H*(M) &L, UV CM z%ALT 5. suppa CU 2D suppbCV TH 2
%6, suppaUbCcUNV ThH5,

SEBA. de Rham a &€ n Y —DEARMIEAZE Z WP TT, O
a€ H(M)IZxL, PD(a) =an[M] € Hy_y(M) T a D Poincaré MLz E§ I Lic L
E3

flid2.4. ac HI(M) L, UCMZH%EALET S, suppa C U 1Z, PD(a) 5] H,,—o(U) —
H, (M) DBIcEE2 2L LHETH 2.

W 25. 0: M >R % Morse At . L, e <d 2FEHETEH. AC H* (M) 287+ L
R CROGH 2N THDET S &2 TDac A\0 X, suppa C p !(—o0,d) >, H 3%
be H*(M) Tsuppb C o l(c,+00) B2 bDVEAEL CaUb#0 %2 T., ZOLE

t{p € o (¢, d) : (dp), = 0} > dim A.

SEER. i 2.4 ZffioCareu Yy —Hoy R — MCBT 2504 %, dE0 Y —HOLMICHE X
Z T, Morse ¥z ffivaE 9, O

S3suppa &WVIEAVEBRINLRTIIR LI LITHEE,
4o IR DS suppa BESE L TEHRINT VS,
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2.2 Betti-number entropy

Z Offii Tl Bertelson-Gromov[2] TEHA & #1172 Betti-number entropy (2T L £ 7,
X, fy fnsmn, My, 255 1 HiCHALZEY ELET. 7y XM — X 285 (20,...,12,) —
(Toy-- o 1) ELET, BEAU C XTLICHL, #_7 PV2EH A, (U) C H* (X" %,

A,(U)={aen, (H*(X")):suppa C U}
TEDET. ce R, 6§>0IKL, RDEHREEZET :

An(fi 1 (=00,¢+6)) — Hom(An(f,, ' (¢ = 8, +00)), An(fy ' (¢ = 6,¢ +9)),
a— (b—aUb).

Betti-number entropy b(c) Z X TERINE T

b(c) = lim ( lim ~ log b(c, 5)) :

§—0 \n—oo n

GHE25 XD c R, 6> 018 LT Na(e,8) > bu(c,8) L5 BDT, N(c) > b(c) ZHET.
LUMIZ, Betti-number entropy OREARRNZMEE 2126 L £, AR [2] 25 L TS W,

R 2.6. ¢ € Mmoo, M) %55 b(c) > 0. ¢ ¢ Mmoo, M) %5 b(c) = —o0.
WRE 2.7. b(c) FMBI% e, eR EO0< a<1ITHL, blact (1—a)d) > ablc)+ (1 —a)b(c).
Rl 2.8. b(c) >0 L% % ce ROBFLET 5,

F 29 Mo #My THD%6, ¢ € (Moo, M) IZXF L b(c) > 0.

3 EE 12, 1.30RADT7IT17

X ZWorRHSREL LET. feC®(X x X) KL, S,(f) € (X)) %

n—1

Sn(f) = Z f(@i, i)

=0

TEDET. fo=5(f)/n tBDET. n>1Z2MEELLEEIC, £6{f e C°(X x X) :
Sn(f) 1% Morse BI#L } 13 C°(X x X) OBEATT (AMOFEIX C(X x X) IS L THHL
LEY), LEB>TEM 1.2, 1.3 13ROEHDPSHMEET.

EE 3.1. n > 1 %2[ET 2. EED f € C®°(X x X) ¥ S,(g) 7% Morse BA¥Ic %% X9 %
gEC®(X x X) TV 5 THEMTE S, f 2045, WA g TEMTE 3.
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AEOEFEROEY T, n > 1 ZEELTEAET. 9, X FRY KHDAFN TR
LRELET. pe X L ae RV)™LISHL, &2 ABM fpa € CF(X x X) DT
L

(4) Sn(fp,a)(a:) = (o, — p)

B e X" THZT R RO TTY, bEAAZNIAARETT. Lo L, RAICIE (4)
VST 55D fpa ZHRT 22 ENTEEY. Mp=(po,...,0n) DERITOND, ED
TODEINEL TS, IWEHTSEIANETT. 22 TP, T{0,1,2,...,n} DI
EEEZRLET. o e {P,P,..., P} eP, ITHL, |o|=1¢L, HFiePi(i=12,...,n)IC
ML oG)=P ELEY. #lZld o ={{0},{1,3},{2}} € P3s %5 |o] = 3, 0(0) = {0}, o(1) =
o(3)={1,3},0(2)={2}. o,7€P, I, o T DHITDEZ T>0 EEDET.
oceP, ITHNL, X, RY ZRTEDET,
X, ={(z0,...,2y) € X" 1 0(i) = 0(j) %5 z; = x;},
RY = {(vg,...,vn) € RN 6(i) = 0(j) %6 v; = v}

X, CRNTF. 7>0%5 X, C X, »>RY CRY T7.
e = J X~
TZO

EBEET. X o DEDMIGEHIZEY £9. ¥, Cc X, TT.

BE 32 0CcPpeX,\S,, acRY L5, COLXH UMM [y € C2(X x X) 25
FHELT S, (fpa) =(a,x —p) BRTDx e UpNX, THRIZLT S, ZITUpldpd X"t T
D& % B,

SEEA. [1, Lemma 2.6.] Z T 23\, O

SE R

[1] Masayuki Asaoka, Tomohiro Fukaya, and Masaki Tsukamoto. Remark on dynamical morse
inequality. Kyoto university Preprint, 2009.

[2] Mélanie Bertelson and Misha Gromov. Dynamical Morse entropy. In Modern dynamical
systems and applications, pages 27—44. Cambridge Univ. Press, Cambridge, 2004.

[3] Tomohiro Fukaya and Masaki Tsukamoto. Asymptotic distribution of critical values.
Geom. Dedicata, DOI 10.1007/s10711-009-9372-3.
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VAV Rl GV 25 NIV EFN R EATNeeL |

ik A CRIERZERZBH WIS AE IR D)

)= FBZOEBIDEH L L TRD Cheeger-Gromoll DFEEMH T ZEHMNAIS N
TW3.

FEI 1 (J. Cheeger and D. Gromoll [2]). (M,d) ZIEEY v FHIRZEDE Y —~ %
MikE T 5. (M, d)DERRYy Z2E3BE5E, 52V —< V2K X DMFELT, M LER
V=S UEZRAX x R EDVERAM LS.

X

N
A
) v ) )

LUR T (M, D, d) Tl n e kkik M OB m ORI D Cc TM o EX5Y T
V=SV EMGKZERT. ROFMNEEZS.

(M, D, d) i&5¢ii T singular minimizer Z % X9, IWX—JHE 1L H RN € [1,+00)
R LT MCP(0, N) %1729 (%)
SEOFIHIIELTEHZ 5. AWIZE [4 TIIEH 1ICTOVWT, V=< VERAREY T —<

ZRRRIC, FEEY » FIIROZM 72 MCP(0, N) (measure contraction property) ICHUD &
Z TR, ROZDODEH BT

B 2 (4 Z8MR). (M, D,d) D (x) Zhilz U, Bif v ZEEE 5, H2 2K X HifE
FELT, M LEBZHRAE X xR EDWMPEHE %5,

EE 3 (4 Z2M). rankD =2, dim M =3 £ 5. (M, d, u) B (x) Ziiiz8E, M L
FEPEAEZZ M X x R EAVEEEZER & U THRRIBI L 125 K 5 ZAEEE2ei X 3 FE LRV,

/N
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DIRMICERICHN S SEZHIHT 2. 280K M EONVAR—FHE 1 &1, SEBESLEED
A= TR DN TR R M EORED T & &35, 71U —< 2V ERHA (M, D, d)
i, 2mp,g e MITHUTENS DI d MR THZASNTZEDDT L THS.

d(p,q) = irclf/o |e(t)] dt.

72720 inf i, ¢ : [0,1] — M (FHEHERL, ¢(0) = p, ¢(1) = ¢, (FEAETXTDt € [0,1]
'C“c'(t) € Dc(t), EWVIHIFEEDTTES.

L L, 2D dIE— RIS EARADITTONME 5275, dDEADNESZ 5 K 5127n
i DITIERDANIV >V Z—5 1) ZIET 5.

EE 44 (3,7 22H). DA r e NDWFEL T EEDORpe MITHLTZDED
DTD%&ED—TMNERNT MVGOH X,,.... X, DrBIETDOI)—T57 v~ zEo
TRLENEXRT MUGED,

Xisoo, X [ X, XG0 [ Xy (X [+ [ XG0 X ] -]

(3,7, sity e yip = 1,...m) D p € M TOIETIRD NS ZE M2/ T, M 1< —
T BLE, DEINIVIVA—ZBEHBEET LV,

NIV VR =M T2 A D ISR LT, ROERPMHSN TN S.

FEIE 5 (Chow-Rashevsky OEH [1, 7]). M 72 n KoTHEAZHIAE T 5. 794 D DNV
VE=F MR, I FAROMEEZED, M DE L DNiZEZ%.

RIS TV — VSR E ORI B$ 2 HAFE R RS . (M, D,d) o
Feif v : [0, 7] — M (T > 0 FEB) N"HEERTHZ LIF, EFEAEITRNTD L € [0,T]
IS LT AH(t) € Doy THH T, [ 5] dt = d(1(0),+(T)) 755 T & LiEh%. Huxhdih
Ry 0, T] — M DRHIERTH 2 L1E, EEDt € [0, T ICHLTHS e > 0MMFELT,
’y\ [t—e, t+€] N [0,T] 75\“ 2 )ﬁ%%ﬁ&ﬂ%%ﬁ%ﬁk&% C (1_). k@—%) f’r@ﬁi@ﬁﬁﬂﬁy ‘R— M @Eg%i
DERHIFRDEEEE d ISR U THRFIAMCE > TV B & R y ZERE VS .

TEEDR py € MICHUT, po 5 HFET Bifionfdigi Rilifl ¢ - [0,7] — M T, ¢t D
Ble@)| M2 AT THAHEDDEEZ Q([0,T],po; D) EFEL . TDEE endpoint map
end: Q([0,T],po ; D) — M ZHiR ¢ € (0,7, po ; D) ISH LT end(c) := o(T) LED
%. Q([0,T7], po ; D) YR REEZ AN % T & T endpoint map [ ERAID GG L 755
[7].

17

-201 -



EZ 6. endpoint map DR & & B HHHRZ singular curve £ W, ZUDHIHIER TH B
& EIT singular geodesic, RFGART D % & EIC singular minimizer £ 9 |

TEAERFRIE endpoint map DEFFLN & 755 DT, ZNLN DS 72 IEHHZ: singular
curve E\WWH T EICT B, YT U= VERAROHUMIROH TEFICIEAAZ singular
minimizer (&.5% FWHIKEEHE[7] T, 5DE AL DD >TVERNT ENZWNTED,
ATl (M, D, d) I3IEEIAZ singular minimizer Z 3 X720 29 5.

EHE 7. WAN—THERHA T2 TV = V2R (M, d, ) BH2FEE N € [1,00) ITH}
LTMCP(0,N) Z#led &id, EEDR pe M LRIt € [0,1] ERLIVESR BT L
T, BOFKEZ p ETORERRICIH>T (1 —t) : t DN LT TEZHEAE B &L
e & &I,

w(By) > t"u(B)

MDD EHENS .

MCP(0, N) DEMIE u(B;) DUFEED RV I BT 2 RBOUIFER KD /M A0k
WHZLTH5.

MCP(0, N) &V —< VBMAICEIT % Bishop-Gromov DAFEXD—RIETH D, n Xt
V= VERRARTY =< R L V) — < VB E Z UL, MCP(0,n) IEIEELY v FilER
D&M L RIETH S [8).

I DDV TV = VERK (My, Dy, dy), (My, Dy, do) IZX LT, TIN5 DEREEH
KEDNTHDEMZ L 5728 D (M) x My, Dy @ Dy) BZEZ % &, Dy Dy 1NV E—5
2ililz U, ZNDED ZIEEEE d) & dy DEREEREE 755, T HIC 9] IC K % &, measure
contraction property Zfii/c 9 _DORIZHEFZEHOERZ & > T, N5 OEREEEE & E
FEMIE 72 5.2 72 £ D & £ 7z measure contraction property Z i 729 .

TEH 2 LM 3 DAGE 2 T2 T T ) — < Y ERADHIE UTRD 3RTTDNA LA
IVITBEDNHIL N TN S.

Bl 8. M =R3 EOZDDXRT MU X = (1,0, —y/2), Xo:=(0,1,2/2) Z2 &> T X1, X,
WERT 2 04i% D &35 &, DIV E—=MRETZ9. DI Xy, Xo DIEHR
EXMEGD XD TIEEMENERZSZ 5. COXIIICLTEDLNE T T —< VZERA
(M, D,d) % 3RFTDINAEINIVTE L VS . R LA
1
(1,91, 21) - (T2,Y2, 22) := (01 + X2, Y1 +¥2, 21 + 22 + 5(1’1 Y2 — T2 Y1) )

CEDDBE MIZV—EEERD, dIFTOEBEICBEHALUTEARAZEL RS, 3KITDONA BN
JWIBHI ) = VEARTIRWY 7Y —< VZEMAOT TR L > L AN THh DI
RENTWVWBEDT, KD X ST RN TOHMERD BN K TEIT B,
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AdWEARZHHTH S T 5, JH(0,0,0) 25 HFET B OV ThhuE 45
TH5. vy-TFHZEFETHC EFA—HLTR =C xR &HET &, JFR(0,0,0) 15
FIHAHEE (v,0) € C x R THIFET 2R v, : R — M X, ¢ e REEDINTG A—2—L
THRREIHFEL, RDX S %A THEIT S [5].

ipt 1 t — si t
( | ,|U|2<Lm2<¢>
(X% 2¢

Vo(t) = >> s

(tv,0) p=0D&E

Telz LR - SOt | - | IZEREFCFROED LTS, o £0DRICDONT o ZEE LT
EZ,7,(t) = (x(t) +iy(t), 2(t) £ B L, ROKD K IC (x(t) +1iy(t), )ci@ﬁ:#@ﬁc
L OBUSEEB IR ZAE, 2(8) R E A (2() + iy(t), 0) BRERED & (2(t) + iy(L), 0)
MZMN K HDOILE THENZER7T OmEICE L.

pA0DEE p=0DLZE

Yo (1)

\,L@% FOERID 2(1) o

0 #0DEEFR 4, 3T TV —< VHHREICB U TERICER SR, (2(t) +iy(t), 0)
P8 7 1 [Elis U 72121 i Iﬁb\‘ﬁ@bﬂhf LEIDNETHS. —JTp=00F1F, &
HEERECT I EOJF /728 2 5E O EROERRICE 50, 7V —< Vi d DEKRTEE
BT > TV 5. TN OHIHERIE I XTIEEHAZ singular minimizer TRV, 3 KITD /N
ANV TEHE R DJLAN—FRIFEICEE LT MCP(0,5) Ziifi7z 3 [5]. 3 XTtDNAE
NIV BHI SRR L LTOIITE 3720, NI A RILIITI 4 TH B [7].

COXSBHIMEEST B e b, JFQY Y FHIREZRDY - V2D T T X %2,
MCP(0, N) Z iz S I RRREZE R D 7 5 I JRT % &, KRB —< V2K L HE 5
LOWNEENDENDONS.

AR 9. (1) AAROEITHZEE LT RIIREEARICKS 7 LYY Fa T 2EM Eo
(AR D ZEEFLDRISE [6] M 5. T DX TiE MCP(0, N) DIRED R T, 7 L7
> R 7ZEMIC L TE Cheeger-Gromoll D3 ZLE B SWERE ([AIHHICTH T %
EWVIERR) TIDILDZ EARENTED, FRICHHT S L TRINTVE IR
INTHRW,
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(2) EHE2 DFEHHIE [6] 19> TV B D, JIHIFRD 55 FWE ET TV —< VBEkARG

DHENH % 128, AWFETIE T NS DV TONESZ S T2, FH 3 O
TEFE 4 DNV Y B ARENCAE S . ERANICIE, NV U Z—5FIc ko T
SED HRUNS S, MIST 2HMEMERALNTLES T, TRWICHHLL
W, ERITES. L L, U7 U= V2K (M, D, d) &L ROEREYT TV —< %
Befh% &% T &°C, MCP(0, N) Zi7e L CO T FRICHHLTUE S s
HTEMTEBZDT, I TV =< VEREDHERNDHAICON T E 5D
HLWNEEDbNS.

SE

1]

2]
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Lie hypersurfaces in the complex hyperbolic space

{BH BEF (MK /JST CREST)

1 F

AFFUIIRESRAOHAE LK, 2R E DA TH 5.

JEF 7 E R W i 72 R D R 2 MR N O ST X FEN A O B2 I K > TRAICIHEE 1
TW5. HEZERENZ, ERIWm iR EOL I ERAEZER, ADSAIIZEENIhZEM &k
%. 1970 FRIC R. Takagi IC K > THEHENEZEANOFHIGEM O EN G Z 5Nz, 1980 F
XIS M. Kimura I X o C, #EEHEZERINO Hoph RO S 5, X TOLHRN—E
TEDX, FEIGBMM EFETH S T EHRESN. TNEOBRIE, ZDROBEESNFZEMN
OFBME O 7 D 2 FTEERFER L5z, 1980 FFBAC J. Berndt I X > THEMN
HHZERIN D9 XT D I # M —E 7% Hoph FEHIHIIDTRE TN TV, EHEMNHHZENOFH K
I OWIZC OV T, BV, KRERTH -7, TOX S ARFERFEEOH, 1990 F5KD
DIC M. Lohnherr I & - THE T NI EEREZERN O ruled HEEZBIMOEFEEIIEEZ
Lo CHZ BNz, T OFEFIEMMIE S/ Hoph THROWHSTHS. ZDH, J. Berndt I
& o TR ruled FEFEARTIA 5 horosphere \OEFE RO 1 ENEBIHENMESN TV 5.
2007 #£1272 D, J. Berndt-H. Tamaru 1< & > THEZBNHIZEMN OFE N TCE2IC I N
Tz, TNHOWIZRIC KD, HEEMNANZEMIAN & 42250522 P O F8 SR th i O [ O DS LIS
Ioiehy, Z OGN DO—DHMER I ZE M NTZ T ITAFAES S Lie @RI TH D, J. Berndt
KXo TELNE L ENERHETH 5.

2008 SED Y VART T LTI, HEEZERBIND 3 Jocdzdhmic DWW TOREREIC DWW TRz
7S, AR Lie BROME % W CHEEMHIZERIN D Lie ST OWITHRIC OV THNIZAE R, <
TTH 3 XeHBImEORHRIEMIONIZ T &2 WET 5.

2 FEREBH@mICOWT
CH" NOFEFBIIMmIC DOV TOFEREIRNRD.

Theorem 2.1 (Berndt-Tamaru, [3]). A hypersurface in CH", where n > 2, is homogeneous if

and only if it is congruent to one of the following hypersurfaces:
(A) a tube around the totally geodesic CH* for some k =0,...,n — 1,
(B) a tube around the totally geodesic RH",
(N) a horosphere,

(S) the homogeneous ruled minimal hypersurface or its equidistant hypersurfaces,
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(W) a tube around the minimal ruled submanifold W2"~*.

TTTHRENTWAHEEIEBMID S 5, (A), (B), (N) XA IOV TOHIZEIZZ { DS
FHi & - TRECITDNTWVS. —7, ARDOIETH S Lie FHHNIHIZ (N), (S) ZA TITHY
T 5H, Lie REEMEHOIMEN AL RICOWTIE, J. Berndt ([1)) IKX > THIZEENTWVS. —77,
%% (W) 2 A TONEMALRIC DOV T J. Berndt-J. C. Diaz-Ramos ([2]) I &> THIZEE 1
7z, ARTIE Lie S58hHE, 37%bB (N), (S) XA TONENARLRICDNWTHANS.

Lie S5EMNHIE Lie EROZIE & W0 5310 5 L BBRER [5]. Lie FEEHTH OIS AIfE Lie RN S
MZ5 Lie BNOZEE 2 52 TW5. Lie M OMEZHET 2 & T, BFRICHILT 2RO
BEEE PRIz NEEZ TN S.

3 EEWHZEMRE

CH" OFHZEMERE LT R ZHWS.
CH" = SU(1,n)/S(U(1) x U(n)),
CH" OWfRIET IV Z2HE A 5. T T CH OERIMnmiiRz —1 LIET 5.
Definition 3.1. (s, (,),J) DLLFOZMAZiT 9 & T EE MM ZE M O FRTEE TV L FES.

1. s 77:)\\ Lie E%T:K@%E%j%j {Ao, X17Y17 . anl, Ynfl, Zo}
CTTT7I7 v FRBHUTOLSICEABNS.

[Ao, X;i] = (1/2) X5, [Ao,Y;] = (1/2)Y;, [Ao, Zo) = Zo, [Xi,Yi] = Zo,
2. () lZs LOWRITHD, FORIEIE () ICBOTIEMEAIIEL 755,
3. Jids FOEEHET, XDk> 52615,

J(Ao) = Zo, J(Zy) = —Ao, J(X;) =Y, J(V;) = —X,.

AR TIE s ISHISS 2 BUEAS Lie #F S ICATED ALY —< Vit & L EEMGE & G DE Thlfig
BEETI (s,(,),J) LH—HT 3.

AIfREEET IV &, SU(1,n) DEESRIC K > TIHL NS AREBIICIENE SR, AIfEREE
TIVIEHESRIC CH™ LR—HENS. £z, (s,(,)) D Damek-Ricci Lie B8 TH 5. RDK D %57
feeBEZ5.

s=adodj,
C T a=span{Ap}, v =span{X1,Y1,... X,,_1,Yn_1}, 3 = span{Zy}.

VW] = (JV,W)Zy (VV,W € ). (3.2)

EBER n = [s,5] = v @ 3 & Heisenberg Lie BR& 72 5.
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(s,J) I& normal j-algebra T H, LIFDORFRAMNEENS ([9)).
(JX,JY) = (X,Y) (VX,Y €s3), (3.3)

Damek-Ricci ZEHICDVT, KSHIBNTWLRHEENHRDK S HHFAMIENS [4]. XY €5
ETBE 7 KD (s,(,)) D Levi-Civita #ki V° IIXXTHZE5NS.

V%Y = (1/2)[X, Y]+ U*(X,Y), (3.4)
TTTU*:sx5—5ThHD,
2UX,Y), Z) =(Z,X],Y)+(X,[Z,Y]) (VZ €5s). (3.5)
(3.1) DIFFFIC KD, Levi-Civita 2L FOX S ICHEZ T LN TE 5.
Lemma 3.2. X =a1Ag+V +axZy, Y =bjAg+W +bZy £BL. TTT, V,Weo &9 5.
VLY = ((V, W) 4 2a2b2) Ag — b1V — ag JW — ba JV + ((JV, W) — a2b1)Zp.
AMfEREE T IVORER R 7%
R(X,Y) = Vi) — [V V5] = Vixy) — V5 V5 + V594,
LEFTD L, UTOXNMEENS.
Lemma 3.3.

AR (X, Y)Z = (Y, Z2)X — (X, 2)Y + (JY, Z)JX — (JX, Z)JY —2(JX,Y)J Z.

4 Lie Zi8ehm
Lie FBHMmEZL FOX S ICEFET 5.

Definition 4.1. A homogeneous hypersurface in the complex hyperbolic space is called a Lie

hypersurface if it has no focal submanifolds.
DURO#RZHNTS 5.

Theorem 4.2 ([1]). Every Lie hypersurface in the complex hyperbolic space is isometrically
congruent to the orbit S(#).o for 8 € [0,7/2], where o is the origin and S(f) is the connected Lie
subgroup of S with Lie algebra

5(0) := 5 © R(cos(0) X1 + sin(0) Ao).

s(0) & s DIPEREESTHED, HENICRIUT1 THS.
L7z > T, CH™ ND Lie SZEERITIOIERRR T FILVES N,

& := cos(0) X1 + sin(0) A
RDOEX S IENR2EZ B ENTES.
s(0) = span{T} @ span{Y1} @ vy @ 3,

(4.1)
where T := cos(0)Ag —sin(0) X1, vg:=span{Xs,Yo,..., X;,—1,Y,_1}.
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Lie G Lie BROZRIC X > THZ B5NB. THUIAE Lie B 5(0) 51135 Lie B s(/2) N
DERTHS. &L, 0+£7/2 THBHEB, 5(0) FAETHD, HETIERV. Lielk s(r/2) =n
l& Heisenberg Lie BREFHINEEDTH 5.

3 S(0).0 DWW ruled FEIEAEMHE TH O ([6]), #3E S(7/2).0 H horosphere Z2H 5D T,

t > 01K BHEE S(0).y(t) DT EE S(0).0 DHEHEEEBIMEEES., CTTT, v id o
S(0).0 ICEATS B AINMPX T N/HIER L T 5. FEREES LI

S(0)4() = (4 S(0)(t)).0 = S(0).0

tHobEINS.
ARETIE, LIRBEHEOY, S(0).0 % S06) £EL T LICT 5.
Lie 28 S(0) O Levi-Civita ##t 2 V, BB _EAEX 2 h £I5 L,

Y = VxY +h(X,Y) (4.2)
LB, HOHATGAEE PO (41) ZROTEXET E, ROMENMEENS.

Proposition 4.3. Let X,Y € 5(0) and write as X = a;T+a2Y1+V+a3Zp and Y = by T+boY1+
W + bsZy for V,WW € vy according to the decomposition (4.1). Thus, the second fundamental

form h satisfies
2h(X,Y) = (({(X,Y) + agbs) sin(0) + (azbs + azbz) cos(h)) &.
Levi-Civita fé5i V &, 77# (4.1) KN L TEHEXRT L, ROMENGFLNS.
Proposition 4.4. For the Lie hypersurface S(8), we have
1. VoT =0, VyYy = —(1/2)sin(0)Zo, VoV =0, VoZ = (1/2)sin(6)Y1,

2. Vy, T = —(1/2) cos(8)Y1 + (1/2) sin(0) Zy,
Vylyl = (1/2) COS(@)T7 lev = 07 Vyl Zo = —(1/2) sin(6‘)T,

3. VyT =—(1/2)cos(0)V, VyY; =0,
VyW = (1/2)[V, W]+ (1/2) cos(0){(V,W)T, VvZy=—(1/2)JV,

4. V7, T = (1/2)sin(0)Y1 — cos(0)Zy, Vz, Y1 =—(1/2)sin(6)T,
VZOW = —(1/2)JW, VZ()ZO = COS(Q)T.

4.1 Lie EiBEOREHER
Lie F5 i O Wi h 23R 5.

Theorem 4.5. Let o be a plane in §(f) with an orthonormal basis {X,Y}. According to the
decomposition s(f) = RT & RY; @ vy ® 3 given in (4.1), we write

X=a1T+aY1+V +a3Zy, Y =bT+bY, +W +b3Zy.
Thus, the sectional curvature K, satisfies
K, = —(1/4) — (3/4)(JX,Y)? + (1/4)(1 4 a3 + b3) sin?(0)
+ (1/2)(azas + babs) sin(f) cos(h) — (1/4)(azbs — asby)? cos?(6).
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9, n=2 OHREOWHMIRORAER/MEZRDS.

Corollary 4.6. Let n = 2. The sectional curvature K of the Lie hypersurface S(f) in the
complex hyperbolic plane CH? satisfies

1 3 1
max K, = — 178 cos?(0) + g\/lﬁ sin®(0) + 9 cos* () + 40sin?(0) cos?(6),
3 2

1 1
min K, = — 1 g oS 9) — §\/16 sin®(6) + 9 cos*(6) + 40 sin’(6) cos?(0).

=7, n>2 OEARITEROFERME SN

Corollary 4.7. Let n > 2. Then the sectional curvature K of the Lie hypersurface S(0) in the

complex hyperbolic space CH" satisfies

_ 1, 3.5 1. 2 .
max K, = — 1 + g sin (0) + 3 sm(ﬁ)\/bln (0) + 4 cos?(0).

DLEED, CH' OEERTH n=2 DBELE n>2 OEELT, WHERORAENELS L
WS EehEERTES, K'Y, KT 22N PO EORERE T2 L, LIFOEIE
5N%.

Proposition 4.8. We have max K§">2) > max K,S”ZQK and the equality holds if and only if

0=0,7/2.
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Complete Submanifolds in a Manifold of
Non-negative or Non-positive Curvature

Qiaoling Wang
Departamento de Matemaética
Universidade de Brasilia, Brasilia-DF, Brazil

Abstract

We give conditions to insure that a complete submanifold in a com-
plete Riemannian manifold of non-negative or non-positive curvature
has only one end or finitely many ends.
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U Fift &5 2 T =RAE R D L DO 2K

REH T3+ CRUREEERD)

BA BN n KT —< BB (M, go) ISH LT, ZAEFIIE L T % ROMMBE FiFE
EZB
0 glt) = ~2Ric(gl).  9(0) = g 1)
T TT. FUD Ric(g(t)) &V —<2EHR g(t) DV F T VINEET, TOHEROM g(t),t €
0,7) DTtz FREMPRIT LICT B,
ROFTEROM g(t),t € [0,T) FEBIL LIV » FEMEENS :

2 g1ty = ~amicto() + Z g1, g0 = g0 )

T T T, s(t) = [y, Scal(:,t) dpge)/Vol(g(t)) & g(t) DAAZ—Hi= Scal(-,t) DI THB, —
%E\%Wﬂﬂ@pﬁﬂ&m%@M@T%éWE\Eﬁkkav%ﬁﬁ%ﬁVd@@)%—i
IZRD, TDID, BEATVDORIERELZY v FiROGK (2) THEMN, XADVEMTHED
THEX (1) 25X 5, Eid (1) OffL (2) OfIERFZEDOY A7 — )V THWIB D HABHDT, &
H55ZEZATCHLRLCT LICK S,

PAZ B RO —< ViEtaZ2HIE L 95 ) v F RO R AL & — 2%, Hamil-
ton [Hal] IC& D, Nash-Moser DRRBIBUEHZHWTRE N (ZD%, Z DAL
N

U w FHROJEHD—D L LT, ROMFRIFHRRERIE DD 5 .

M 1. (M, g0) & “ G OERTEMR” OZHAETE, coOLE, ERELEY YT
T og(t) &t €]0,00) ICHUTIHFEL, t — co TIEEMMFFHRICIERT %, R, ZHHE M 1Z
BREOM S™/T WA RIETH %,

Hamilton &V v FHiZEA LimL [Hal] T, ZOBKIEEMZ 3 X TY v FHERNIEDY;
HlSmR Uz,

— T FIFREIERR LA R VU FRRIERA REMREAZ RO NS N T
% (TOT LICBIL T Wilking I X 2 #i—Wekamh H %, [CT] OfE B 22D &),

FOEMICHTL % “ IS DOEBKTIEMR " 23T 57291, D LEERZT 5,
EE 2.V 2IEXT MVEMET 5, ROWEZWMTZTHET VIV Re oV BEZS L IE
D XY, ZWeVIHLT,

R(X,Y,Z,W) = ~R(Y, X, Z,W) = R(Y, X, W, 2); (3)

R(X,Y,Z, W)+ R(X,Z,W,Y) + R(X,W,Y, Z) = 0. (4)
X (4) 1 CGB 1D Bianchi [HHFXTH S, X (3) & (4) HEXRMUES :

R(X,Y,Z,W) = R(Z,W,X,Y). (5)

*takumiy@kurims.kyoto-u.ac.jp
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D (3). (4). FLT (5) ZiilzTHRT VIV Re @'V 525605 L, XORUTEK b
PR RS R - A2V — A2V DEE S (e.g. /MK EPK [KN])

(RIXAY),ZAW) =R(X,Y,Z,W) VX AY,ZAW € A%V.
M%7V R1E R Ofc s . ROMEEMRIERE R : S2V — S2V ZiEh%

o 1
(R(X®Y),Z& W) =§[R(X,Z,W,Y)+R(KZ,W,X)} VXY, Z&W €SV

Bourguignon—Karcher [BK] IZfif> T, {FHZ R 20 2 M RIEHR LS LT B,

R OEAHMNE. DEOFED w e A2V \ {0} IKHLT (Rw),w) >0 DEX, R ABET
H%5 R>0 WS, e, fFED ¢ e 2V\{0} TEDFL—Z tr¢ B0 DEDITH LT
(R(O),) >0 DEX. RAETHSZ R>0) VS (e.g. [Ni)s

R>0ZF/E R>0 &5 HIEREIHE 25 5 BWEIE R(X,Y,X,Y) DELWVS &MLD&
SR,

(M,g) W)= VERAKTHZ L E, V- ViR g BSEl pe M OBZEM T,M [TEDD
ROWMHET V)V R, € @4TyM :

(L. R(X,Y)W = VxVyW — VyVxW — Vixy|W) &, 2D R, WNEDBIEMER, :
N2T,M — N’T,M & R, : S*T,M — S*T,M B%Z %,

Bl 3. (S, gs) RIEEMRRTE LizL %, &fipesS® TR, KU R, BIETH%. (CP", grs)
FEFGHEMYE Ui b 2, & pe CP" TR, RIFATHZM. R, 375 TEAEL (BK)).

GE 1R HRIEHE R, DEOZHAKICDOVTIE, ROMENHEN TS,

EHE 4 (Bohm-Wilking [BW], cf. Hamilton [Hal, Ha2]). (M",go) Z% p € M THIF/ERZ
R, WEQHZREALTE, COLE, ERIELIEY v T g(t) & t € [0,00) ITH L TEEL.
t — oo CIEEMZFKFRICIORT 5, KR, ZhkKR M™ 3EKHIOM S™/T I FRIHTH %,

n = 3,4 OYHIE Hamilton [Hal, Ha2] IZ K%, Bohm-Wilking [BW] & Z N2 —fRoTic
Prak U7z Z D1%. Brendle-Schoen [BS] (ZWTHIHIERA 1/4-¥ 2 F S NI IEHIRZARIADEGIC
JERR UTzo [BW] OFEFHIC DWW TIE [v2-11]. [BS] DREFHIC DWW TIE [HA] ICRE L EAN TV S
(9,

5 2 FRENRIERSR D IED ZERIKDRMPEMEEIC DWW TIE, K 3718 [OT]. Il [Ka] %D
HkDH %,

EVBHAT. KWVAHHDFHERTH 2 (cf. [Ni, Conjecture I1]),

FE 5 (Y). (M, g0) B%5E pe M TH 2 MHPRIEIZE R, NEOMEHIAL TS, COLE,
IERUEL 72U w F31 g(t) & t € [0,00) IR UTIFEL., t — oo TIEEMHFEFHRICIURT %, HF
I, ZRER M EEREOR S*/T IS TFRTS 5.

S0L A, EH 5 OFEHIE Bohm-Wilking [BW] *°, ZDFEROHLE TH S Brendle-Schoen [BS]
** Brendle [Br] I K BDNEDKEW,

BE 6. RO, R >0 &5 HEREENMIR KT 200, FEE KMo TWED, fF
JZE R IZHAEOMHER [Ma] 7 OGEOGIICE GIBZEAESA) B3 (cf. [Iz, Na]).
FHRECH i [12] © TRABORINC Ot 7T 2 7 VEREIHE 52 & | LS BEE e LT
VWBH, COMBE BBIET a0 E Livsy (LEVAE LAEL),
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Second-order type-changing equations for a
scalar function on a plane.

B Mk (BhE KRR e BER AR/ OCAMD

AFEHDONEE, B —HIK (RERY) EOHFEFRICE2EDTH
5. LI, 2 2801 RABIEL 2 := 2(, y) IS % 2 BE DM R
DHIT, WAWAZERTO TR Z2HDE OICRINZG AR
Weh%2 %2 LZHNE LT Z1T>TWa. S, [Type-changing
equation | &\ 9 2 BEDHIMATTREXDRAIE 7 5 ATk B F5EICBI L
TIEONTRZRBEEL L.

FT, WL S WM TR R T BT DI EE 55T oy 22
72 HET 5.

JA(R* R) == {(z,y,2,p,q,7,5,t)} = RS (1)

C T, JAHRYR)IFEARGEMAIR EROETHR) C? := {wy = w1 = @y = 0}
ZHFD. 7272 L, generator 1-form I3,

wy : = dz — pdx — qdy,
wy : =dp — rdx — sdy,
wy = dq — sdx — tdy,

THABNZEDETS. TOREMOD LT, B F e C~(J2(R%R)) & &
3T RIT &, B 2 B R A

F(ZL‘,y,Z,p,Q,T,S,t):O, (2)

E526Nn%. TOHER F =0I1CBIL T, XD regularity condition %
RELXS.
(Fy, Fy, F)) # (0,0,0). (3)

C DW, TR ERT 258G

Y= {F =0} C J*(R*R),

2214



BV ry NSO (SN TR 52 5. F10, HREHE 7+ SR R) —
JYR? R) ORI ANDHIIE 7|5 (&L T (ie. D BARITRH) IC75 5.
CDOHEEIS, HEOWMHR C? 2 2 Ofithn S ICHIBET 5 L, e
KW XRERD. TN, D = {wmg|y = wi|y = |y =0} TEZS.
DIEY EDrank 4 D7 MIVRTH 5.

Remark 0.1

CNLIRE, HIRGLS |x 3 A8 T 5.

DX 7EMIEM 5, regularity condition (3) Z 57z 9 BB REZL (2)
LT, ZTORPARNR & LTk (X,D) 252 5. 3265,
FRER (2) O (J2 Lo C? ZIRDOWI AN 1 X 2 fRprFE
" OIERXES LHIBOH X B) 3HIST 200k (8, D) DT b
WE L TORFAERETES A SN, 72 (2) DD TS 71, #nK
ROBENDZRIAL LTEHAEND L VS IEANENS, TORGIEE
UTHB. LIeh> T, WorCRONENTMEIL Z i35 T & THREIR
AT BRI Z 52 5 C & CRMHEA S WITTER) £EF— 3
YEEWVWZB.
EC, HRTGEL F = 01k U Tl =X

A= BF—1F2 (4)

EWVSBEEMNAET B, OO ESZHNT, & EDR v &4,

v I3EMR for A(v) >0,
v EWEERL for A(v) <0,
v ZBIRL for A(v) =0,

EMHING. TTT, v AR, H2VIHEMREDS, v DT/ E Wik
U 2R, FIRIE A OEGEN S U LD IR U M, 50
BHEHRERS. 1> T, AWihME AR E L UTHETE
. —J7, v DR OKRHE—MRICIE T DX 5% T LRREE iz, B
I, FIRDSBGICONE K91, v DiifEZ EARITNELS EST
EZDOHIC, A(w) # 0558w NENSAEEENDZNETHS. T
DX S HHGZG I ER T ED TR (2) Z 3] IZE W, second-order
type-changing equation & MERHICT 5. K OHMEICER T 57D, X
DEEYS, ZBEZLXD.

Y, =XN{A=0}.
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TS, OF THYINREERDN TN EEZIRT. COLIEEND,
RZ215%.

¥,=3% < (R B, 3, =9¢ < M or KL

C DHEHIEMN S type-changing equation ZRXD X HICED B EMNTES.

Defnition 0.2
25D regular PDE SIS U, S8R E S, DS OEOHNHEF (0 C 2, C
¥) L% %I, ¥ % type-changing equation & PES.

CNETOHERDE LT, ITFDOT Ehbh ok,
(1) Type-changing equation Z¥l < 7L, %7 7 A Z kR LTz
(2) ZOHDOVEDD T T A LT, FROTFEICKT 2 Tt Zz13 .
ST, RO E LT, r = 00350, TOHEXZ
r=f(z,y,2,p,qs,t) EEE LT T, SNLFEOHERTEHITL 24,
type-changing equation O BKFIMNE FICHNS. 510, REREBUEM &
g2 A DR B ET, FiF T XTDregular PDE (Type-changing
DANDEDE) W, r = f(r,y,2,p,q,8,t) EEF S, TOEE, HHIIE
A=—(fi+1f %30T, 5, = {f2+4f, =0} LAEIMICELR T
5. ZOEDLYDRFINEIRAFENEZZAEDRAXRTZNE VWS DI T
H%5.
Type-changing equation Z 73 NRDB RN TN B T2DIT, ROARY
M EZ <.

Assumption 0.3
5, 3 S QUSRI R .

—f%Ic, S, ICBALTE, RES DU TRD2DDT—ANH%.
(A) dA#0 on X,, (B)dA =0 onX%,.
(A) DT —RAICBLTiE, XN 5:

Proposition 0.4

2B&D regular PDE Y = {F = 0} I L, dF, dA H—XM3775 51, © &
type-changing PDE T&% D, 3, 1& ¥ @D smooth hypersurface £75D | D
XD ORIIB R MR T NEEST 58D TH 5.

(A) DT —RACBN TR ZDOXS ICHHRERELND LA, FEIE (B)
Dr—ATH5%. TOHEENKE RET B5ETHZM, EEEICKITIC
L Cld dimX, =i for 0 <4 < 6 &7z HIDFET 5. (72721, 00T
DY, 8, 33wy DAZIET.) LomEeGbE TRZEG5.
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Theorem 0.5
¥ % type-changing equation C X, WD 2tk 45 &, S IELL IOV
THODT —RIET 5.
(A) dA£0 on S, 3,7 HEFUC R & HFRANRIET 3.
(B) dA =0,
(B-i) dim¥,=6
(B-i-i) ¥, FE D Ay /7 A h A,
(B-i-ii) $,D £ O Al F7 kSR,
(B-i-iii) X7 B AR & FGFTRIDNEIE S 5.

(B-ii) dim%, <5
(B-ii-i) X,D XD 0 AV 5 AR,
(B-ii-ii) X, D F 1 O AVl a7,

Proposition 0.6
FROELD T T ARTIHNUT, BERFINEET 5.

I —BED regular PDE ICH T B ROBERICDOWVWTERT 5.

Defnition 0.7

(X, D) % second order regular PDE &S %. X D2 D0t 2K L C 2
s.t. TL C DI U, BRGEHE 7 J2 — J O LANDOHIEA L D open
dense subset [ CTIZDIAIICIZ S EE, L7 (8, D) D (CBEOERRTD) f#
EOW, ZDIABTHRVEZRI DK S AL OZRHfRE LS. KR, (3, D)
M type-changing equation DRFCRED X ICETENDE 5, DRz
g5 LICd 5.

4 1a1lE Type-changing equation 2% 2 T\ 5 728, FHTHARICEI L T
ER LIz, ZTOELITHMNS 128, regular BRI ERZTEE L THL.

Defnition 0.8
WRRER Y, = {F =G =0}ENUT, (B, F, B) & (G, Gy, Gy) B
ML LR B755, 8, % regular £ .

r— 2 (A) DFFERR SICH LTI, & BICHIRIED (AL, A,) £ (0,0) %
Wire 35 a, 8, 3 TNHE [ PDE O regular 7Z@ERTER L XS, i
W DOBPIRTEREEZZIEND T ETH AN, BT 2
S, DIRZER TENFZNIEIEL LD S OBYIRRICES) 5 THS. L
7o > T, regular ZgIRE R X, ICBIT 2 ROFE X 7213 T OMEEICES
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32N, TORGEICH LTI E.Cartan IZ X 28GR (B2
i) 2O R OHZEDHT involutive] &WHHERICK>TZ D
RO G Z 5N TS ([Car]). L7z > T, WD type-changing
YACKINT B regular ZIEFETRE SR 2, A involutive &7 2072 FND T
CICZBN, TN FTHEZABNS.

Theorem 0.9

Y =A{r=f(z,y,2,0p4¢,s,t)} & type-changing equation £ L, ¥, = {r = f, A = 0}
2T % regular IBRIRER LSS, DR, (3, D,) A involutive

system T 3 T DREA X, RTINS R D DT & TH 5.

Ay #0,b=—c% a+ce=0.

T T,
A fodA TdA A A A 1 dA
Cdy Ay dy  Agdx’ A, A T Agdy

KT, T D& & type-changing equation ¥ (X725,

SE 3k
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1 BEHERMIFEIEEDFEDREE

MiH A (yanaikana@ocha.ac.jp)

1 1EEERMSEEE

Mo L = f(t,2) BEZD. TTT,t,2€C, f(t,2) EC? DHZHELTIEA LT 3.
2(0) =20 EBE, f(t,0) =0 EARET B &, TDfF 2(t) 1F,t =0 DJE O T—RITIFEL, 20
ICBEY 2 FHEURR a1 (t) 20+ aa(t) 202+ - -+ an(t) 2"+ - Z2FFD. 1 ZBIEARI O [AIAHE.
Beld, z OICAERE 124+ a22* +- 4 an2"+- - a1 Z0 DT EZVS. TNHDRK
uz@@@ﬁo%ﬁ%abfﬁ%abjﬁm;mT%ﬁmé.z@ﬁ@ﬁ@%%ﬂﬁ¥ﬁ%
Fob DR, RO DRz EE S % ERIBEEF 2 5 2, Th b 2KIEZ D277 .
C Oft7% Diff(C,0) &EE, 1 2RO L WS . COROBNTIIEEFEGHRTH D,
CNZid TKT: id: 2z — z. K, 2 ORI 1 THBIe%2 id ITHET 5 &5, DIff(C,0)
D2ILf = fr,9=fo DFBEW(f,g) = fi,™ o fi, o o fy My € {1,2), my € {—1,1}
WD (EATR f,g I L, EAZRRICH L) 2455 id ERUM WS M#EZEZ 5. BHERY
BIE LT, Abel #OY R OBIIRIC IS 3 RS 5 ((1, 2, 10)).

D1ff(<C, 0) Dyt f &g WAz & fog=gof, X7 (f,g9) BAHITHB LS.
7z, (f,g) DIEE DYHEIERT THB L, f,g DB ¢ € Difi(C,0) I & B
plofop, g logogph, EEICRDELSHD DIff(C,0) D \Ei@ﬂ:@}_’_%h_b\o

o Gyu(k) = {aexp(t 1++k Nz |af =1, teCl =227, xC (A[f)
o Gs(k) ={aexp(t 2"719,)2 |a € C*, t e C} = C* x C (FEnHfL, B& 2 OATFERE)

C T T, exp(tx)z EFHEENT MU x 0)71:1 ZRT., HBEDOITE, aexp(t 2610,)z =
oz + otz 4 Mz%ﬂ + - == - L5 THB. Diff(C,0) DHERAR (FF

AR AR RER, BB k Uﬁ‘bf G ( ) IKIEAMICFAETH 2 T EPHBNT NS
([11]). ¥ 7=, Diff(C,0) DIT f D k- /I/Faci Z0k RZEAXH O VW, ThE
JEF0) &ELL 29T f,g KL, (JE£(0), J*g(0)) 2T (f,9) D k- 1y N EFER. (f,9)
D k-Tzv bW, iR XTDOZNICEFLNEZE, (f,9) FAHE k- oy 2D 00,
HIFH X7 OZFNUCHE LN EE, (f,9) BUIHFENZ -V oy M EFEDENS.

2 ITNIREIRC & IR

Diff(C,0) ® 27T f, g KL, ZNZENILH R?, Oz, y MIEDSFOHEMNY b)Y
H,V ZRISEE, f,g DMt f~1 g1 Ldi%h%’hpﬁ%’\ﬁ MVH-L VL ZisE ¥
5 frg OFRICH L, SEDOERDNARIC R ZBRIC I NS DY }\}b%ﬁméﬂ‘flﬂ%

) \CHFEFHTORMVEA C. IS, TOXS BHNiERy I f,g OREAIET 2. Th
%W (f,g) &L ACTINBKE v I L, b—Z 2HA P (X,Y) 2 Py(X,Y) =
D jyezz Pii X" YIILKDERTS. TTTpy FHALESFEEE (i +1) x (,5+1) W
D—pi%z v WE BERY. HRLAHX, Y L, X CE: P (XF YF) =0 A C?
ORI ED D & &, Tz v OF k-Fkahi & FES. 3‘5%’3 (az, B2) # (0,0) € C? I
B9 57—V —BIEDE j £— A2 F7%, Moment;(v) = [[ p(asz + Boy)/dz Ady ICXD
EFTSH. TTT [[ER? EDO (W=7 FE5D, p= p(x,y) ER? O—51 (z,y) &y D
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L HEERT. B UTIRAURKIE v ISR U, (a2, B2) # (0,0) ICBIL T p(> 0) XE—X
> BRI D VD & 1&, Momento(y) = - - = Moment,_1(y) = 0, Moment,(y) # 0 A
DILDEZICND

FHEEFRC : P(X,Y) =072, (X,Y) = (a,b) THLD &I (85 (a,b), 25 (a,b)) # (0,0
DEXIITV, TOLE, (0,8) B (a,b) TC TS L, adl(a,b) + 59 (a,b) =
0 DEXIICWS. Xz, BH-EREAZRDOLE, Nﬁawgaaw):aw)#o
det HessianP(a,b) # 0 D& ZICWVWW, TDOE E| (a,b) ICBITSEH L X o 8 2 (
2ﬁwﬂxmm+mgyam_o%ﬁkﬁgwﬁ®%A®gafﬁ%

3 EHR

EE 1 ([6]). v ZRACTINERIE, a,8€ C o £ 1(k=1,2,...) £z gk £1(k =
2,...) £9B. TOLE, W,(f,g)=1id D (f(0),9'(0)) = (a, B) THBE (f,g) ICDW
TR ILD.
(1) RTDEk=1,2,... IZHUT (o, 8) ¢ CF &5, 7, FHT (az, B2) ITTEIIIC
% THs.
(2) B 1ITHLT (o, B) € CL D (o, B) ¢ CF k#1751, ROBEABRN B3 5.
CFRTOAHERT - T DT R TOIERH ) E 72T

..... L CEIRbIE, ROERII 555,

« TRTOAHEART

C KB = 1,2, n, OFNTOIERHEYIFNERT

- WL - 1y D, ATV (W) X7
EE 2 ([6]). v ZPALIINENIE LT 5. CDOLE, W, (f,9) = id DfE (f,9) T, f.g
8T id ITEL Ay = (f7(0),9"(0)) # (0,0) TH 2 EDITDN TR VLD,

L FEdifR C, DY (1,1) THELh AR E &
(1) A MV (1,1) TC, ITHLARWVERSIE, Al
(2) Ay DV (1,1) TCy KB, Ay ICILTE—AY FREDH DIV EDIE,
CIE:S
(3) Ay AV (1,1) TC, KL, Ay ICEAL T p RE—A Y MEIEDND S p > 2 1Txt
LT DAL DR B, HIFHNTRY (FEX).
2. FEPERIRR C, DY (1,1) TlEH _EHRNREAZRDOL

(1) Ay ¥ (1,1) IKBF 3 C, DB EENRNESIE, Al
(2) Ay BY(1,1) ICBT B O, DEMCEEN, Ay KB L TE—RAY FEIEDED
VRV BIE, AT

(3) Ay AV (1,1) IKBT B C, DHEEHEICETEN, A ICBAL T p RE—RA Y PSRN
H2p>3 I UTHYIIDESIE, FIFNTEN (1),

3. IR O, A (1,1) T (2,3) B H A THEEEHO & %, i,
T2, 2. (3) DEMEETHNRE Ay DEMEBIE [9] TROEATVS
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4 Chacon-Fomenko DD,

HIRIEATTH X () SBT3 H M /e &X = )\K( YX(1),0 <t <1 DIREDNRDH
% ([3]). TTT,K(t),0<t<1, &Y=~ FEoraeaaRIESTTY, N STEBTHS. 5
g OfRIE, X(t) = el o NG x (0) ThH % gmg,_ TTT, L IAK(s)ds &, A=0 T
DX r7a—1) VEH Lfo MK (s)ds = NH1[t] + N2 Ho[t] + N3 H3[t] + - - - OFRE Hy[t)(k > 1)
WL Hylt] = [ K(s)ds = Tolt],

(k+1)Hpy1[t] THZ( [H,, Ty + Zkap > [Hml,[...,[Hm%,TkT]m]})

m; >0
2p<7‘ my4--fmap=r
THZABNBITHITH D, ZOEMNEN D/ NSRS %, T, (—1)PH(2p) ke =
By ENIVRA—AH, Ty, EROK D75k + 1-HK FOERITH %:

Tk = Tk[t] = / c / du1du2...d'U,k+1[. e [[K(ul),K(UQ)], . -],K(uk+1)] (k Z 1) (1)

O0Sup 1< Sup<ur <t

Bz, Holl) = T[l] = & [[ dsdu[K(s), K (u)], Hs[l] = $T5(1) + L[To[l], Ho[l]] 7= &.
O<u<s<l

Z DORKXDE FICIE, Campbell-Baker-Hausdorff DA DH 5 ([7, 3]).
DU, EBEAD W 1 ’Eiﬂ(ﬁﬁﬁﬁ’\]’\‘ﬁ 1‘)1/%0)7&'3") —B%Z X(C,0) &9 5. K(t) =

f‘(t 2)0, = (a1(t)z + az(t)2® + -+ + an(t)2" + )0, & X(C,0) IKflZFED 1,0 <t <1,
\aﬁcq%rafo\&saﬁzaa% TOEE, %f’r"dl NHRRR L = f(t,2)0.2 = f(t,z) DI,
z(t):exp Lft ds)z(0) THABNS ([8]). 2T T,
0
L/ —K(s)ds = Hy[t] — Ha[t] + -+ (=1)" 'H,[t] + - - - (2)
t

Thd. BT MUV K(t) BOTERZEE UTHIEE 2R DT, E 4 RRK (Fl A
X 20,,220,,--- ,2"0,, - ) I XD, BRIOGTITINC K> TERHI NS T LICHEE L.

5 Chen DREFDIIHT SR

a(2)8,,b(2)d, € X(C,0), v = (x(t),y(t)),0 < t < I, % R2 DERSHNCHE SN B LTS,
(1) 12 K(t) = a(2)0,% 4+ b(2)0,% #RAT % &, Chen DB OWICZS. HZIZ,

N Z /< ldsdu[K(S),K(u)] - [a(@@,b(@@i u Z /< ldsdu(i‘zg L ;Lz)

THY, HUDOESERE Chen @naﬁff dxdy — dydr LEMINDS. —fKIC,

EE 1 (4]). wi,...,ws Z2HAE M EO 1B, v 0,1] = M Z M EO
X7 \H’J(%Bb\trﬁ&a‘% Y ICKD w DEIERL v'w; & fi(t)dt &EHL. TDLZE,
filty) - fs(ts)dty A -+~ Ndts D s-BR Ay = {0 <t < - < t, < 1} LOERDZ
f’le ‘ws TEL, C’hen@}ifﬁﬁ FEWVD.

Shuffle 27X ([5]) & Green-Stokes DEHZES T LI KD, RORNAKZ1ES.
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Lemma 5.1 ([6]). v C R? ZFfZBlcFOXMcE oMM CkiEs L, K;
a;r + by, a;,b; € C,i = 1,2,3,4, ZEFLIMEZFD R? LORIEEIKLETE L ¥,

1. [ [dK1,dKs) =2 [[ p dKy A dKs,

2. [ dK[dKs,dK3] =3 [[ p KidK3 A dK,

3. [, dK\dK,[dKs, dKq] =2 [[ p K1KodKs AdKy+ [ p dKy NdE [f p dE3 A dK,
4o [ dE P [dEy dES) = =52 [ p Ki*dKy A dEs,

S

——
T T T, [dK;,dK;] = dK;dK; — dK;dK;, dK,* = dK; ---dK, Z&d. £z, S8
BRTBE, HlZIE dK AdK, = det (al zl> deAdy 2755,
a2 2

||

Dt

Bl 1. v ZLL FOXZEZBEIBOY R— MCRO X 5 G mziaR & 9 2 B Ul iy
KELd . Lemma 5. 1&0, [ [dr,dy] =2 [[pdeAdy=2(1-2+2-1)=0,

(de[dx,dy],Ldy[dm,dy]) = //p x dx/\dy,//p y dx A dy)

5 5 1 1 3 5
_ 7_27 2.22 ~_9.-492.2_ 22 :
(2 2 272 ; t2:573)=00)

: ] [[pdzndy,([[pxdeAdy, [[pydeAdy) 3ZFNTH
| ? v DLEEHIHOY K— F D (FFEN X ) Wil EOES5Z
e %. £T T, INH% Area(y),G(y) THY.

6 FEDXIEDRE

id \C#:3 % Diff(C, 0 0) DL, T4 TR 22 OB BIHE B BRI\ FIVHOT
O—TbH%. id TS f,g € D1ff( 0) ISH L, f = exp(a(2)d.)z, g = exp(b(2)ds)z, a(z) =
ag2? + - b(z) = b2+ LT B TOLE, WHHER L = m ai,,,(2),t €
[j—l,j),j =1,...,0,a1 = a,dp = b D 2(t) Dt = 1 ITHFBME 2(1) & W(f, 9)(2(0)) =
fi,™ o fi,"2 00 fi,(2(0)), i € {1,2},mi € {—1,1} THB. —/15, TOMI RN,
L — G(2) L 4 b(2) W DFBTHIET BN Y = (2 ( ) y(),0<t <1, \DFIREL L2

%. AfCHB K HIT, TOMII, z()—exp Lfl K (s)ds)z(0), K(s) = a(z )3§+13( )d
THZBNZDT, W(f,g) =id &Lfl s)ds = 00, MEMETH 5. Lfl s)ds D

BRI Y BV & LT@T/II’J*“)EE*EJ@/{ 52@11’*&5( Ly %z, (1), (2) % ufﬁ’é‘% Ly
MERZIRMRE LB CTOVNIL, E=4,5,6,7T DL E, RDXSTHS ([8]). TTT-iEFN
7 RV NRE 2K T

- //p dKs NdK3 = —|AsAs|Area(),
Ls = //p Ky dKy N dK3 = 2|AgA3|Az - G(y) mod Area(y),
L = / / (Ks — 3Ky2) dy AdKs mod Area(y), Az - G(7),

L7 = 4/ K2 - K2K3) dK2 A dK3 mod Area AQ / K3 - 3K2 da; VAN dy
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EBIT, —RIC Ly, BHEBNTVS ([6]). ThHiREEAA, —fRICESZHEE T AU
1238 v ISR LT DAL D.

ER 2 OFEHIE, T ORERRZH T, FINEKIEOR RO R FZMEO T, BRK
MDD, Thkbb L, = 0,k = 4,5,... THRXIAREEHEICLICK>T
BEND. Area(y) = 0, G(y) # 0, Ay - G(y) = 0 WD v DEMFE, ZNZFNFF
PEdhAR ¢, O, (1,1) Zi#5, (1,1) THEDLD, Ay M (1,1) TC, IK#HET 205 %M
ICHERENS. BIZE, Bl1D~y il O, 0 1 —2X +2X%Y — X?Y2 = 0 THY,
CNdH B Ay ICHLTERM 2, 2 3) ODFMZHT. TDXI7%y &LT, HIAE
i = HV{H L VPHVH YV L H WV, HF-YWIH2V - B0, wET %58
W (fr9) = g7 29 g " A ob e {g " fY2af , TTT, {f,9} = f'97 " fg,
IRDT, Wy, (f,g) = id FHIFN TR (7272 ULIBNR) e fiD. &R 1 ORI, il
B f, g (DIRB)ICH UTHEE, GEEW(Sf,g9) (DFRED ZEIETHLICXDEREINS ([6]).
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U—#t LOEAZa—-L 2 YEtEE

U FV I FICDNT
S AT (iR AEBE TTBEIRAIIZER ) OCAMI)

1 &
ZRA M EOHRY) —< VEFE go, N7 MV X EEE o B
QRiC[go] + Lxgo+ agy =0 (1.1)

iz g e &, (M, g0, X, o) 2V v F VU b UK E O, FORFOEY —< 5T
BV vFYYRyEWS, BT, XY MU XN X = VS Zhl=-9 B f
ZROLE, VY F VI MY gold itV v FVY Y THB WS, £z, B8
a DFFEN, 1IF, %% AThRLE, VyF VY R gl dZFNTh, K, ZE, I
fig Vo FVI R THBEVD. EEADDS, Uy FVI N E TAT RS
VHBOARIED—DTHEHT s, oI yFV b id, MoEHREE
BRERAT—) 2V TIC K> TDORZERT B FHi

%g(t)ij = —2Ric[g(t)];; » 9(0) = go

ORHERTH BT ENHIENTWVS. ([Ham93] ZH XK. )
I—27y FEHE R?2OFAERIRIE, Yy FV I R ELTHAZENTES.

Example 1.1 (Perelman [Per02]). R? FO1—27 1w FEl& gy (JEEDY v F
VUM ERE. X9, XTI MU X %
1 o 1 0
X = —5(ax+fy) -+ 5 (Fr ~ Oéy)a—y
LR COLETEORBM IS LT, (R gy, X, a) &V yFV U k7R
2z d. EHICL=0DLER g ZBARY Yy FV I Y THD. A£0DELE
& g EIELEL VY FV I bV RS,

ZOMICHIENTVAHERE LT, ZRRA LDV —< VEIENY v FV I LV
THsrEE, ZDEH5VyFVI) M &CTHRY vy FV) M iliksb e
IRENTWVS. TORERNS, A LORE, £13IEK VyFV Y b YT
AV aRAVERDE ADT AV a R A VEIRICEDS T EDERTES.

TAVYaRZAVEIRICESEWI vFVI) F Ol LT, ROFIHDS.

Example 1.2 (The cigar soliton). 5&fii V) —<~ V[ (R?, g5) Dat & gs Z

_dr®@dr+dy®dy
o 14a?4y?

gs
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TEXI DL, CNILENR) vy TV b2 THB. XlzEOWmmihR
B 2
14+ y?

R DRI AL ZEHRTLH 5.

EBIT, TA YV aZA VTR, JFARY vy FV Y FrOfle LT, ROBNC
THI%.

Example 1.3 (Baird and Danielo [BD07|, Lott [Lot07]). Heisenberg it Hs (IHL
K IFERY v F V) F Y THBERED =< VEtRZRD.

C OHE, Baird & Danielo, Z L T Lott B ZNZNMHANLITHERL L7z, Lauret
[7L03] DFGRIC K D | Heisenberg fif LOEAZ ) —< VETHEIZ, isometry & scaling
% modulo IZ U CT—DICIREX % DT, Heisenberg Bt LD IEAZ) —< VElTRISILK
JEARLY v FV I N T THB.

AR TIE, V- Loa—L 2o az2EZ, £O LIV vy FV I b UG
FOEDMNH 5 L= d 5. T T TR, Heisenberg BEICKE > THIITT 5.

2 Heisenberg &f
Heisenberg Bt Hs 13,

].Il T3
0 1 =z ) r,y, 2z€R
0 0 1

DIEDITHDITERTER TE 5. Hy [ 3RO map

1 Tr1 I3
H3 = 0 1 ) — (l’l,xz,ﬂfg) € Rg
0 0 1

L&k > TR EWHAMTH BT LDbN 5. COR—HDFT, (a,b,c) Ic & B/
5 OFEFIE

L(a7b7c)($1,l’2, (L’g) = (a + xIy, b + To,C + ZT3 -+ CLZ'Q)

%%, CDOEE Hy DY —ERIZ

0 0 0 0
X1 = —, XQZ——f-l'l— X3:— (21)
81'1
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I E LTSNS, U — 5
[XlaXQ] - X37 [X27X3] = O’ [X37X1] =0
EVOBRZmZT. { X, ZRIKETEEAEU—L YA, £ L TEARE

O—LYEIEZ%E Z %. Rahmani [Rah92] ICfF5Z28DES72D, vy, 19, 23 2
FTNFN -z, y, 2 LEZXMHMAS. TOLZE,

Theorem 2.1 ([Rah92]). 3 XyoNA LNV I B Hy LOEAZT—L 2 YETER
I, isometry & scaling 72 modulo I\ LT, 2RO 3 DDE &

g1 = —d2® + dy® + (z dy + dz)?,

g2 =daz* + dy* — (v dy + dz)?,

g3 =dz” + (z dy + dz)* — (1 — 2)dy — dz)z.
DHND—DI—ET 5.

CORERICK D, Hy OEAZEO—L VYEIBEERNDGE, g1, 92, g3 D3 DD
FHREZFHRNUT XV

3 DDFRORBT (FIC g, 12DNT) #175 .

7% frame{ F;} & coframe{0} %

g = (01) + (6°)* — (6°)% for k =1,2,3

CEHX%) (I.)_, §+% gi,92, g3 0)]) ‘79::71\/\/}1/ TO LCKBEII\EE%C;%M%“%@J:
ICRDENS.

1
g1 Rll—__;R22:_7R33—_§7
1 1 1
g2 : R11——§,RQQ——§,R33—§a
gs . Rijzo.

Al g FEMR —1/4 2K DOu—L VVEIRTH D, & g3 $EMZE 0 ZFD
O—LYVEIETHS. LI L, dt@ g & B = —1/2(g1)11, Reo = 1/2(91)22 TH
BWG, TA VY aRA VEETIREY. G118 g ICGHER g0, g3 DK D BREZ RS
LD, ZWNET A VY a B A VRO —RIED—DTH BV v TV F VI
&z ANS.

Theorem 2.2 ([Ond10]). N7 b))V X 7%

1
X =(zy +22)F1 + yFo + o F5 + /\{§(x2 — 1y )VF +2Fy + ng}
+/L<xF1+F2)+V(_yF1+F3)+£F1, A,M,V,geR.

TREHTDH. TOELE, (Hy, g, X,-3)1dVyFVY R ETHD, KAZO—
Lot g 3NEE « JEARC Vv FV ) U THS. EHIC g ldchnliso
JwFV) b UEEE R R,
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COEMOFHZ, N7 bV X 2

EBE,

X =[f'Fi+ f’E+ [°F

(f,)icBid 2V vF VY FAERX (11) Z< 2 EICE->THELNS.

T OFEFIT K D, Heisenberg Bf Hy EOEAZO—L 2V VEHRIE, A, £7213FD
TAYYaxAVErED, X - JFARd VTV RO ENMNICEST
ENEZS.

3 ®REIC
E(1,1), EQ2)IZDW T EARRDARNMEENS.

SZ Xk
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JOYCESIEISXUBIZVA RY—EH

A% ERT (FALRH)

ABSTRACT. #EEHE - OHFER D FI2iZ Joyce fHE & X iFN 3 H AU
R (IEMEIC 1 H CACHEEREE) 23A 5. Joyce atild 2 Kot b — 7 A{EH
2 X B0 % & . Joyce GIFEICHEET %Y 4 2 8 —24[#]1Z Moishezon %
BRRTH D, JEFIZE L EEZ RO Z Lo T W5, ATk Joyce &
DY A ALY =2 D 1 RIUHERIC X R822/] (2 =V A4 Ay —22/]) D34
WA & L CEARMICRRTE 2 2 L A2FIHT 2. ChonI=v AR
& =28 %, VA Ay =22 LOLEEHER L XIEN 5 HALBIERICK S
HHEHROBRE L TR LN, 22— 0Hi %2 o R E S %2 R F Bl ¢
5. WM, 2o DI =Y A4 XY —22[]IZ Joyce il ED ST EM
IZ X B2EM & LTA U % 3 RIT Einstein-Weyl Z2f & XS5 5.

1. JOYCE i&

FEEEER n 1% LT nCP? T n HOERGEFRIOBREMEZRT. 2201
OCP? = S* LT 2. % n > 0IH L, nCP? ED Joyce M1 2 KIG b —
5 2 T2 % 2 nCP? ~OW & D HAEDE A 512 2 LIC (n+2) DE S
A =7 =GO TR I NS DT, £ nCP2 ~DW S 7% T? fEH D BRI
ED SR FHT 5.

C2 ~DOIEEENZ: TP 2 E 2, COFHDOIERTO7a—7y 7% n Al
OB LTHEoNIERMEEZ S T4, WOEREMATTe =7y 7351
DRV, 1T H7a—=7y 792 ZEICHEERDD DA, nIRELS R BI
oNT7u—=7y 7OMIFIEMA T S R T2 ERPHRICY 7 b F
3. 70—7y 71 ER YAV CP (= ES T OEH O & 225 2
b0 ) LOMRENE LB EICEo TR BDT S 1d C24nCP? & diffeo TH
5. ko THIOD CPIZHRIERZ T MAT, S6ICMELELZL5ILICLD
nCP?> 2346411 %. DLETH S 2% T? fEH % F52 nCP? 233 5 /. nCP? ~
DG 5 9> T effective T R TO T EHIZZD X HICLTHELND Z LEDHS
NTn3.

nCP? ~D 72 & & T effective 2 T2 {EHZ LRI —D[EET % & nCP? 1K
DEITI3DDY A TDEZESD disjoint union 1273045 -

"honda@math. tohoku.ac. jp-

-229 -



1. BEESES (T2 b stabilizer T2 2 TH 2 £ 2 5). ZHUIAFF
(n+2) K5,

2. WIBAY 1 KIT (SY) %> TWwb &2 A, S0tz 3 L stabilizer 28 S*
Thartlsd ZN6DMERIZ(n+2)HOC TH 5.

3. WMEN T2 TH % & 25, T7bb stablizer ¥ identity DA TH % & T
5. TNORESIIWO D T fEH on C? DEE L H L T CH\{zw = 0}
((z,w) 12 C? DHERE) & [FIFHZ dense open subset Tdh 5.

T2 (ERIC & % nCP? OR§ZIE A (2258 ) BIFR D = DUAD & -
Han,
7:nCP?> - D

ZREHRET 5 L 7 1Y(D) 23 1EL 3 D open dense subset TdH D, [l%E DB IZ
BROD ED (n+2) MiZks. TN6DRICED D ~ ST E (n+ 2) HDIX
BBl S, 206 DU 2D C 1> T3, Leh>TrH(0D) IF
(n +2)flD S? 225 50> D (cycle) THSDH. ZNo6DS? %2525 LI,
stabilizer & LCD SV HE in T2 3EE 5. S0z 3 &, nCP? ~D T? {E
ARG Z 6025 T LI (n+2) o ST ERRE in T2 T, 2 RIGBKIA 2 [
HEDO—DODHFEETE L THOODWEF 5. T 6 DR 2 HibIE DS
THEICLRS.

nCP? oD Joyce ili&, FIN D ICEEHER 2 BUGT R hy Z AL TE L L &,
o 728 5 TRIRNIEM T? ~ CP?,
o FGZE[H D OBIF LD (n +2) K
DEZ 6N 5T EICEE S HOWWEMREMETH 5. L h BEENICiE~ (D) =
D xT? ETlx

(1) gy = ho+ 911(% y)d@f + 2912(957 y)d01d92 + 922(957 y)dﬁg

EVIHETEZS6NS. ZI2T(x,y) & D LOBEERE 0,,0, 13 T? =D angular
coordinate TdH 5. BIB g11, 910, g0 IFEHEIICEZ 6505, (HITL 2 B%UIW)
SRR TH B.) Z4UF nCP? D dense open subset TERI LY —< v
RHRTH 528, 2 Lo a v N7 MUE T (T4hD S cycle 2T MR &
CHET)MEHEL L THODICIERTE 2 2 LR35, Bif g, (3R
I 4 oL R EOTEREE IS 2 H ABGHMED R 2 2 Otk
Ik o TR L TR S NS (ME) R ik 2 BARNWICHS 2 Ltk -
TROLNTVEY, EHT L CHRETE LRV TIEMZ 2 &G [9]) %
ST EE 0.
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X)) 26, DxT?* E~NOBERE T* FHIZERELEMTH 5. 7GR
D x T? — D % Riemannian submersion T® V), [EREMED S B #22E D7)
fie (D TN & T? JTRNDIE ) IZEL RIS > Tw b, Lo Tw5
£ 912 nCP? Lo H EBO GG T4 & 5 22T effective 72 T2 fEHZ H O
DiF Joyce it HICIR 5 (BEAK [3]).

2. JOYCEGIED VA AY =2 L I =V A4 2% —2%/]

KREDAROFETH 2. FfIIFRX 5] Z2M L T E v,

nCP? EAD T {E L 0D LD (n+2) mi%x—25%2 2N o1 5EE % Joyce
AEOVARY =R E ZLTD. o ZDOFEMEET S, T2 ICKHEREE
BT AR Z EAOIEAERICHRS B35, Zofffide EaTh 2. T
BOY ARy —2EROFHERIZIEAERKR E LTOERLEIT (1/2)K 25D,
DLUF, )

F=—-—-K
512

LB Z LoEHE s & T F RICARICRS E23%. ZHuc X DT
BOm >0 L TmET Y AR mE = FO™ QYWD 22 HY(Z, mF) 1%
EfE E T2 EAZ RS, HY(Z mF)™ % 20 T2 ERCHEE S N 560 7% T8
EME L, 2RUCHBET 28E%% mF|T £/ 28I 5. Flam =1
IS LTIEBERBIICE DT Z EDBHSNTVS.

o dim|F|”° =1,
o |F|iZ (n+2) DItz FRvTTXT (AWIZFHRZ ) IR SR toric
T

o |[F|DIFFFRTHVILIZEN D real (ThbDLE AL )THD, Z0Z
N_D DIFFFE LR BERY toric HiTHID 5 K% .
pencil |F|T ICAET 2 HHER%Z . Z - CPL £T2&E fDT7 74—
(n+2) il KL TIEIERE 2 toric IEITH D, (n+ 2) D K TIXANKIZ toric
HEIGREL TR E0n) 2ETH S,

A [3] Tld BRI BEERDY Z D pencil ZFH L THZ 647z, —J7, SEfifik
5% |F| 13EEAEDE G pencil KL RS2V (Tabb |F| = |F|T° L&
5)DT, R 2> T ZOXDFHLOVIEZFARE) ETEEm>1%%
m K LT |\mF| 252 508835 5. —fRIZ |ImF| DRXIG% KD 5 DI HE
THDEH, ImF|° 12O TRABITRBDDS -

i 2.1. fEEDOm > 112 LT
dim H(Z,mF)" =m + 1
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DR D 3T, K0 BRI, yo,yn & HOZ, F)T” DR E T2 & H(Z,mF)™
DI yg", 6"y w0yt -yl THABND. O

Ay Appo ZHTEICTEHBAL 72 (n + 2) D T2 AZE % BRI (in nCP?) D 7%
9" cycle @E%‘f»’i’ﬁ‘z 7ETD. Thbb Y (0D)=AU---UA, o, T 5. Hiffi
THHL X lcInsldZnFistabilizer E LTT? D SV HEZED 5.
FNOEBEFNFNK,, -  Knppo £ 5. VA AY =20 Z ~D K, {fEHD#EHE
b2 G ZE T3 (Gi~C*TH2.) RiZGERICK 2 Z D% ko
DRRICHEE 2 5.

Rl 2.2. [5, §2) %51 <i <n+ 210 L TROMWHEZ 7§ HAREB m; DAL
7%

i) m<m; DEZIZH(ZmF)T = H(Z,mF)5,

i) HY(Z,mF)™ C HY(Z, m;F):

IHICZDEE
dim H°(Z, m;F)* = dim H*(Z, m;F)"" + 2
ThHY, z,we H(Z,m;F)K T
H(Z,m;F)5 = H(Z, m;F)" + (z,w)

27z LoD w =7z, 2 div(z) N 1 RORF DN > T 5 L) b DD
FET 5. (div(z) X 2 DFEREAR L L TR ONBHT. div(z) DEPEFIEK T &
T* ANETH 208, - HEIZ T> AL TIZ R\ O

ITav Ry bV ARY =2/ EORT-OREEE, VA AT —EED
xﬁﬁ&@ LTHB. Kot LTHAE m; E T div(z) & |F|T° O EFIED
MR 7 b D E L CEMARMICE 2 2 2 23 TE 5. (—MICid div(z) 13 E
BWED 2L LORS% b, [5, §2) M) 7o & 21F K; 23 nCP? I semi-free IZ
EHS 2% 61 m, =1THH, ZODANDELEIEm, > 1 TH 5. WHI), i) »
5m; T —ENTH 5.

RIZ IS DRI RICABET 2 HHESREZE 2 5. nCP? LD Joyce Gl =% T
BICDWEEL, ZZ2ZDVARY—2HETH. EDXHITAUAU - -UA, -
T AERREDE T eycle L L, 1 <i<n+2Z2TRICEZ, m; ZmE2.2
POEFEBHRBE TS, mF|T L |m PSS/ 3 HHESRE 2 0T
[0, T2, fIIDLAAZDADOELELIERTHY, &, 137 L (Thb
Hn+2fldH 5 T2 AERRED ) b ENEIBALD) DRI D EE LEH4T
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HDHIEICHEETS. fnE2.1, 22006, ROWHEXKAZE2 :

®;

(2) Z CPmt?
oA
Cp™:,

22T M E LCOMBAR HY(Z,mF)T" ¢ H'(Z,mF)5 Ip 5 %
LHFETH L. tdE 2.1 2268 f(Z) 1 CP™ N rational normal curve (3 7%
bbb m; ROFERFEEHMH ) TH 2. 2z A LB E, MK (2) 226 0(2)
1Z 3Kt cone p H(A) IZEENS. LL &(2) = p Y (A) IFRD V27T, KD
[ RVASR

RE 2.3. R ®;(Z) 13 3K Jt cone p~L(A) & dH % 2 XA 2 c CP™ 2 DR
bhElLTHEoN2REMHETH 5. O

AR, BT 570 m=m; £BL. Bw lE HY(Z,2mF) DuTH 5
B,w=zThHbILEDPH
2w € H(Z,2mF)"
o TWw5. 2.1 &0
HO(Z,2mF)"™ = 3™ ud™y vg ™2yt i)

DT
2w = agye™ + aryg™ 'yr + asyd™ 2ys + -+ agm i

tEIFS. koT

=y G=y"""y1, , Cn=1"

EBITIE2RXKQ = QG+ ,Cn) Tzw=Q(Co, -+, () ZiMi7TcTHDAEN
5. (bbAAQUEF—RICIFEELHEWL) £koT

2= {zw=Q(, - ,(n)} C CP"F?

EBELLEP(Z2)Cc2THS. XoTo)(Z)Ccp H (AN FEFEVHRILTSZ
ERRTIOIE p T (A N2 TAdim®,(2) =2 THs I Lzptidk
VL BIE I 203N = CP! O conic RICWEHFEETH 5 2 E oS 2. £
BRI IOIERBEYERILS € HY(Z,F) 2 £ 0, 58275

0— (m—1)F — mF — mF|s — 0
PHAEL S arEn Y —HDERY]
0 — H%Z,(m —1)F) — H°(Z,mF) — H°(S,mF|s)
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ZAHD. (RBEOGHRITIITEH»E D DIEbh 5w, ) D Ki-fixed
part 2 &£ % &

(3)  0— H%Z, (m—1)F)% — H(Z mF)% — H°(S,mF|g)’
1205, i 2.2 (i) (m; DERME ) 05
H°(Z,(m —1)P)* = H(Z,(m — 1)F)"

THY, SHEME21 06 mXILTH L. Lo 7T (3) DERBEDEHRDBKRIL 3
RILH 5. £oTdimd(S) > 1. S BIFRETLTHNERATH L WDT
dim®;(Z2) >2TH 5. O

FEDIHTIE 2 ZEANICGEZ TR ARWOTh DI WA, EERICZIE
div(z) 23 |F|7° OB b DR E L THMAMICE T 2 2 & 2o T 2 XK
Q(Co, - Cn) %, Joyce i RZLZ 5 (n+2) D5 X —% — (BEF 0D Lo
(n+2)8R) DI bD—{aMM>TEENICEZ S E2TES. (G [5] D
(21) 2. 2T MRITIETTRTDNRT X =D EL 7526 7%\ T & 1T Joyce
AROEN %% 2 DBICARE N B8 % BT

il 2.3 12K 0, &0 & & IAREUhE @,(2) Mo (TN iDADS
EEOTVE I EILERT ) 22T 3R mF|N 12 k 2 GG/ T
Holz:ZEBOIT L &, 13 G (= KE) FHICBL THZEGRTH 5. G, &
d; DI CP™ P2 IIX AT 2 DT O, DILED 7 74 N—1E Gy RET
H5H. IHITHNZ mF)S ORI EENEETEZonTouTws 2 L
D6, ERFEIGS e |[F|T i d, ZHIRL 72 L S D7 7 A4 N—1F (JERFRT)
W7 CPP ThH 2 2 L 2EDPD DI EDTE L. ko Td(2) 12 Z D G 1A
IC K D EME AR TIENTE S,

E&E 2.4. Bl ,(2) © 2 &£ % Joyce iHEDY A 2% =22/ Z © G, A
LIV Ay =2 En). O

38 (2) &KIC G = (T2)¢ ~ C x C* AHEFH L T 30T, Bz CP™+2 12
X G/G (=~ CH)DPERLTED &(2) 13 G/GAETH S, THbbiERK 24
DI =VARY—ZRIZEARL C EHZ2R>. 2 DMEMIC & 2 22234 B
HHER A 122> T 5.

%8, LTIHIERICHEBEGDOGRE L TG EHICE 2 Y L XY =22/ DRE
223708, KD REIC, 0,(2) 1F (MR & I3MBARICE £ % )Moishezon %
FRIE~DIEA 2 EHIC X % canonical ZRZEMTHE I ERRT I ENTES
([5, Prop.6.2]). £7z, fimdE 2.2 2> T, LD Joyce il EHD Y A A ¥ — 2
XL TZDOREET N2 BRI EENLRIETEA 5 2 EDTES 6] 7, 2
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BOEHDZ LN LT, Z% =2V RAY =%/ ,(2) ~\OHHER L K;
EHZR- e F £, TP EHIIR7Z-TICEETE L L2 T 2L TE S ([5,
§4,5]). ZAUT XD, %< DEEIC Joyce il &I SUIEHZ R > 72 ¥ £ T? {EHIE
RITICEBTE L LD 5. ([5, Theorem 4.2] TIEZ D K I) A% b
DD DV EEDEM K; A~ nCPP RO s Ra Y ANk T —4 2> Th
Z5NTWV3)

3. TV A AY =22 L 3 X0 EINSTEIN-WEYL k{4

AEiTIE I =V A4 R 7 =2 & 3 X Einstein-Weyl AR IC D W T HLIC
BT 2. FEL W I EIETPHSGER & RS [7) R HIRIC X B [10] &
ZI LTV E 0,

WS RS kIE M LD Einstein-Weyl i & 13, (IEEME ) HEMEE [A]
& torsion free %7 7 7 A Y #fe V Ol ([1], V) TU FDEMAZ2 72§ H DT
H5.

o VIIRDHEIRT [h] LMY % 1 Vh=a®h, Ja € AH(M),

e sym-Ric(V) = fh, 3f € C°(M). Z T Tsym-Ric(V)I1ZV DY v FT
¥V (V IF Levi-Civita & 3KE L TWARWOTY v F7 vV )VIER
Moy nicks L idBRezw ) 20l b0z ET.

BAHIZODD XIS DEHFIIRETL A € [h] OHLD JTI2 X 5 7%\,

—7, (Hitchin DEHTOD) S =V 4 A& —2E[H &%, IR RERIm 7 <
Ho CTIFRF RGN L THOCRFBED 2 THEbDE2ZLHODT LRV,
RDOfm#EIZ S =V A4 A& —22[t] & 3 KIG Einstein-Weyl 2R {(A 23 AT 912 1 [H]
lHaMeThs I LEERT S :

8 3.1. (Hitchin[4].) 3 XJC Einstein-Weyl Z4kfk & LRLOEH®KTD I =V 4
A & —22RDBENTIZHA R —N—X)E03H 5. O

Z ORI E BRI IZRD X 9125 Z 645, 3 RIT Einstein-Weyl ik
BEZonzEZ2D LD VICET 2RO THEE LTI =V A A
F—2EEDEED, WIS =V AR —EENEZ o5 LEZD EOHCAH
D32 Th 5 IR BA BB D 22 $22[ £ L T 3 XJt Einstein-Weyl 237
£5.

LFRDOXBIE AN S DTH 23, KIBIITIER DL 32D,

a8 3.2. ([7, Theorem 2.10]) § > 0 &9 2. Bl S 1o o flH i@ —H 5
ZHOHMMER L TL? =20 +2 %27 Tb DD AT Severi ZHkARIZ 3 KITH
FELRIETH D, HR % (H83)Einstein-Weyl #i&E 2 £, O
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Z 2o B Severi £REE & 13, —D DR O THRE S S
Dl _HER 2 b OBIno T RS KRG TH 5. il 3.2 13 3.1 OFF
REBH 256 ~D—BILGE L RIBILE AT ENTELDT, =V A
A5 =22 ORI D X I Ic— b En 3.

EE 3.3. ([7, Def. 2.11)) HAB m I L THREm © S =V 4 2 & —2Ef L
1%, REUhE S & 2 D EOSERRIER |C| DR (S, |C|) TH-> T, C R %E 7
THHEMRTH 2 LI bDDI EE2 VI (1) C? = 2m, (i) C DFFRLES
Em— L@ “EHE» SR 5. O

COERZH IR, i 3.21F HEBm D I =V A 25 —ZEHD Severi %
BRfR L 3 XJG Einstein-Weyl A TH 5 ) LIBRBZ T ENTESL. B, I
D T(7 A 52> DEIR T maximal 74 )3 RIG Einstein-Weyl k(& _F D Ml
D2EMIEH 5 2 =V A4 A =22/ D Severi LA TH 5 2R T T & IFBLIRPE
WiE EBbih s,

FIfiDER 24D I VA RAY —LZRIFEFR3I3DERTDI =V A AY —
22 ic o TV A3

e 3.4. Z % nCP? LdD Joyce itRD VA A =ML T2, £1<i<n+2
DOEED I VA RAY =M O 2) 3B m DI =V A AV —%EWTH 5.
22 Tm; lkAmE 2.2 TR N a

% 72, 3 XL Einstein-Weyl 8k 13 S 1EH TAZE 7 H EOBO#EE 0 RGfE
e LTHRICAELAZ EDHONT WS ¢

fn8 3.5. (Jones-Tod [8]) M Z A E DT 6 N7 708 &0 7 A RTLEIRIE, K %
1 RILD S ) —HECT M ICHHICEH L Tw» 2 &9 5. M Lo HABTZ
HIPH (9] S K FH TR TwE ET5. 20L& ERg2EM M/ K LITIZHA
7% Einstein-Weyl #3&23A % . 31T free 72 K fEf % b O HE PO G 1X T
AT 3 XJG Einstein-Weyl k{4 (& Z D D monopole TR DE) 2> 5456
ns. O

%8, Joyce BIED T =V 4 A F —2ERTIRT 5 3 XIT Einstein-Weyl 1k
{413, Calderbank-Pedersen [2] IZ X > TEMANICHEZ 51T 5.
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INFEFTELG L TELNROBERIIDTDO L) I >TWnWS ¢

[ ] [EES 0]

EIRPYSSEZE LN — VA R —7EfH]
| 1 XOuBHERIC K 20 — |
3 XJG Einstein-Weyl ik «—— TV A ALY —7E

3 X7t Einstein-Weyl Zkik & 3 =V 4 2 & —22RD B DXL, FRIFTHIC I
Hitchin 12 X D SN T 523, BTz X 9 IS KEIICIE — floFm L
DHESL E LT W72\,
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SRR EDANRY FIVR, FEEKES P KR

RERIT
TUNIREER AR AT

1. INTRODUCTION

AFEOERAIOEHIE T > 78 7 SO IHRZER]_E TR R £ #E Rk
THLILHB, TDlzdIc, WRRZER G/K EDOXNZ N VR & Ylli7zFIH
T5, N7 MUK EYMAZIRET %7201 G OBFIERB W T, ZO s
W NORKIT1 DA & 75> TWVWBEDxES, COXRBZE K ICHIEY
52 EIckD, FEHXNY MVRZ1S%, Frobenius DM ERFICK D, Wi
DOR7 MIVROYIW DI T ZER & A 5DT, W Oz EDMEEL T,
N7 FMIVROYIMi RS, cOLE, COYMOEEHRIHELTCHCG®
BAEM, RENS G D HICKAMEZEMIEBkm & 755  LICHRET %,

GREXa2)\T FTHBHDT, WOARZANHEZFHL T, fHE T Nzykio
JIVLD 2T f: G/K — R E&RIERT, fOFRMESI G/K O
PR 2Rk L 725 T EhVRENS,

HODOG/K\OI/ERAPREFEMNE 1 THS L EIKIE, fIXFERBEKER3C
ENbB, TOHE. X7 MUK EZOYIW ZFIF U 7z S HRZER N OE 5
ZRIRDBTZ MR L, N7 MVROE 2 FATE K & YD EREBEE D IE
N CGHEEHhm) OFRIEHZELBRT 2T Ex2Rd, TOME., H%
B O FERRL TR RD S T N TES, FHHRIEIHE—ICEHR
ENAHH, FROGRICB O TIERFZEE OMENRMENS, £z, F
LR O RN T 72— DR NI MW FAES 5 2 &b B,

REGMMN 1 LD RKEVE EITE., fFIRERBBRTREVWT EHREN S,
UL, Hile B8 A % T Lic k> T RVMESEBEDEO NS ki
TEHOREEAN 2K ). EHIC. FUWERBE f 2R T&E 2%, 2O [
[ KO EREIAMEZRD, §4bb H C H C GZFICTEDRE H D7
L, HI fZAZICT S, CTOfe HOHBEE, W EBHLZEH, XN
7 NIVIR & Z OYJWiZ2 i > TRE, Re2INCEIAT %, &, BIEYE
UTC. H-WBIXFHERHEDZHATIEI RN EERENS,

RIZIC, TRVEMR . C°(G/K) — C®(H\G) ZE#FEL., TTTHLN
Te X RRZER] G/ K QRO T R U 2BrERT %, FREMDOT K%
PuI BRI _EOERBE A0, ZOHEREMm D % 5 EhRO(EIE H D
G/K NDEHOREEMHIC K D B S, REEED 1 THNE., BE5NT=BR
HNOERBIm O R RS FiROIE 2 Lk b, ZNLINDEEICIE. 4
E7x%, KR, RBEE - TN [10] I K D18 S N IEEE A E B mIc s d
5ERBEBMMEE NS,

AWIZLI A KA O @G LRSS & OILFIFIZE 8] TH S,
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2. YEf
2.1. FXEAE.

EE 2.1, U— SRk (M, g) FO RF BRI f - M — RF DV EREIRT
BHLIE. f=(fi, - fo) EBOTEEIT,

&E%%?QE],GZ : ]R,’C — R bﬁﬁﬁg—%z kf%%o

EHNEIC T 2 f OFNHIEFREBOZHREE VDN S,

BRI ORI DM 228 5, BRi L OFEFEMmO EHRIIERTH
HTEMNHIGNTED, BixsEMEOHZ g I, g=1,2,3,4,6 7%
% [5}0

fil. (g =2) SN RN NOHBNERE & T 50 (21, ,2n) & RY OEHER
TR LT %, COLE,

1 p q
DD
=1 a=1

FEFEETH B, 7272, 2SpSN—-2,p+q=N &35, FEHEm
(&SPt x St ElR—fHE NS,

C ORITCIERFHBEI M IZKHOFERLZHRIOPEL > TWVD, TDEKD
IREFHEIIIFETH L L VbN5, g =1,2,3 DEHICIE. FEERMm
BIRTHETHZ T ENHENT WD, £, HFEAAFRBIME (3] D
MRZFHTH LICKD, @A - BBICKDDHENTVWS [11], LA L.
g = 4 DL AT IFFELEHEMmMFEET %,

F9. BWKICEK B g =4 THHERREOHIZHFNTT S [9).

WIJ SQN_l % CN (N Z 3) Wo)ﬁ{ﬁﬁkﬁf%% &3‘%0 (ZL’1+iy1, e, IN +ZyN)
Z CN OFHEN L EIER L 3%, DL &,

(32 2) +4(5)
i=1 =1 =1
EERMBCCH B, COFITH SN TS 5,

JEFE A mofE, R - TTNIC K D R ENT [10], 1&2IC Ferus,
Karcher & Miinzner DA IFFE SRS Z ML LTz (1], ThEDFE
B FKM B e Wb,

2.2. TS AIVZIMEDEMIE. W7 N XotHE, & L UIFEENY MIVZER
EL. WIHNOD p RITEHBR RN D755 75 ARV ERAKE Gr,(W) &3,
(W DFNT B VERO & XCE W I 2RO LIGE L, X ZADIH
DM SIRB T ITARVEHAREEZ DT LICT HH, idEMWVEMEICES
CeRET BTz, KALERW,)
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S — Gr,(W) ZRGEERENTZ MVRETNE. S — Gr,(W) IZERICW
27 7 A= UTHRDBEEN OBIR W — Gr,(W) OETHREHEE D,
L7eW>T, X7 MVREL T, Q — Gr,(W) Z158%,

OﬁSiEW—C%QHO.

ARETIE. X7 MVEQ — Gr,(W) ZEBERE VD T &ICT 5,

CTT. WICZTORBIKISU T, W, & LGV — M (O
72, LA T—REWND) ZAND, T L. Gr(W)ITIEY —= 5tk
ZE & UTOMIEMNAZ D, EHIEANT VRS — Gr,(W), Q — Gr,(W)
BT 7 AN—Ft& g5, g9 W AD. Tleo W — Gr,(W) Ofadki 2z FI S
niE. S — Gr,(W), Q — Gr,(W) ICHERNEAINZH, TIUIFEER
ewbnhzeDe—KT %,

N MVEBW OAN T —BZHVWTERINEZANT ML E L TOHE
A8 s : W — S, ig: Q — W &8, MiBFRFELHFLTHD., BEE
S — Gry(W)DW — Gr,(W) IcBF 3 ELMEMZEH T LI KD EEN
B W — Gr,(W) OFIR ST — Gr,(W) & E@raRzF—Hd 2 ik
DE5EN S,

ST, S — Grp(W) DY s 2 ig(s) ER—HT DT &IcKD, Wiz
LD E AL,

I(s) == mqdis(s)
EERTNE., TREAZ MVEH Hom (S,Q) Iz ED 1-ER KB, I €
O (Hom (5, Q)) ZAY FIVROFE 2EARR L VS [4], ARICLTJ =
msdig € Q' (Hom (Q, S)) &EREND, Fle, BRI g W — QITKD,
N7 FVEB W IE T2, Q — Gr,(W) DYIWrDx g2 & HixE DT LI
HET %,

RICELL f: M — Gr,(W)WEZ 5Nl T 5, BB FICKD, FTA=
VEA O BV Z DG E, B, 82 BAEAZG XK, 95
&, TOFEEERIE MOV VEMRICKD, FIZRLK f*Q — M DY
WNERT 2575 AMEAZ ANEEINDS, £z, N7 MVZER W X, 5]
TRUK f*Q — M DYIWDETHRA L L AR S,

CCT. HB2EARE 1,7 2> T,

14 = :g:: ]éiJ;¢ :(f*CQ __>cf*(2
i=1

BN MUKRE L TOHRRIZER L, FHEHHMBERELE VS T LT 5,
72720, n=dimM & L. ey, - e, & M OFEZEROIFHERRE ST 5,

3. BAELDRERY

(G, K) %3 87 MIOBHINRN TH B L5, 172l a7 b —
BEGIIHUHELAETH O, ZOHEOEE K I3HAETH D 2T B, T287 IR
7B G/K O MVREZDYIWZFIH LT, LUFO X 5 ICBIEE MK
T 5,

F9. WhEGAREAHT—HEE D, FHENIRIGT1DERAEI L 725 G D
BERBLE 35, TOX S EREIILIFORBICES [2].
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e Table 3.1

G | SU(n) | Spin(n) | Spin(7) | Spin(9) Sp(n)
wchHcv | Re S7 Sy | ChxC™
G | Spin(8) | G
Su | Sq, Sg | RT

CDORICBWVT, S, & Spin(n) DAEVERIHTH D, SF 13 Spin(n) DA
EVRBITH S,

RIS T DRBIZZ TR K ICHIRLTIRIENS K KBIZEZ. W 2 K B
KIS B,

W=Uy®Vy, dimUy=p,dimVy=gq.

W BEMN K BINER LR 2558 FET 50, TOXDBIEEIERL) F
BT MUK ZU =G xx Uy, V i=G xg Vo £, Frobenius DA HHIC
KO, WcCr(U), (V) E&HizEs,

TDOEE, (V- G/KW)ICKZFEES [T

i:G/K — Gr,(W), i(gK)=g9UyCW

WEREGHREZZ XIS G/K DftE g ZED S,
T5E. i G/K — Gry(W) ZENHAER D ZRA L 755 7], T HITRD
TEPRAVAR D 31D,

EI 3.1. [7, Theorem 7.2] i : G/K — Gr,(W) Z 2RIV ZhkAk L 9
%o Q— Gr,(W)Zg&EmRe L, Z0ilc k25| ERLEZV - G/K &
<,

COEEV - G/KIFEEEHIUCK D, xu/ I—0V =V --aV;
TN, WiEV, - G/K(l=1,2,--- L) DT 75 ZAEHZEDEH 2/ & 7%
V%, EHIFEMRERZE AICH LT, At+ At = 0D RO 7D,

COEMEZHMHTIIL, ROFERMEENS, TT T n=dmG/K &
EREH

EIE 3.2. WHGDHEEHTHNE, FEDse W CcT(U)kteW CcT(V)
XL T,

As = Es, At =24

p q
A RIRYASS
WHGOEBEEHTHOHNE, TEDOscW CcT(U)&te W cI'(V) I
LT,
n

As = 2—p8, At = Zt

ANS AIRVASN

ZZCweW(w =D)IKEdT3U - G/K,V — G/K OYliZEZN
Zh. sel(U),tel(V) B, we W DEESIHZ HC G EHL,

BEEL |s|* : G/K — R DERONERTH %,

EH32 D, ROMENMEEND, TTT. N:=dimW TH5,
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I 3.3. WHGOREHTHNIIE.

2nN
AJsf === (1P = )

N
DD D,
W G DEHERBITHNUIL,
o _ NN 2_ P
AlsP == (I = )
AN WRVASH

Liehi> T, BIB|s2 - G/K — R ESRBIROERNOLM: (2) ZHied
bbb, LU, —RICESEN (1) Ec iz,

4. SR ZHEK
G/K D_DDEREAZLUTD XS IERKT %,
So:={ze€G/K||s|?=0}, Sy:={zeG/K||s|?=1}

EE 4.1. (¢f [6]) B |s]? : G/K — R DRSO TEEIX Sy U Sy &
%% So, Sy LHICHWHETHO., G/K DEPHER 2k L 5%, X
7z. |s]? : G/K — R Morse-Bott BAE(TH %,

e Table 3.2
G/K W H Uy ® Vp So, Sum

SU(n)/SO(n) | C* | SU(rn—1) | R"®R™ | SU(n—1)/SO(n—1)
Gr,(C" | C" | SUm—1) | C°&C? | Gry(C" ), G,y (C™ 1)
Gr,(R™) R™ | Spin(n —1) | RP®RY | Gr,(R*™), G,_1(R™1)

Sn—t R" |Spin(n—1) | R® R ! St 2points
Gra(R) | S G RIGR! | Ga/SO(4), Ga/SO()
Gr,(R®) ST | Spin(7) R'o R! Gry(R7), Grs(R7)
Gry(R?) Sy Spin(7) R®*® R® Gry(RT), Gr3(R")

Sp(n)/U(n) [C*™| Sp(n—1) |C"®C" | Sp(n—1)/U(n—1)
Gr,(H") |H"| Sp(n—1) | H*P® H? | Gr,(H" "), G,_1(H" 1)
G»/SO(4) | RT SU(3) R'® R? SU(3)/SO(3), CP?

5. SEPERAEL
R 5.1. c 2B |s)? : G/K - ROEANEE T2, LITD 3 DOEEZER

WT, S.o=(Is) 7 ({e}) & HAGE L 755, (LTeD>TH D G/K ~OIEH
IREEIT1OEH E 5 %,)

(G/K,W): (SU(n)/SO(n),C"), (Sp(n)/U(n),C*"), (GryR?),Sy).
FNFTND HAEFHDOEHEDRIITI 2,3,2 755,
T, RFEIN 1 THAGE L MDLGEZ T TERT ST LICT S,
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5.1. RFENRT= 1 DIHFAE.

fiE 5.2. HD G/K "NOEHADNREE I T 1 DEEICIE. s> IFFEEREKE
VAN

s DIEHIEIC BT, S, DHERHENY Fln %
_grad f
lgrad f]|

LEDD, e, GMis, t EXT BIVIROF 2 HALA T, JZHH LT, G/K
DT MIVKRDHERIR T & J ZRO XS ICED S,

~ 1
g(IX)Y) = 5 {9v (Uxs,Iys)+ gy (Iys,Ixs)}

~ 1
(JX, Y) = — {gU (th, Jyt) + qu (Jyt, th)} .

IKJﬁHTﬁKﬁﬁW%ﬁaﬁéo
DL xS OIERZEZ A, LB,

Ap = Idf!(I J>

MR DD, T L J DEAZEMD RS X CEAHEIZZRICETEADT, S,
DB B LU EMRZRDZ LN TE 5,

EE 5.3. grad s> D/ VLR FOK S 1%,
) !W! o W SRR,

‘gra ]H_
[s[[t]y /2, W #HRKHL

EE 5.4. S, DOFHHE m 13
\w¢_ﬂ|q—1 P —1)}, W RKEH,
o (IsP2a = 1) = [(fp— 1)}, W RS

LB, EICIEUCEDD ce (0,1) IR LT, S, 3N Th 5
Ehbns

FHERIIM—INCIEEIRE NG, SERIA LR W O KR E NS HGR
EEHOTN5, BB, [sP=cTHBHN, YMiZEEL, |s|, |t| ZHWTEH
RS B,

FE 5.5. (Gr,(RY),RY) O, S, DL

Isl It
1l
LD, FOEEEEENTN -1, p—1, (p—D(g—1) £5 %,

0,
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EE5&(&MCM(W)@%@ S, DFHhHRIE
2 5] i
- - 0
Vil ||t|(| s|* = [t*), Al v
L0, ZTOEMEEIZTNAENL 2(¢—1), 2(p—1), 2(p—1)(¢—1) £ 75 %,
EE 5.7. (Gr,(HY),HY) D&, S, OF#HEE

2 ey, ML M
s (sF =) g —grn
2N %@@ﬁfﬂi%hfc“m Ag—1), 4(p—1), 4(p— D)(g—1) &5 5,
EE 5.8. (Gry(R"), S;) DE. S, DEHIRIE
\/_ 1 2 2
EW{?«M —t?) = VO 4[sPRE} o,
RN %@%%’Efﬁbi%h%‘h?) 3,5 L% %,

T 5.9. (Go/SO(4), R7) DHIA. S, DL
%ﬁ{w— i)+ VITRRIE), /2 o
LD, TOEEEEIZNEN2, 2,1, 28755,
. T T
F=lsf =
LEHKT D, COLE, fREAEBERS, bBAA. FREKTH S,

5.2. REBRIT > 1 DFE. HINNZ 3 DDLEEITIE. s> ITHFREAETIE
BNT EHREND, L L, THICHBZERT ST LIcK> T, RFESE
R ZRKTES K IEZTNTNORFEIZET). BB, ThH0H
. BB FESBP A TII RV LRI TN TES,

e (SU(n)/50(n),C") (n = 3)
fiid 5.10. R? ICfHZ L BB F 2L FD X S ITEET %,
F = (|s]* = [t]*,29u(s,1)) .
COLE, FIIFHXBEHLEES,
EBIT f=|F2 = (s|> = |[t]2)* + 4gu(s, 1)2 LED B,
FE 5.11. fI3RFRZER SU(n)/SO(n) EOZEBIE 7%,

weW & fORGREIHT 2, h B W = COARETIVI— MEE T,
W= iw®h(-,w)— I, e W@W* & su(n) DIt HEE%, 9% & su(n) D
BHESMiE su(n) = so(n) @ m IS U T, @ &R B ./ = SU(n) xs0(m) 50(n)
DYIWr 5 72HE9 %, TDEZE,

ZEF=4OQ%F—gM&w%=1—{uﬂ?—m%2+gm@¢f}:1_f
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B IO Wl H := S(U(1) x U(n — 1)) DIERITARZTH B DT, KD
FESRM D 31D,

W 5.12. SRR f 13 H OIEFHDO T CARETH %,
H D SU(n)/SO(n) NOIERIIRHEN 1 TH .
R 5.13. [ OEEFUSOERZ F10) & 1) D5,

W 5.14. F1(0) 1 f71(0) &—F L. SU(n)/SO(n) DM/ 2K E
AN

IR 5.15. f1(1)1& SU(n)/SO(n) DERHIIER T ZREA L 755,

* (Sp(n)/U(n),C")
A 5.16. R Icfdz L 2P F ZLLFD K S ISERT %o
F = (|s]* = [t]*,2(s,1)) .

TDLE, FIFEREERS, 2720, (5,0) & U — Sp(n)/U(n) &V —
Sp(n)/U(n) & DOIFBIRZFIF L7z CEBITH %,

EBIE f=[FI> = (s = [t?)" +4|(s, )] LED B
IR 5.17. fI3RFRZER Sp(n)/U(n) LSRR L %5,

weW & fOMBREHAT 5, wEW 2 C"OREY YT LI T4y I
RE&T %, Sp(n) BRI A2C? = N2C* @ Cw ZE A, wA jw € AN2C? D
N2C2 RS 1 <o Un) ZBE LT, AZCH — A2C" @ A2CT @ su(n)C
ERINREEND DT, 0 WEMETIETH S L2HEEITNE, 0 1EFN
5 FIVE Sp(n) xug (A2C" @ A2C™ )™ DY 5 2T 5, TOEE,

205 = 4 (IsP[tf? = (s, 6)]*) = 1 - {(ISI2 — |t%)° + 4I(S,t)|2} =1-—f

B D7D w A jw & H := Sp(1) x Sp(n — 1) TARZETHBD T, ROFEHE
AN RYAC RS

8 5.18. B f & H OIFHO FTALETH 5,

FE. Sp(n)/U(n) 3TV I — MR DO T, H O EE Sp(1) TERIS R
I 5E#HENEGB 1 Sp(n)/U(n) — sp(l) ZEZ BN TE %, TOHEHIR
FAGINERRE F TH B,

H @ Sp(n)/U(n) NOIERIIREEM 1 TH %,
R 5.19. [ OEEFUSOERRZ F10) & 1) DS,
8 5.20. F~1(0) 1% f~1(0) &—3 L. Sp(n)/U(n) OMUINTILREAL 725,
EE 5.21. f1(1) & Sp(n)/U(n) DL ZREA L 725,
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¢ (GT4\(R9)7 S9)
KT RAEKHL Sy D 2 ROMFME S2Sg DRI RZE X 5

$2Sy =Ra R’ @ A'R.
IT:5%25) — R® ZERGHE &3 HUX, Spin(9) AIZERa: Sy — R %
a(w) =T(w @ w)

CEFKTBHIENTE S,
F7z. Spin(4) x Spin(5) KHZEME LT, Uy= S @S5, Vo =5, ® S5 7%
DT, BRI 7R
U@ Vo=R'® (R& R’ @ s0(5))

#2185, T T ERMWE o Uy @ Vo — R ZRHL T, FEERERS —
Gry(R?) OYJW mo(s @ t) 2153 %

TDEE, a(w) DFLETBYMH mo(st) THBT EHbh b, THIER
DITWAEE T BEFHERER S — Gry(R?) DYIMITHZ M5, (Gry(R?),RY)
DLEICHE SN, ROMERZ1E5,

T 5.22. f :=|mo(s @ t)]> 1& H := Spin(8) DIEFH TALELREREBTH 5,
A, COBRAE R ESEEBER S,
#iRE 5.23. R*ICfEZ L BB F ZLA RO X S ITE#KT %,
o (Isf2 = 1%, 7).
COLE, FIFHREBEES,
W 5.24. F71(0,1) = 7 (1) & Gru(RY) ORPUHIT Y SR & 755,
FE. FL(0,) =) Bl ROKLHBNEHZEME LTOFRRE

8
$%

Spin(7)/Sp(1) x Sp(1) = Grs(R®).

6. 7 RZHh

RIZIC DD T 7 AT Lb—raym:G— H\G, m:G—G/KZRHL
T, ZRVYEBRR: O®(G/K) — C®(H\G) ZLFDXICEHT %, T
bbb, feC®(G/K)ICHLUT, HDIEFEE Nz Haar JIE du ZFIFH L T,
R(f) € C*(H\G) %

R(H@) = [ o

LEET B

EE 6.1. HDG/K NOIEHMNREFERIT 1 DEEICIE, [s]? DT R 24
(BRI SN C W RO FAIED 2 HEHOEREB L 5%,
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FERIC, WHEREKRBITH S & I,
g’lw =T+ -t xTNEN

EWVS EIREHET S L.

5 1 p q
1) = {o 3oty
k%%,

EE 6.2. SU(n)/SO(n) (n > 3) LOHERER f OS5 RUZ&#IL, FKICK
DERI NI C DHAERE FOSEREBE 55,

I 6.3. Sp(n)/U(n) LOHEREE f DT R o 2&#uIEkH S c C* Lo
TR 4 FHOHF R L 75 %,

T ETORITIE, T FUEHTHE S NI ERBEBUI RN O FH R HFE
IS RIS 2 SR TH 2, (Gry(R?), So) DIEFAITIIIFFE R ER
HHIEIC IS T 2 FREBNE 5 NS, ORI (1], [10] 22T 52 L
KX REN, B - TTNICK D BONTEFRBERTHS T Ehbh s,

TR 6.4. Gry(RY) LS f DT R UZHIE, A VEBL S, NOHAL
BRI S'° _LOFMIERD 4 MEOEXEMLE A%, COFEXBIMITEFEE T
AN
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